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H-SYSTEMS WITH VARIAB LE H 

E. LAMI DOZO and M .  C. MARIANI 

Abstract . Gven a continuous function H : R' -> R, \\e consider the H-System 

(II) boX = 2H(X )Xu 1\ Xv in B 

for an unknown X : B = { (u, v ) E R2 ;  u2 + v 2 < I }  -> R' am \\e are 

interested in finding solutions am their JXOPerlies urrler 00u00ary conditions. 

'The nEin nntivation is that for a Jmanrtrised disc-type surface in R' , given an 
irmge X ( B )  , suwa>ing Imreovet, that the coordinates (u ,  v ) are isothermal, i.e. 

then X satisfies (II). 'This equation is also called the prescribed mean curvature 
equation [ 10] am the references. 

'The mun JXOl1em is, for given II, to furl a disc-type surface wicit is suworteJ 

by a given curve in R' : Plateau 's problem 

For a better mxlerstanding of this prol1em \\e have studied (II) urrler Ilrichlet or 

NemlJallIl boundary comtion am also boundary }Yoperties of sclutions in the SoWev 

sp1Ce H 2 ( B ;  R') . [ 7] , [8) and{9] . 

N O TATIO N S . As in [1 ] , we denote Wk,P ( B ;  R3 ) t he usual Sobolev spaces 

and Hk (B ; R3) = Wk . 2 ( B ; R3 ) .  

For X E H 1 (B ; R3 ) , I IX I I  > .R' = ( r  ITrX lz ) 1 / 2 
where Tr is L ( a B , ) JaD 

the usual trace operator from H l ( B ; R3 ) into L2 (8B ;  R3 ) . We recall that if 

X E H2 ( B ; R3 )  then TrX E H 1 (8B ; R3 ) . 

For any bounded or essentially bounded function Y : U E R'" --t R" we 

will denote 1 1Y 1 1 -x;  = ess su p I Y (w ) l , for example 
w E U 

I I H I I .x = sup I H (O ! '  I I H (X ) I I -x.  = ess s u p  i H ( X ( w ) ) 1  
� E R' "' E D  

Finally (r ,  0' ) denote the polar co.ordinates i n  R2 . 

8 7  
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1 .  The Dirichlet problem 

Given 9 E H1 (Bj  R3) , we still denote 9 its trace on 8B and look for an 
element X E H1(Bj  R3) such that { ax = 2H(X)Xu 1\ X'II (Dir) in B 

X = g  on 8B 

i .e. X - 9 E HJ(Bj  R3 ) and that satisfies (H) in the following weak sense 

(Sol) L (V X ·  Vrp + 2H(X)Xu A X'll · rp) = 0 

for any rp E CJ(Bj R3) . 
, . 3 3 Denote Q E C1 (R j R ) the vector field defined by 

which satisfies div Q = 3H . 

The following functional 

DH (X) = D(X) + 2V(X) 

with D(X) = l fB IV X I2 the Dirichlet integral and 

V(X) = � L Q(X) • Xu 1\ X'II 

the Hildebrandt volume [6] , will give weak solutions as critical points of DH 
on special convex subsets of H1(Bj  R3) • 

For H == Ho a constant in R and 9 == go also a constant, then X == go 
is the only solution of the Dirichlet problem [13] . If 9 is non constant with 
o � IHo l l Ig l ioo < 1 ,  there are two weak solutions, a local minimum of DH in 

T == 9 + HJ(Bj  R3) , called a stable solution and another weak solution which 

is not a local mimimum in T called an unstable solution [3] , [11] . 
For H variable, H in C1(2,3 ) n LOO (R3) ,  and H near Ho E R \ {O} for 

the following distance 

[H - HoJ = sup(l + I{ I ) ( IH({) - Ho i + IV H({) I )+ 

IQ(�) - Ho{ 1 + IdQ({) - Ho idl 
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defined in [12) , it is asserted that given a local minimum of DHo in T there 
are two critical points of DH in T for H in a dense subset of a neighborhood 
of Ho [12) or in a full neighborhood [4) . 

We first find a global minimum of DH in T for H far from a constant . 

