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Multipliers for HP(G)-spaces

C. W. ONNEWEER

Abstract

In this paper we present some multiplier theorems for Hardy spaces defined
on a locally compact Vilenkin group. We discuss how these theorems compare
with some known multiplier theorems for Lebesgue and Hardy spaces defined

on R™ and we conclude with a brief description of a few open questions.

In 1947 N. Ya. Vilenkin [10] introduced a class of compact Abelian topologiAca'l
groups G, with G containing a strictly decreasing sequence of open subgroups (G, )§°
such that Uy Gn = G and NG G, = {0}. Vilenkin studied the character groups of
such groups and proved a number of results, many of them similar to known results
for the Fourier series of functions defined on the circle group T := {z € C : |z| = 1}.
An example of a group G as defined by Vilenkin is the dyadic group Do consisting of
all sequences (z,)3°, with each z,, € {0,1} and with addition defined coordinate wise
modulo 2. In this case we may take G, = {(z,) € Do : z; = 0 for 0 < ¢ < n}. As
Vilenkin observed, the elements of the character group of Dy may be identified with
the Walsh functions, introduced in 1923 by J. L. Walsh [11]. This same observation
was made, independently, by N. J. Fine in 1949 [4]. An extensive and up-to-date
introduction to the Fourier theory of Walsh functions and of some of its.extensions to
compact Vilenkin groups can be found in the recent book by F. Sc‘hippz W. R. Wade
and P. Simon [7].

In this paper we discuss some results in the harmonic analysis of groups, that. are
the locally compact analogue of the groups introduced by Vilenkin, in" 1947, From
here on, G will denote a locally compact Vilenkin group. This means that G is a
locally compact Abelian (LCA) topological group containing a sequence of subgroups

(Gn)Z,, such that
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(1) each G, is an open compact subgroup of G,

(i1) Gny1 ¢ Gu for all n € Z,

(i) U2, Gy, = G and N=_G,, = {0},

(iv) sup{ order Gn/Gpn41 : n € Z} < co.

The dual group or character group of G will be denoted by I'; thusy € T'ify: G — T
is continuous and y(z + y) = y(z)y(y) for all z,y € G. If T is topologized with the

so-called compact-open topology and if we set
I,={yeTl:q(z)=1 forall z€G@G,},

then

(i)* each ', is a compact open subgroup of T,

(i1)* Tp @ Tpy1 for all n € Z,

(ii))* U= T, =T and N=_T, = {0}, where yo(z) =1 for all z € G,
(iv)* order (T'y41/T») = order (Gy/Gni1) for all n € Z.

We choose Haar measures p on G and A on I so that u(Go) = MTo) = 1. Then
(#(Gn))™' = A(T',) for each n € Z; we define m, by m, = (u(G,))~'. Once a
Haar measure has been introduced on G, we can define the Lebesgue spaces LP(G),
0 < p < oo, and the Fourier transform: for f € LY(G) and v € T we set f(v) =
Jo f(2)7(z)du(z). The inverse Fourier transform will be denoted by Y. It is easy to
see (denoting the characteristic function of a set A by x,) that if A, := m,x,_ then
(An)* = Xr,,-

Before giving the definition of the Hardy spaces on such groups G we first give
an example of a LC Vilenkin group and some general references. Let D = {z : z =
(2:)%®,, i € {0,1} for all i € Z and z; = 0 for ¢ < N,;}. Addition in D is defined
coordinate wise modulo 2 and we introduce a topology on D by defining a metric on
D as follows: d(z,y) =2"if (t —y), =1and (z —y); =0fori < n. Then D is a

LCA topological group and if we define the subgroups D, of D by

D,={z€D:z;=0 for :<n}

then it is a simple exercise to show that D and the sequence (D,)%,, satisfy conditions
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(i), (ii), (iii) and (iv). Furthermore, the elements of the character group I'p of D can
be described as follows: for any y = (y:)%, € D define v, € I'p by

Yy(z) = exp(ni Y Tky-x)

k=—o00
whenever z = (z;)%,, € D. Then I'p = {7, : y € D}.

Other examples of LC Vilenkin grbups are the additive group of a p-adic field or a
p-series field or, more generally, of any local field. A detailed exposition of harmonic
analysis on local fields was given by M. H. Taibleson in [9]. The first mentioning
of LCA topological groups G containing a doubly infinite sequence of sub-groups
(Gn)>,, with properties (i) through (iv) was made in a series of papers by R. Spector,
see [8]. A further reference, containing additional examples of LC Vilenkin groups, is
(3] |

We now turn to the definitions of the (homogeneous) Herz spaces K (o, p, q) and
the Hardy spaces H?(G) on a LC Vilenkin group G. |
Definition ‘l.i Let a € R and 0 <vp,q < oo. A measurable function f : G — C
belongs to the Herz space K(a,p,q) if

o= ( 2

‘ a\1/q
Py (m =l xapalb) ) < o0,
with the usual modification if ¢ = oo. ,

Clearly, K(0,p,p) = L?(G) and it is easy to show that the following (continuous)
inclusion relqtions hold. |
(aj If 0 < g1 < g2 < oo then K(a,p,q1) = K(o,p, q2)- . ,

(b) 1 0<py<p;<oothen K(a—1/p2,p2,9) = K(a = 1/p1,P1,9)-

In [5] the definitions and some of the: basic properties for the spaces of tests
functions S(G) and distributions §'(G) are given. The definitions and results are
immediate generalizations of corresponding results described in [9] for local fields and
they will not be repeated here. v
Definition 2. Let0 < p < 1. A distribution f € S'(G) belongs to the Hardy space

H?(G) if the function f* : G — C defined by f*(z) = sup, |A¢* f(z)| belongs to
L¥(G); we set || fllue = ||*|lp-
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Definition 3. A function ¢ € L*®(T) is a (Fourier) multiplier-of H?(G), ¢ €
M(HP), if there ezists a constant C > 0 so that for all f € H?(G) we have 1(65)VIla» <
ClIf |-

In joint work with T.S. Quek the following theorems were proved.I Here we use as
notation: if ¢ € L=(T') and k € Z then ¢* := Xy, \rn
Theorem 1. Let0<p<1andp<r <oo. If p € L(T) satisfies

sub () /#1610 < 00
then ¢ € M(HP).
Theorem 2. If0< p <1 and ¢ € L(T) satisfies

Y (P I(4)V]1,)P ) < oo,

k=—o0
then ¢ € M(HP).

