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Abstract 
Let A . be a Banach algebr a and AX the group of invertible elements of 

A. A general setting for the theory of homogeneous reductive Sflaces Q 
over AX is presented. Also, in the case where A is a C*-algebra, we present 
the notion of an involution in Q. The differential geometry associated to 
such spaces is developed . 

1 Introduct ion.  
Let A b e  a ;Banach algebra and AX the group of invertible elements of A .  Several 
examples of homogeneous reductive spaces (see9 , 1 0  for the definitions in the finite 
dimensional case) with group AX , are studied in1 ,3 ,4 , 5 , 6 , 13 .  In the case where A is 
a C* -algebra, these spaces present a natural involution and a Finsler structure .  
Metric properties of  these spaces are studied in  the mentioned articles-and are 
based on results of2,8 ,16 . 

We present here some b asic results , of a theory, where the aforementioned 
examples find a natural treatment . We also present the concept of the classifying 
con n e ction on homogeneous reductive spaces and show some of its properties 
(section 6) . 

We study the general concept of involution in a homogeneous reductive space 
in the case when A is a C*-algebra and ,  in connection with it , we define the 
notion of regularity. The main result in relation with the idea of regularity 
is Theorem 10 . 1 .  The ·hypothesis of regularity has been verified in all finite 
dimensional cases and some infinite dimensional ones (see7 ) . 

Some of these results were presented in the "Tercera Escuela Venezolana 
de Matematicas" , Merida 1990 , see12 . The general setting for this theory, ap­
peared for the first time in the preprint13 which was submitted for publication 
in Acta Cientifica Ven ezolana .  The last part of this preprint studies the Space 
of representations of a compact Lie Group on a C*-algebra as an example for 
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this theory. Here we ommit most of the proofs (they appear in complete detail 
i n 1 3 )  st i l l ,  we i n clude the proof of Theorem 1 0 . l .  

2 Notation , D efinitions and Construct ions . 

Let Q be a Banach manifold , and £ i.'. smooth locally transitive left action of 
AX on Q . For £ E Q ,  let 'Ire be the smooth mapping 'Ire : AX - Q given by the 
action on £ E Q, i .e . 'lre (g ) = £g (£) , Vg E AX . 

Let Il e = 'Ir; 1 (£ ) C AX be the isotropy subgroup of £ by the action of AX ; II e 
is a submanifold of AX . The mapping 'Ire : AX - Q is a principal fiber bundle 
wi th total space Ax and group Il e .  The action of lle is right-multiplication . 

We identify A with the tangent space of AX at the identity, T1 (AX ) ,  and 
Ie = T1 ( U  e )  shall denote the Lie algebra of the group II e . 

Let us denote with ir£ = Tl ('Ire )  : A = Tl (AX ) - Te ( Q ) .  For any 9 E AX , let 
<l>g = ny- I e £g : AX � AX , i . e .  <l>g ( h ) = yhg - 1 , Vh E AX . The tangent mapping 
(TcPg h : A�A shall be denoted with �g (also called Ad(g) in1 0 ) .  

We present connections on the principal fiber bundles 'Ir£ : AX - Q ,  V £ E Q ,  
so the morphisms 

AX � AX 
'Ire , 1  1 'lrc. � )  

Q � Q 
............ --:�- -

are isomorphisms of principal fiber btilldles with'-'-connections . 
Consider any mapping Ke : 1� ( Q)-A (= Tl (AX » ,  with the following two prop­
ert,ies : 

( I) ire e Ke : Te ( Q)-T, ( Q) is the identity mapping. 

( II)  '(T<I>a h : A-A ,  leaves invariant the subspace 
1-{! = Ke (Te ( Q» C A, V a E llc , i . e .  (TcPah (1l' ) = H' , V a E lI, . 