THEOREM 1 . 1  [7) . Let H : R3 -+ R be contin uous and bounded. If 
the function Q E C1 (R3 , R3) associated to H satisfies that I IQ l loo < 3/2 
and ��i E Loo (R3) for i ¥ j ,  i, j = 1 , 2, 3 , then,  given 9 E H1 (Bj  R3) the 

functional DH has a minim um X in T and X is a weak solution of (Dir) . 
A function 9 E HI (Bj  R3) ,  harmonic in B ,  may be a local minimum of 

DH or not . The following result analysis the second possibility. 

THEOREM 1. 2  [7] . Let 9 E C1 (B , R3) be harmonic in B .  Suppose that 
H E  C1 (K) n W1,00 (K) and 9 satisfy 

i) 0 < I IH l loo l Ig l ioo < 3/2 and Q E Loo (R3 , R3) 

ii) For some c >  II'V g l loo , for all { E R3 . 

where Al > 0 is the first eingen value of - .:\ in HJ (B) . 

Then 9 is a weak solu tion of (Dir) and either 9 is a local minim um of 
DH in T n  WI,oo (B j  R3 ) or there exists a seq uence (Xn )  in W1 ,00 (B j R3) of 
weak solu tions of (Dir) with Xn -+ 9 in W1.00(B j  R3 ) .  

To search other solutions we use a variant of the Mountain Pass Lemma 

[10] (2] . 

Consider for k > 0 E R 

M(k ) = {X E Tj I IV (X - g l l'JO  < k} 
and the slope p of D H in M ( k ) , defined by 

p(X )  = sup{dDH (X )(X - Y ) j  Y E M{k )}  
where 
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. dDH (X)(<p) = L(vx . V<p + 2H(X)X .. A Xfl • <pl
. 

(Lemma 1 in [7]) : 

THEOREM 1 . 3  [7] . . 
suppose that Xo E RTl,oo is a local minimum of DH in T . If for some k > 0 
in R there exists Xl E M(i:)  �uch that DH (Xl ) < DH (XO) ' tlien 

, ; 

(3 = inf sup DH(-y(t» 
"fEr' tE [O, i] . •  

where T = {T : [O , l] -+ M(k ) , -y continnous, -y(0) = Xo , -y(1 )  = Xl}, is 

attained by DH in M(k }and for some X E M(k)  with DH(X) = (3 ,  we 'have 

p(X )  = O . 
This X with 0 slope might be a solution. Under some additional assump­

tion on X this is the case. 

THEOREM 1 .4  [7] . If X is in M("k) and p(X) = 0 then X 'is a ·weak, 
solu tion of the Dirichlet problem . 

Concerning the condition IHo I I IX!l Ioo ::; 1 for the case H constant [10] we 
have a result which �ecalls it , a�d also hlsures that slope 0 gi�es solutions. 

THEOREM q> [7] . Let g E .  Cl (B ,  R3) b� harm(;mic in B . If M is a 
nonempty convex subset of T such that 

i) For some 0 > 0 ,  9 + <P E M for any cp E CJ (Bj R3) 
ii) C = sup I IV X 1 100 < + 00 . X E M  ' 

And if H E Cl (R3) n Wl,00 (R3)  satisnes for all, I.. E R3 , 

.t. ; ", 

with l l V<p l loo ,::; 0. .  

where At  > 0 is the nrst eingenvalue of - 1::J. in HJ(B )  , then any X E M  with 
slope p(X)  = 0 is a weak solu tion of (Dir). 

, .  



9 1  

2 .  The Neumann problem 

We consider as data, I E  C1 (aB;  al) and we search solutions of { l::!.X = 2H(X)X .. t\ X., in B 
(N) ax 

= I on aB 
an 

We call a weak solution 01 (N) a function X E H2(Bj  Rl) such that 

for all tp E CJ (Bj  al ) { IB V X · Vtp + 2H (X)X .. t\ X., • tp 
(Sol) ( ax ) 

Tr - = 1  ar 

A necessary condition is given by 

THEOREM 2 . 1  [8] . Let H : Rl -+ R continuous and bounded, and suppose 

that X E II2(B ,  Rl ) is a weak solu tion of (N)  verifying I IH (X )X l loo < 1 .  

