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Let f E Ltoc n oS' ,  0 < {3 < k � n ,  k - an i�teger (in particular , k = (fJ] + 1 ) ,  
and n - dimension of the ambient space . '  Let K(z) :::: O(z)/ Iz l" b e  a Calder6n
Zygmund kernel , i .e . ,  fE .. _ 1  0 = 0 , 0 E COO (En - I ) ,  0 homogeneous of degree 
O .  

Define: 

r il� f(x )J( (h)g(x + h) dh, JR-JRft ilt f(x )J((h)g(z + h) dh , 

where D.� is the k-th differen ce operator;  i .e . , D.�+l f(z)  = D.�f(x + h) -

D.�f(x ) ,  D.U(x) = f(x + h) - f(x ) .  
We have the following theorem, which generalizes a theorem by  J anson (Un , 

dealing with the case k = 1 .  
Theorem 1 Let  1 < p < q < +00 ;  l /p - l/q  = {3/n . Under above  assumptions, 
t h e  following are equivalent: 

i) f = !l + P, with !l E Ap and P a polynomial  of degree < k. 
ii) C, , k : £P --+ U is a bounded op emtor. 

iii) C" k : LP --+ U is a bounded opera tor. 

If, in particular k = [{J] + 1 ,  then i) says t h a t  f E Ap . 
. . . . 

The key ingredient in the p roof is the following characte r ization of Lipschitz 
sp aces , which appe ars to be new . 

' Theorem 2 Suppose f E Ltoc n S' ,  0 < {3 < k, k - in t eger  (in particular, 
k = [{3] + 1) .  Then ,  the  following condit ions are equivalent :  

i) f = II + P with fl E Ap and P a polyn omial of degree < k.  
ii) There exis ts an op en se t  U C Rn su ch, tha t  for every Xo  E Rn and t > 0, 

( 1 )  
with c independ e n t  of z E U ,  Xo  a n d  t .  Here ,  Q = Q ( x o ,  t )  (cu be ce n t e red a t  zo ,  
s id e length t ,  s ides  paral le l  t o  the  axes) , I a n  d Q '  = Q(xo  + ;: t  I t ) .  

i i i) Th e s ame  con di t ion  as ii/, with (J) rep la ced by:  
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(2) 

If any  of these  condit ions ho ld (th us all h old) then ! I II I I A� is comparable with 
sm a lles t c in ii) and  ii i) .  

P roof of Theorem 2 :  i )=?ii )  & i )=?i ii ) :  This direction follows immed iately 
from the pointwise estimate on the differences of I. ii)=?i) & iii)=?i) : The key 
idea is to write 

(3) 
and 

(4) 

for appropriate functions I-' and /I. Here I-'t (x)  = l/tnl-'(x/t ) ;  similarly for /I,. 
It turns out , that if Zl , . . .  , Zn are linearly independent ,  then the vector valued 
functions (�Z"  . . .  , �z .. ) and (ilZ "  . . .  , ilz ,, )  satisfy a so-called Tauberian condi

tion ; i . e . ,  their absolute value  is not identically 0 along any ray (see [i-t]) . Thus, 
I-' = (I-'Z ,  , . . .  , I-'z .. ) and /I = (/lZ' , • • •  , /lz ,, )  are compactly supported , finite , vec
tor valued Borel measures, such , that � and iI satisfy Tauberian condition . We 
invoke now a version of Calderon 's reproducing formula, due to Janson and 
Taibleson ( [i-t] ) :  

Theorem 3 ( J anson and Taibleson ) Th e re exist vector valu ed fun ctions 11 = 
( 7]l , . . . , 7]n ) and w = (Wl , . . .  , Wn )  such tha t  7]i ,  Wi E S; i =  l , . . .  , n  associated 
with I-' and  /I resp ectively, and  an in t eger  N (N is the  order of 1 as a tempered 
distribu t ion), so tha t :  

1 = 100 dt 
1 * I-'t * 7]t - , 

o t 

100 dt 
1 = 1 * /It * Wt - ,  

o t 

n 
I-'t * 1]t = LI-': ; * '7it , 

i = 1  

both  in t egrals converging in SN = S'/PN- 1 where PN- l is  the space of polyno
m ia ls of degree a t  m ost  N - l . 

From this , following the argumentation in [i-t] , we deduce, that both (3)  and 
(4)  (separately) imply that 1 = 10 + P , with 10 E Ap and P a polynomial . We 
then show , that the polynomial satisfying either ( 1 ) or (2 )  ( i .e . ,  P in the place 
of J) has degree at most k _. 1 .  To see this , observe , that the double integrals in 
( 1 )  and (2 )  are polynomials in t ,  of degree equal to the degree of P (provided we 
replace Xo by txo ) . Thus , coefficients ( in t )  of order k and higher vanish . Each of 
these coefficients is a polynomial in z ,  and therefore is a zero polynomial (in z) .  
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The homogeneous part of each such polynomial of the highest order coincides 
with the corresponding homogeneous part of P, up to a non-zero constant . Thus 
P has degree at most k - 1 .  This finishes the proof of Theorem 2 .  

We now prove Theorem 1. 
Proof of Theorem 1 :  i)=?ii) .& i)=?iii) : This part follows immedi;u.ely from 
the pointwise estimates on the differences of f, and the boundedness properties 
of the Riesz potentials. 
ii)=?i) & iii)=>i) : Using the method in m ,  we can show, that ii) implies ii) of 
Theorem 2 and iii) similarly implies iii) of Theorem 2 .  This finishes the proof 
of Theorem 1 .  
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