The existence Ke is equi.valent to having a connect ion on the principal bundle 
'Ire : AX _ Q  which makes Q into a homogeneous reduct ive space  as defined inl 1 .  
To produce such a'connection for 'Ire : AX - Q ,  from /{e , we  construct a smooth 
distribution of horizontal spaces 1l as follows : for each £ E Q and 9 E AX 
define H� = gH' = { a  E A I a = gh ,  for some h E He } .  We call the elements 
of H� the horizontal vectors at 9 E AX (for 'Ire ) . Notice that for 1 E AX , 
Hi = Ht = Ke (Te ( Q» . The distribution H on AX is given by these horizontal 
spaces , Hu = H� = uHe for u E AX . The following assertion is immediate: 

Claim 2 . 1  The spaces HU I consti tute a connect ion on the principal bundle 'Ire : 
AX _ Q ,  i . e .  

( i )  H i s  a smooth distribut ion on Ax . 
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(ii) uA = (T(AX »u = Vu (J) Hu , V u E AX , with Vu = uI£ . 

( iii) Hua = 1f.u a  ( = (Ra ) .1f.u) ,  V a  E Il£ , U E AX .  

Properties ( i) , ( ii) and (iii) define a connection on 7r£ : AX ____ Q as found inI O  

p .  63 .  
The connections in the principal bundles 7r/s induce connections on  sev­

eral associated bundles ,  in particular on the tangent bundle TQ---- Q ,  which we 
present in section 4 . First we shall construct the A-valued I-form K on AX 
induced by K£ 

2 . 1  Construct ion of the I-form K .  
Definition:  The I-form K i s  defined by 

This I-form has the equivariance property described below . We remark the 
following two lemmas. Let J.t = .cg (c) E Q . 

Lemma 2 . 2  7rp. 0 <pg (h)  = .cg 0 7r£ (h) , V ,h E A . \ 

Lemma 2 . 3  (Infinitesimal version of Lemma 2 . 2 )  
7rp. 0 Jg = £g 0 7r" and  

Jg (I£ ) = Iw 
( 1) 

(2 ) 
Given an A-valued I-form K,  we say that K spli ts the action of AX on Q if 

Kp. = K(J.t) : Tp. (Q )----A ,  satisfies the two conditions (I) and (II) for Kp. V J.t E Q , 
as above for K, . Suppose K splits the AX action , we say that K is equivariant  
if it satisfies : 

Kp. 0 £g = Jg 0 K£ 
V g E AX and V c , J.t E Q , with J.t = .cg (c) 

Lemma 2 . 4  If K is equivariant, th en Jg (H' )  = 1f.p. 

where 1f.£ = K£ (T£ (Q» ,  V e E Q, and J.t = .cg (c) . 

(3)  

Observation: an equivariant I-form as above is  completely determined (lo­
cally) by K£ = K(c) at any fixed c E Q . This follows from the hypothe­
sis of (local) transitivity for the action .c , i . e .  V c , J.t  E Q ,  (close enough) 
3g E Ax such that J.t = .cg (c) , and then the equivariance of K implies that 

(4) 
Lemma 2 . 5  KIJ is well defined, i. e .  i t  is independent  of g with J.t = .cg (c) . 
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By the equ at ion 4,  we may consider the pr inc ipal fiber bundle assoc iated ,to 
1-', 7r1J : Ax -. Q ,  v i a the left action of AX on Q ,  i .e . 7r1J (g) = .c9 (1-') , Vg E AX . ' 

Lemma 2 . 6  Th e m apping KIJ : Tc (e )-A, sa t isfies (i) and  (II) as a bove, i . e .  

(I)  ilJ 0 1\1' : 7� ( Q )-.TIJ ( Q )  is the ident i ty mapp ing. 

( II )  { T<Pa h , : A-A, lea ves in varian t  the  subspace 
1i1J =; 1\1J (7� (Q» c A V a E ll" i , e .  (TcPa h (1iIJ ) = 1i.1J , V a E lII" 

3 Parallel Transp ort and 

The Transp ort Equation .  

Let I\c a n d  K equ i var i ant as i n  the prev ious sect ion .  To construct the connec­

t ion "YK on t h e  tangent  b u n d l e  of Q we introduce the t ransport equa t ion  whose 
sol u t i o n s  g i ve t h e  h o r i zolltal l i fts to AX of cu rves on Q for 7rc . 

G i ve n  a smooth c u r v e  , ( t )  on Q ,  with , (0 )  = e  and t E l ( I  = an interval 

abou t zero ) . 

