
Revista de la 
Union Matematica Argentina 
Volumen 3 7 ,  199 1 .  

SOME REMARKS 

ON LIFTING AND INTERPOLATION THEOREMS 

RODRIGO AROCENA 

200 

A B S T R A C T . The a im o f  t h i s  no t e  i s  to c l ar i fy the  r e l a t ions .  
b etwe en the  Sarason - Na gy - Fo ia s  l ift ing theo r em and t he Co t l ar ­
Sado s ky l ift ing t heor em .  By explo it ing  the  me thod o f  un itary 
ext ens ions  of an i some tr y ,  comb ined with  an ext en s io n  o f  
Adamj an , Arov and Kr e in s cat t er ing  approa c h ,  a g ener a l i z a t ion 
o f  Sara son ' s  int erpo l at ion theo r em i s  g iven , from wh ich  the  
above ment ioned l ift ing theor ems fo l l ow d ir e c t l y  a s  wel l  as  
formu l a s  for all  t he so lut ions o f  r e l at ed int erpo lat ion problems. 

I .  A G E N E R A L I Z A T I O N  O F  S A R A S O N ' S  I N T E R P O L A T I O N  T H E O R E M . 

A fundamental  o p erator ial  approach  to int erpo lat ion pro bl ems 
wa s s tarted  by t he fo l l owing theor em ,  du e to Sarason  I S  [ S . 1 1 : 

( r . 1 ) THEOREM . L e �  S b e  t h e  s h ift in  L 2 
_ L 2 (T) w i t h  r e s p e c t  

t o  L e b e s g u e  m e a s u r e  a n d  K C H2 
a c l o s e d  s u b s p a c e  s u c h  t h a t i t s  

2 
o r t ho go n a l c o mp l em e n t  wi t h  r e sp e c t  t o  H i s  i n v a r i a n t under S . 

If T = PKS 1 K and A ' E L ( K) commu t e s  w i t h  T t h e n t h e r e  ex i s t s  

"" h E  H s u c h  t ha t  A ' g  = PK (hg ) ,  V g E  K .  and I I A ' I I  = I I h l l "" . 

As usua l , T deno t e s  the  un it  c ircl e on  the  compl ex p l an e  C and 

S i s  g iven by ( S f) ( z )  - z f  ( z )  . For any p ;;;. 1 , HP = i f  E LP  -
LP (T) : 

A A - f en ) = 0 i f n <  O }  , wher e f i s  t h e  Four ier  tra::s {v r m  
o f  f .  I f  G , H  ar e H i l bert  spac e s , L ( G , H) i s  the s e t  o f  bound ed 
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l in e a r  o p e r a t o r s from G t o  H ,  L (G )  = L (G , G ) ; if K is a c lo s e d  
s u b s p a c e o f  G ,  P K  d e no t e s  t h e  o r t ho go na l pr o j e c t ion o f  G onto 
K ,  i K the inj � c t i o n  o f  K in G and G e K the  o r t ho go n a l  comp l e ­
ment o f  K in G .  Al s o , V mea n s  " c l o s e d l in ea r  span o f " . 

I n  a pp l i c a t i o n s , t he fun c t i o n  h o f  t h e  a b o ve s t a t ement s o l v e s  
s ev er a l  in t er po l a t i o n  pr o b l ems . I t  a pp e a r s b e c au s e  t he o p er a ­
t o r  A c an b e  " l i f t e d "  t o  a n  o p er a t o r  t ha t  c o mnru t e s  w i t h  t h e  
s h i f t , wh i c h  i s  c on s e qu en t l y  g iv en b y  t h e  mu l t ip l i c a t i o n  b y  a 
f i xed fun c t i o n . T hu s , t h e d e s c r i p t i o n  o f  a l l  t he " l i f t in g s "  o f  
A g iv e s  a d e s c r i p t i o n  o f  a l l t he s o l u t ion s t o  t he r e l a t e d in ­
t er p o l a t i o n  p r o b l ems . T h e s e  r ema r k s  mo t iv a t e t h e  fo l l o w in g  

( 1 . 2 ) THEOREM . L e t  U l E L ( G l )  a n d  U2  E L ( G 2 ) b e  u n i tary  o p e ra ­

t o r s  in Hi l b e r t  s p a c e s ,  B l  C G l and B 2 C G 2  c l o s e d  s u b s pa c e s  

s u c h  t ha t  U l B l C B l , 
V { U�B 2 : n � O }  G 2 . 