A proof of these theorems will appear in [6]. The samé paper also contains the
proofs of several results concerning the sharpness of the preceding theorems. We
mention here two such results.

Theorem 3. Let 0 < p <1 and p < r < oo. For every q > p there exists a
¢ € L®(T) such that

sup (M) "P7[(6) VIl k 1/p-1/rrg) < 00

and ¢ € M(H?).
Theorem 4. Let 0 < p < 1. For every q with 2p/(2 — p) < g < oo there exists a
function ¢ € L*(T) such that

() 3 (m) I8 ]l,)° < oo

k=-—00

and ¢ ¢ M(HP).

In view of the fact that condition (*) in Theorem 4 is not sufficient for a function
¢ € L*(T) to be an H?(G)-multiplier, it is of some interest to find additional condi-
tions to obtain HP(G)-multipliers. The next theorem provides one such result. We

state it here only for the case ¢ = co in (x); the general case is considered in [6].
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Theorem 5. Let 0 < p <1 and let ¢ € L=(T) satisfy
sup (M) /P 1(8*)Vlp < 0.

If (ax) € £27/C=?)(Z) and if 1 is defined by Y(7) = £, axd*(7) then ¥ € M(HP).
Thus far we have only been able to prove the sharpness of Theorem 5 for the case

p=1; in [6] a proof of the following result can be found.

Theorem 6. Let (ax) € €°(Z)\ ¢*(Z). Then there ezists a § € L°(T) so that

sup, |[(¢*)V|h < oo and ¥, defined by P(v) = T2, ard*(7), does not belong to
M(HY).

We now briefly discuss how the multiplier theorems stated here for Hardy spaces
defined on LC Vilenkin groups, compare with similar resultsfor multiplierson Lebesgue
or Hardy spaces defined on R". While doing so we shall also mention some open prob-
lems. In. [1], A. Baernstein and E. T. Sawyer proved various multiplier theorems for
HP(R™)-spaces. Before stating their results we first introduce some notation.

For0 £ a < oo'and 0< p,q < 0o we define the homogeneous Herz spaces on R"

by | o o
oy 1 n 3 ke )
K= {f € LL(R") < || fllxoe ==\'(‘Z (2 ”fXAw)“”) ) <o},

k=—00

with the usual modification if q = oo; here A(k) = {z € R™: 2% < |z < 2k+1},

The inhdmogeneous‘Herz spaces K are defined by K;,’"’ = k;,"'qt'ﬂ' LP, and
fllxege = 11£1ls + [1f]lge '
| Next, fix a function n € C*(R") such that 0 < (¢) < 1 for all ¢ € R”, n(f) =1
for £ < |¢] < 2 and supp(n) C {} < |¢| < 4}). For m € L®(R") and § > 0 define
ms by ms(§) = m(5§)r](§) In [1, Theorem 3a] Baernstein and Sawyer provéa the
following. | |

Theorem B&S. Let0 < p <1 and assume m € L™(R") satisfies

sup{|(ms)"||narp-21 1 6 > 0} <00
Then m € M(H?(R™)).

Baernstein and Sawyer also prbved the sharpness of their result. There is an



140

obvious similarity between Theorem B&S and the case r = 1 of Theorem 1 and this
raises the question whether or not the spaces KF*/*"1* in Theorem B&S can be
replaced by the spaces K1/P=1/7)# or even the spaces K™1/P=1/")? with r > p.

In (1] the authors point out that Theorem B&S does not extend to p = 1. In their
paper they modify the definition of the Herz spaces to obtain a result for H!(R")-
multiplieré. It would be of interest to determine if the case p = 1 of Theorem 2 can
be modified so as to obtain a similar multiplier theorem for H'(R") and if such a
modification would extend to0 < p < 1.

As for a comparison of Theorem 5 with corresponding known results for H?(R")-
multipliers we mention here that in [2] M. Cowling, G. Fendler and J. J. F. Fournier
proved the following.

Theorem CFF. Let 1 < p < oo. Suppose that for each n € Z the function
m, € M(LP(R"™)) and that sup, |||ma|||, £ 1 where |||m,]|||, denotes the multiplier
norm of m, € M(L?(R")). If (a) € £*(Z) for s = |2p/(2 — p)| and if m is defined
by m = £X, an max, s then m € M(LP(R™)).

A comparison of Theorem CFF and Theorem 5 immediately raises two questions.
(1) Can Theorem CFF be extended to multipliers for H?(R")-spaces with 0 < p < 17
(2) Can Theorem 5 be extended to multipliers for LP(G)-spaces, p > 17 Moreover,
there are also obvious questions abdut_the sharpness of such results.

As a final remark we mention that under the assumptions of Theorem 1 the
functions ¢ are, in fact, multipliers for power-weighted Hardy spaces HZ(G) for a
satisfying —1 + p/r < a <0, see [5] for the definition of such spaces. This raises the

question whether some of the other theorems stated in this paper can be extended

to power-weighted Hardy spaces and/or whether such theorems also hold for other

classes of weights besides the power-weights.
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