Defini t io n :  The d i fferen t i al equation 

1" ( t )  = K-Y( I ) h' ( t » r ( t )  ( 5 )  
• > ' . .  

i s  c al led the t ran sport equation for , ( t ) , and the solution f ( t )  with the initial 
cond it ion f (0 )  = 1 E AX , is called the horizonia l liJt of ,( t )  (for 7re ) . 
P roposit ion 3 . 1  V i E I 

7rc (f ( t»  == ,(t) 
F( t )  E 1ihl )  . 

4 The C ovariant Derivat ive \7K • 

(6 )  

(7)  

Let , ( t ) b e  a smooth curve on Q with ,(0) = e and t in some interval about 
zero . Let f ( t )  be the so l ut ion of the differential (transport ) equation (5) f(t) = 
K-y( I ) h' ( t»f( t ) ,  with init ial condit ion f(O) = 1 .  Let.,Y (t ) be a tangent (smooth) 
fie ld along , ( I )  on Q .  To define the coVariant derivat ive D;r (0) E Ti ( Q) ,  we 

j ust define J(c ( D;r (0 ») E A and the covariant �erivative given by D:r (0) = 

it 0 Kc ( D:r ( 0 ») E Me . We use the following notation : for any tangent vector 

X E Qe , we write X = J{e ( X )  E 1ic . 
D efinit ion : 
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Proposition 4 . 1  The covariant derivative DK induces the connection VK on 
TQ given by the formula 

V;xy = Y + [Y , X] (8)  

where Y = X(Y) .  

5 The C lassifying Connect ion V'e o 
We introduce the connection Vc on TQ which has the same geodesics of VK but 
with opposite torsion , so Vp = !(VK + Va) satisfies : 

Theorem 5.1 
(i) Vp is symmetric .  
(ii) Vp h as the same geodesics as VK (and Vc) 

Remark: In the finite dimensional case, Vp is the only connection on TQ 
satisfying (i) and (ii) , according tol l . 

The proof of Theorem 5 . 1  follows from the results presented below . 

5 . 1  The S pace P of  P roj ections in A� 
Let P = p eA) denote the submanifold of End (A) = {endomorphisms of A} , 
given by 

P = {q E End(A) l q2 = q }  = { projections of A }  
and 11" : e�p , the canonical fiber bundle e c P x A with fiber 1I":- 1 (q) � 
{ (  q , a) E P x A I q( a) = a} . The canonical connect ion 15 is given as follows : 
let .,,(t) be a curve in P and q a section (along .,,) of the bundle 11" : e�p , i . e .  
(T(t) = (.,, (t ) , a(t» with aCt) E Img(.,,(t» C A. We define the covariant derivative 

�: (0) = ( .,,(O) , �(O) (a'» , where a' = : /a(t» I I =o E A . . 

5 . 2  The Classifying Map II .  
The family of projections II£ = K£ 0 1r£ : A � A for c E Q ,  defines a differ­

entiable mapping (observe II� = II£ ) n : Q � P C End(A) wi:t� , lJ(ih= IIti i 
A � A. We call II the classifying map15 . We present a formula for the tangent 
mapping of II at c E Q. For z E A let 's denote by adl; : A - A, given by 

adl;( a) = [z , a] = za - az, V a E A. 

Proposition 5.2 For c E Q and X E (TQ)£ , (TII)£ (X) = [adK�{x) , II£ ] as 
operators on A. 
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5�3 c The. Induced Connectio.D .. V'c on. TQ. 
We use the classifying map II to construct the covariant defivative15 on 1'Q . 

First , consider the following commutative diagram, 

(P,K) � c P x ..4  TQ <==> i.OP2 
1 1 11'  
Q n p ' - .  

where the mapping P is defined. by follo",ing arrows fr<;>m TQ p.own to P ,  and 
P2 gives the second component of an element in �. Let 1t ::: 1(0 pe aSJ;l1oc;>th 
curve on Q with 1(0) = e:, and let Y, = Yet) be a smooth vector field along 1 .  
To define D�t consider 1/(t) = 1I'(1t ) in P and the section (T(t) of the bundle 
11' : e-+p given by 

We define 

(T(t) = (1/(t ) ,  K.y, (Yt)) E e'l(t) 

DCY . . ' . '. ' D(T T = 1I'e 0 P2( lit) 
with �: defined above in section 5 . 1 .  