- 1  n } U2 B 2 C B 2 ,  V { U l B l : n � 0 = G l a nd 

-

If A E L ( B l , B 2 ) i s  s u c h  t ha t  

A U l  i B 
1 

= P B U 2  A 2 

s e t  A { A E L ( G l , G 2 ) : AU I = 

Then : 

a ) A i s  n o n  v o i d .  

I I  All } .  

b )  A s sume  more o v e r  t ha t  I I A I I = 1 . L e t  H b e  a Hi l b e r t  s p a c e a n d  

r l : B l � H ,  r 2 : B 2 � H i s ome tr i e s  s u c h  t ha t  H "  ( r l B I ) V ( r 2 B 2 ) 

a n d  A = r ;r l ' A n  i s om e try W a c t ing i n  H, w i t h  do m a i n  

- 1  ( r I B l )  V ( r 2 U 2  B 2 ) and r an g e  ( r l U l B I ) V ( r 2 B 2 )  i s  d e fi n e d  b y  

- 1  ' 
W ( r l b l + r 2 U 2  b 2 ) r l U 1 b l  + r 2 b 2 , 'tj b l E B I , b 2  E B 2 . 

L e t  U b e  t he fam i l y  o f  t h e  e q u iv a l en c e  c l, a s s e s  o f  m i n ima l, un i ­

t a r y  e x t e n s i o n s  o f  W .  T h e r e  e xi s t s  a b ij e c t ion  a fro m  U t o  A 
t h a t  can  b e  o b ta i n e d  a s  fo l l o w s . If U E L ( G )  i s  s u c h  a u n i ta'l!Y 

e x t e n s i o n ,  l, e t  i l :  G 1 
- n t e rm i n e d  b y  r l  U I I 

= 

B I 

� G and r 2 : G 2  � 
n - n U r 1 and r2 u 2 1 B 2 

G b e  t h e  i s om e t ri e s  d e -

'tj n E Z ;  t he n  
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A proo f can be obta ined from the  fo l lowing r emar ks , which  we 
only  s ketch becau s e  they ar e e s s ent ially  conta ined in the  proof  
o f  the Nagy - Fo ia s  commutant l ift ing theor em, g iv en in [A . 1 ] and 
in Sara son ' s pr e s entat ion [ 5 . 2 ] o f  i t . 

( 1 . 3 ) REMARKS 

( a )  I f  X E L ( F 1 , F 2 J is a contrac t ion betwe en H i l b er t  spac e s , 

3 F ,  a H i lber t  spac e , and 0 1 : F 1 � F ,  0 2 : F 2 � F ,  i s ometr i e s , 

such that F = ( 0 1 F 1 ) V ( 0 2 F 2 ) and X = 0 2 *0 1 . F c an be  obta ined 

a s  the H i lbert  spac e g enera t ed by F I x F 2 and t he s c a l ar product 

« f 1 , f 2 ) , ( f i , fz » = < f 1 , f i > F + <Af 1 , f Z > F + < f2 , Af 1 > F 2 + 
1 2 

+ < f 2 , f Z > F 2 
whil e 0 1 ' 0 2 are  d ef ined by t he corr e spondenc e s  

f 1 � ( f 1 , 0 ) ,  f 2 � ( 0 , f2 ) ,  r e sp ect ively . 

( b )  I f ,  mor eover , V I E L ( F 1 ) and V2 E L ( F 2 ) are  i s ometr i e s  such 

X V I = V2 * X  then V ( o l f 1 + 02V2 f2 ) = 0 lV 1 f 1 + 02 f2 d ef in e s  an 

i sometry with  doma in ( 0 1 F 1 ) V ( 0 2V2 F 2 ) and range (0 1Vl1 ) V (al2) 
- 1  such that VO l 0 lV 1 ' V 0 2 = 02 V2 . We say that  V i s  the  i s o -

m e t r i c  c o up l i ng o f  V I and V2 gen erat ed b y  X . I f  V I and V2 a r e  

un itary operator s ,  V E L ( F )  i s  al so  a un itary o p erator . 