Then, 
I IX I IL 2 (8B ,Ir ) I I / I IL2 (8B,Ra ) D(X ) � 

2( 1  - I IH (X)X l loo ) 

We only obtain solution!! near an harmonic solution g of (N)  when this 

g is not a local minimum of DH , as in . Theorem 1 . 2 . 

THEOREM 2 . 2 [8] . Let I E  C1(aB,  Rl) and suppose that H : Rl 
--+ R is 

a function satisfying the following properties: 

i) II E C1 (Rl) n Wl,OO (Rl)  and Q E LOO (Rl , Rl) 
ii) There exists g E W2,OO (B j  Rl ) , g harmonic in B ,  verifying that 0 < 

I IH l loo l Ig l loo < 3/2 and :� = f , and a positive number c >  I I Vg l lx  such 

that 

where A 1 > 0 is the first eingenvalue of - l::!. in HJ (B) . 
Then g is a weak solu tion of (N)  and either g is a local minimum of 

1 l 2 l ax 
DJ[ in W , OO ( B j R ) n {X E H (B j R ) ;  Tr - = I ,  Tr X = Tr g } , or ar 
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there exists a sequence (X,,) in Wl,OO(Bj  Xl) of weak soiutions of (N) with 
X" -+ 9 in W2,oc> (B.; Xl} .  

Similarly to the uniqueness type result of [13] for the Dirichlet problem 

we have 

THEOREM 2 . 3  [8]. Let X E H2 (B , Xl) be a weak solution of (N) and 
suppose that H E X  and f = O .  Then, X is a constant. '. 

The results for the Neumann problem induces to suspect that we should 

search for natural boundary conditions to the prescribed mean curvature equa­

tion 

(H) aX '= 2H(.ff )X", 1\ X., 

LEMMA. 3 . 1  [9]. " .  Let x E J:t2(B ;  Xl) and '1' � C1 (B, Xl) , and suppose 
' aQ '  . . ' . .  , .. . ' .  

that Q E LOO (r, Xl) and ' ae; E LOO (r) for i f:.  j ,  i, j = 1 , 2 , 3 .  Then, the 

directional derivative dDH (X ) ('1') at X in the direction '1' is given by 

dDH(X) ('1') = L [V X · V'1' + 2H(X)X", (, X., � '1'] - 2/3 h
B 

Q(X ) 1\ �! .  '1'd,u 

Concerning the boundary behaviour of thi� critical points of DH in H2(B ; R?) 
',: > . '  " • 

we have 

THEOREM 3 . 1  [O] . .Suppose that ��i E LOO (X3)  for i f:. j i, j = 1 , 2 , 3  

and Q E LOO (Rl ,  X3) , and let X E H2 (B ;  X3 ) such that. dDH (X) ('1') = 0 ('1'  E 

Cl (B , X» . . Th�n, X is a ... we.k solution of (H)  and 8aX -;::. 2/3Q(X) l\ ax/au . 11 
2 . . l , .  ax ; ax . 

in 'L (aB, R ) , and we deduce that al1 " au == 0 a.e. in an . 
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Surpringly, the additional condition for Plateau's problem (ISO) is auto­

matically satisfied by these solutions. 

THEOREM 3 . 2  [9] . Suppose that Q E LOO (R3 ,  R3 ) ,  ��i E LOO (Jt)  for 

• -J. .  . .  
1 2 3 and let X E H2 (B ·, R3) such that dDH (X ) (tp) = 0 Z r J ,  Z, J = , , , 

(tp E C1 (B, R3) ) . 

Then, the coordinates (u ,  v ) are isothermal, i.e. : 

a.e . In B 

There is another result of the boundary behaviour .  

THEOREM 3 .3  [9] . Let X E H 2 ( B ;  R3 ) be a solu tion of ( H )  in B .  Then , 

4 .  Related proble m s  

I n  each case we have obtained sufficient conditions to have solutions.  They 

show that necessary conditions when H == Ho E R as I Ho I l l g  I Ie... s. 1 for 

Plateau's problem [ 10] , [5] , are not necessarily fulfilled when H varies . We 

would like to have some obstruction on classes of H to obtain solutions .  

All result on Plateau 's problem for variable H would be of interest  to u s .  
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