5 . 4  A Formula for Vc. 

We have p�r = ie (IIe (a' » where a '  = f. (K-y, (Yt)) lt=o , (a' E ..4) but ie 0 

lIe = ie , so we get D�r == ie « Ky, (Yt» lt=o) = ie .(Y) . Hence we can compute 

pay - (�) ' dt ' - Kc ·  dt j to get ,  

DCY = II (Y) . dt .  e (9) 

In general if X and Y are vector fields on Q, we have the following formula for 
the connection 'Yc at e: E Q .  

6 The Geodesics of VK and Ve e  
The following lemmas are useful in a proof of Theorem 5 . l .  

Lemma 6 . 1  The geodesics of 'VK and 'Yc coincide. 

( 10) 
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Proof: It is enough to check that the geodesics are given by the same differential 
equation in both connections . In fact ,  by Proposition 4 . 1 ,  a geodesic r of 'VK is 
given by the equation, 

DKr _ � 0 0 _ � 0 = dt = 1r. (r) + [r , rj = 1r. (r) 
On the other hand ,  r is a geodesic of 'Vc when (see formula (9)) , 

and Lemma 6 . 1  is proved . 

DCr _ " 0 = - = 1r. (r) 
dt 

Observation: If 'V1 , 'V2 are connections and s ,  t real numbers with s + t = 1 
then s'V 1 + t'V 2 is a connection . Furthermore if r is a geodesic for both 'V I and 
'V 2, then r is a geodesic of s'V 1 + t'V 2 .  

6 .1 Computation of the Torsions of '\lK a n d  '\le . 
Let X and Y be tangent vectors to Q ,  say at e: .  We consider particular vector 
fields on Q extending X and Y. Given x E A, consider the smooth vector field 
on Q given by 

( 1 1 ) 

Observe that I(JJ (�(Il)) = IIJJ (x) , V il E Q.  If x = K. (X) and y = I(. (Y) ,  the 
vector fields *. and lL. extend X and Y respectively. 

Claim 6.2 If x = K. (X)  and y = K. (Y) , ;i A [x , y] ) = - [*'>1l](e:) . 
To compute TK(X, Y) (e:) , the torsion of 'VK , it is enough tocompute TK(X, Y) (f) = 

I<. (TK (X, Y )(e:) ) .  From the formula for the torsion , 
T(X, Y )  = 'VxY - 'VyX - [X, Y] , we have the following identity, 

TK (X, Y) = K. ('VK£lL.(e:)) - K. ('VK�*.(e:) )  - K. ( [*., lll (e:)) 

but from claim 6 .2 we have [*-, llj (e:) = -1r. [x , yj and we get TK(X, Y) = 

I<. ('VK£ll(e:) )-K. ('VKy*-(e:))+II. ( [x , y] ) .  We shall compute V";£ll(e) = K. ('VK£ll(e) ) = 
*.(iL)(e:) + [x , yj (the l�t equality follows from the formula in Proposition 4 . 1 ) .  

Claim 6.3 *-(ll)(e) == (1 - II. ) [x , yj . 
Now we can write V";£ lL.(e) = �(iL)(e) + [x , yj = (I - II£) [x , yj - [x , y] 
-II. ( [x , y] ) and similarly V";l.*-(e) = -II. ( [y,  x] ) , hence we get TK(X, Y) 
-II. ( [x , y] ) - II. ( [x , y]) + II. ( [x , y] ) , hence 

TK(X, Y) = -II. ( [z , y] ) (12)  
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Finally, from formula ( 1 0 )  and claim 6 . 3  we have, 

\7;(�' ll) (g ) = II. (�(iL) (g» = TI. U  - II. )( [x , y] ) = 0 and ,  the torsion TC of 'Vc is 

given by, Tc(X, Y) = -J<' (�' 1l])  = TI, ( [x , y] ) , where the last equality follows 
from claim 6 .2 ,  hence we get the formula, 

6 . 2  The P roof o f  Theorem 5 . 1 .  

( 13)  

Part (ii ) follows from Lemma 6 .1  and the observation following that lemma. To 
prove part ( i )  observe that the torsion TP of 'Vp satisfies , TP = t (TK + TC) . 
But by the formulas ( 12)  and ( 1 3) we get TP = 0 ,  hence 'Vp is symmetric as 
claimed . 

7 Formulas for t he Geo desics and t he Exp o­
nent ial Mapping . 

Lemma 7 .1  The geodesic ,(t )  through g E Q at t = 0 and -y eO) = X c (TQ), 
is given  by 

,(t )  = .cexp(tK. (x» g 
l ienee the exponential mapping at g E Q is given by 

8 The C urvat ures RK and Re • 

( 14) 

( 15) 

For tangent vectors X, Y, Z at g E Q, the curvature of a connection 'V on T M 
is given by the formula (as in p .  133  ofl4) 

R(X, Y)Z = 'Vx'Vy Z  - 'Vy 'Vx Z  - 'V[X,Y1Z 

We shall present the formulas after acting with K, on both sides of this formula 
for the curvature to get , 

8 . 1  The Formula o f  RK . 

RK(X, Y)Z = [J« Z) , (I - II) [K(X) ,  K(Y)]] (16) 



8 . 2  The Formula of RC • 

RC(X , Y)Z  = 

1 1 1  

= [J« X) , ( I  - II) [J« Y) , K(Z)]] - [K(Y) ,  (I - II) [J« X) ,  J« Z)]] ( 17) 

When working on the formula above , it is useful and interes ting to notice the fol­
lowing assertion , which follows from the hypothesis that Ja leaves 1f' invariant 
for any a E II, . 

Claim 8 . 1  If x E 1f' and y E I' , then [x , y] E 1f' , i . e .  th e b ra ck e l of a 
horizontal x with a vertical  y ,  is horizontal. 

9 Involut ions . 

In this section we shall consider A to be an associative C· -algebra (with identity ) 
and AX its multiplicative group . Let's denote with 

( 1 8) 

the action of the contragradient involution E : AX -.Ax . Observe that (gE )E = g 

9 . 1  Homogeneous Reduct ive S p aces with Involution . 

We shall say that cr : Q-.Q is a� involut ion for the homogeneous reductive sPlice 
{ Q , K} if cr is a diffeomorphism of period two (cr2 = identity) , which satisfies 
the following four axioms: 

Axiom 1 .  Equivariance of cr .  
For any e E Q the following diagram commutes , 

i .e .  (.ege)" = .cgI: (eq ) .  

Axiom 2 .  Compatibili ty with K . 
For any e E Q the following diagram commutes 

(TAX h = A 
J<, i 
(TQ), 

(�1 A 
i J<,,, 

(�. (TQ),,, 
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A x iom 3 .  T h (� set P of s e lf- a djo i n t clements of Q ,  

P = {E E Q I E" = E }  

i s  a s u b l l l a l l i fo i d  o f  Q an d t h e  ( connec ted) components of P are the inter­
sec t i O ! 1  of P w i t h  the components of Q .  

A xiom 4 .  For any E E Q ,  there exists a = a (E ) E At such that C a E  = E" . 

O h servat ions : 

1 .  A x iom 1 i m pl ies that E : AX -+ AX maps llE -+ IIE " 

2 .  From A x iom 1 ,  for p E P , the Lie algebra Ip (of IIp ) is a C· -subalgebra 
of A .  

3 .  Axiom 2 impl i es that (TEh : A -+ A,  maps U 1-+ - u · , hence 1I.E " = 
{u " l u  E 1{E } .  

1 .  From Axiom 2 ,  for p E P , the horizontal space 1{P is *-c1osed in A ,  and 
we have the decomposition 

into symmetric and anti-symmetric elements. 

5 .  For the  exam ples of spaces with involutions we shall present below , the 
mappi ng a : Q - Ai' in  Axiom 4, can actually be chosen to be smooth . In 
gerieral Lenuna 9 . 1 be low says that given E E Q we may take the mapping 
a to be smooth in  some neighborhood of E .  

6 .  Suppose that C a E  = E" with a > 0 and Cg E = p. for some 9 E AX , then 
from ax iom 1 we have 

Cg'[; E" = C(gO )- , CaC g - ' P. ,  hence 

C(gO ) - ' ag - ' P. ( 19) 

Lemma 9 . 1  Given E E Q ,  the  mapping a : Q -+ Ai' in Axiom 4 above can be 
t aken locally smooth about  E .  

Proof of the lemma: Let V C (TQ )E b e  a neighborhood o f  0 E (TQ)E such 
that the exponential eXPE : V -+ U (see formula ( 1 5 ) )  is a diffeomorphism onto 
a neighborhood U C Q of E. For p. E U we call g(p.) = exp (I{E (XI' ) )  where 
XI' = exp;- l (p.)  E V. Then 9 : U -+ AX is smooth and C9( I' ) E  = p. hence , from 
formula ( 1 9 ) above ,  we have Ca(I')P. = p." with a : U -+ AX smooth gi ven by 
a(p.) = (g(p.) " ) - l a(g(p. ) )- l . 
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9 . 2  Decomposition of (TQ)p .  
Claim 9 .2 X E (TP)p {:::::} I<p(X)" = -Kp (X ) . 

For p E P  we define Np = {X E (TQ)p lI<p(X)"  = I<p (X)  E 1f.P C A} . From 
claim 9 . 2 ,  and the fact that I<p(TQ)p = 1f.P = (1fP)S $ (1f.P )a, (see the observa­
tions above) we can write 

1 0  The Normal B undle o n  P .  

(20) 

Let { Q ,  K ,  O"} be a homogeneous reduct ive space with involution and P C Q the 
self-adjoint elements of Q. We denote by N the normal bundle on P 

N =  U NP 
pEP 

We define the exponential mapping £ : N -+ Q given by £ (p, X) = expp (X ) , i . e .  
the  restriction of  the  exponential map expp to normal vectors X E NP , I<p(X) = 
I<p(X)"  E A. We are interested in giving sufficient conditions for the mapping 
£ to be  a diffeomorphism. 

1 0 . 1  The Hypothesis of Regularity. 

For a fixed p E P , consider It the set of (invertible) positive elements in 
the Lie algebra Ip of II p ' Consider also the set EP of the exponentials of the 
symmetric elements of 1f.P , i . e .  EP = {exp (h) l h  E (1f.P )S } .  Consider the mapping 
Pp : It x EP -+ At ,  given by pp (L , e )  = P, where P is the positive part in the 
polar decomposition Le = pu , with P > 0 and u unitary. 

D efinition: We say that p is regular if the mapping Pp is a diffeomorphism. 

Observations: 

1. Just by taking the inverses (or the * 's) the hypothesis of regularity can be 
rewritten to say that  the mapping Pp : It x EP -+ At is a diffeomorphism 
where pp ( L , e) = P > 0 from the polar decomposition e L  = up. 

2 .  If p E P  is regular , then any element in the unitary orbit of p, say 
p' = .cuP with u unitary, is also regular for in such case , ppl (t ' , e' )  = 
u(pp (u - 1 £'u , u- 1 e'u» u- 1 ,  using u- 1I:'u = It and u- 1  Epl u = EP ,  etc . . .  

Definition: We say that the unitary orbit Up = {.cup lu  = unitary} is regular 
if any element in Up is regular (see observation above) . 
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1 0 . 2  T h e  Normal Bundle o f  a Re gular Unitary O rbit . 

Let Po C P be a regular unitary orbit  as above . Let No denote the restriction to 
Po of the normal bundle N. Let Qo = {.cg p i 9 E AX , P E Po } .  Then { Qo , JC, IT} 
i s  a homogeneous reduc tive space w i th involution ,  with Po the set of self-adjoint 
clements of Qo and ,  No is the normal bundle of Po : 

T hcorcm 1 0 . 1  If { Qo , JC , IT} i s  a s  a bove for a regular uni tary orbit Po . then 
£0 : No - Qo is a 4ifJeomorphism. 

P roof of the theorem : To simplify the notation along this proof, we shall 
d rop the subindex ' 0 '  so , we start assuming that { Q ,  JC ,  IT} is the homogeneous 
reduct ive space for the unitary orbit P ete . . .  

S u rjcct ivity. Let e E Q . We want to find (p' , X') E N  such that £(p' , X') = e .  
From axiom 4 ,  there exists a > 0 in A and p E P such that .caP = e .  By the 
regu lar i ty hypothesis (for p) we can write a - I  = pp ( L , exp (h) )  (in a unique w ay)  
for u unitary, l E I: and exp(h)  E EP (h  E (1£P )")  with a- l u  = L exp (h ) , hence 
a = u exp( - h)L- l and e = .cu exp( -h ). - , P = .cu exp(-h )P , for L is in the isotropy 
of p. l ien ee we can write e = .cu exp( - h)u - ' .cuP = .cexp( - u hu - ' )P' , with p' = .cu p. 
Now ,  observing that -uhu- l E u(1£P )"u- l = (1£P' )" and using the formula ( 15) 
for the exponent ial we have e = expp' (X') with X'  = 1I"p. ( -uhu- l ) .  So we have 
e = £(p' , X ' )  as desi red . 

Injcctivity. Suppose (P l , Xd , (P2 , X2 ) E N with £(pl , Xd = £(P2 , X2 ) , i .e . 
.ce , P l  = .cel P2 where e l = exp(Kp, (Xl ) )  and e2 = exp(Kpl (X2 ) ) .  Consider u 
unitary with .cuPl  = P2 . Then we can write .ce � ' elu Pl = PI , hence ei l e2u E IIp, 

(the isotropy of pd . Consider ei l e2u = L V  the polar decomposition in the Lie 
algebra Ip, with v unitary and L > O. We can write ei l e 2w = L with tV = uv- l 
sat isfying .cwPl  = P2 . Then ei I w(w- l e 2w)  = L hence W- l f2W = W- l f l L  is 
a posit ive element in  exp « 1£P l ) " ) . By the regularity hypothesis (for pd such 
element can be wr itten in a unique way as a product like the one on the right 
hand s ide ,  with w- l unitary, e l in exp « 1£P, )8 ) and L > 0 in Ip" hence W- l f 2W == 
f l ; w- 1 = 1 and L = 1 ,  then P2 = .cwPl = .cIPl = PI and f2 = fl . Taking 
logarithms we get Kp, (Xd = Kp, (X2 ) (¢::::::> Xl = X2 ) as we wanted to show . 

Smoothness.  We present below a explicit formula for the inverse of £�  hi. 
turn , the formula for £ - 1  shows that this mapping is smooth . Consider e E Q 
and let a : U - A+ smooth as in lemma 9 . 1 ,  i .e . , U is a neighborhood of e and 
.ca(JJ )J..I = J..Iu , 'V E U .  Consider 0 < b = Va : U - A+ '  which is also smooth . 
Observe that .cb(JJ)J..I = p(J..I ) E P , 'V J..I E U as the following computation shows: 

(.cb(JJ )J..It = .c(b(JJ»DJ..Iu = .c(b(JJ»- ' J..Iu 
= .cb(JJ).c(b(JJ»- lJ..lU = Cb(JJ)J..I 
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Clearly p : U ....... P i s  smooth .  Consider the decomposition e (J-l) t (J-l )  = u(J-l)(b (J-l)) - l ,  
produced from the hypothesis of regularity of p(J-l) E P ,  so that t (J-l)  > 0 is 
in Lp(/l ) and e (J-l) = exp (h (J-l ) ) with h(J-l) E (7{p(IJ) )S and ,  u(J-l) is unitary in 
A. These mappings t,  e and U are smooth on U, which can be  seen imme­
diately from the second observation made above after the definition of ' regu­
larity ' . Consider e(J-l) = u - 1 (J-l)e (J-l)u(J-l) = exp(h (J-l))  E exp « 7{ p(IJ » )S ) with 
p(/l) = Lu - l (lJ )p(J-l) . Then Le(IJ)P(J-l) = J-l V J-l E U because 

Hence [:- 1 (J-l) = (p(J-l ) ,  7rp(IJ)(h(J-l)) ) E N'p(IJ) , is the desired formula  for the 
inverse of [: .  
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