( c )  Let  D , R  be  c l o s ed sub spa c e s  o f  a H i l ber t  spac e F and V an 
i sometry from D onto  R .  We say t hat  (V ' , F ' ) E U = U (V , F )  i f  
V '  E L ( F ' ) i s  a un itary ext ens ion of  V t o  the H i lbert  spac e 

F '  V { V , n F :  n E Z } ;  we say that  (V ' , F ' ) � (V" , F " )  in U i f  3 
P E L ( F '  , F " ) , a un itary operator  such that P I F = I F ( t he iden -

t ity  in F )  and pV ' = V" p . U  = U (V , F )  i s  the  s e t  of e q u i v a l enc e 

c l a s s e s  o f  m i n ima l uni tary  e x t e n s i o n s  of V to Hi l b e r t  s p a c e s  

t h a t  c o n t a i n  V .  I t  i s  no t empty . [ and ( V '  , F ' ) � (V" , F " )  i ff 

P F V I n I F = P F V" n l F ' 'V n E Z ]  . 
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( d )  As sume the cond it ions  o f  ( a )  and ( b ) . For j = 1 , 2  l et 
V !  E L ( F ! )  b e  a un i t ary ext en s ion o f  V .  such t hat  t he min imal ity J J J 
cond it ion F !  V { V ! DF . : n E Z }  ho l d s . Then : J J J 
1 .  I f  (V '  , F ' ) E U ,  isometr ic ext en s ions . o i : F i � F '  o f  0 1 and 

0z : Fz � F '  o f  0 2 are  det ermin ed by o iV i D I F I 
V , D and ° 1 

0iVi -D I F 2 = V , D 0 2 , V n E Z ,  r e spec t ively . I t  fo l lows that 

0 iVi  = V ' o i , ozVz = v , - l o i , V' i s  the coupl in g of V i and Vi 
generat ed by 0 i * o i and X = P F 0 i * o i I F ' [ I f ! l X ! I = 1 ,  !I X I I  = 2 1 

2 . (V ' , F ' ) � (V" , F " )  in U i ff ,  with  obvious  no tat ion , 0 i * o i 
= 0" *0" 2 l '  

3 .  Let Y E L ( F i , Fz ) be a contract ion suc h  that YV i = Vi *Y and 

PF Y I F = X .  I f  V' E L ( F ' ) is the coupl ing  o f  V i and Vi gene -2 1 
rat ed by Y ,  then (V '  , F ' ) E u .  

A proo f o f  t heorem ( 1 . 2 ) fo l lows from t he above r emar ks , w i t h  
X = A ( a s suming ! l A ! I = 1 ) , F l = B 1 , F 2 B2 , V I = U 1 1 B 1 ' 

- 1  - 1 
V2 = U2 I B 2 ' F i = G 1 , F z = G 2 , V i = U 1 '  Vi = U2 . 

I I .  L I F T I N G T H E O R E M S  

I f  T E L (H) i s  a contract ion i n  a Hilbert  space Na gy ' s d il at ion 

t heor em shows t hat  3 U E L e G ) , un ique up to  un itary i s omo r -

phisms , suc h t hat U i s  un itary , H C G = � {UDH : n E Z } and 

TD = PHUD ' H ' V n � O .  U i s cal l ed the min imal  un itary d i lat ion 

of T .  An int ertwin in g betwe en two contract ion s can be  l i ft ed 
to  an int ertwin ing between t he ir un itary d ilat ion s . That is the  

� cont ent o f  Na gy - Fo ia s  wel l known general i zat ion o f  Sar a son ' s  

int erpo l a t ion theorem ,  which  can be  s t a t ed a s  fo l lows . 
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( 1 1 . 1 )  THEOREM . For j = 1 , 2 l e t  T .  E L (H . ) b e  a c o n t r a c t i o� i n  J J 
a Hi l b e r t  spa c e  and  U . E L ( G . )  i t s  m i n ima l uni tary di l a t i o n .  If J J 
X E L (H 1 , Hz ) a n d  XT 1 = T Z X. t he>'! 3 Y E L ( G 1 , G Z )  s u c h  t ha t : 

YU 1 = UZY , PH Y 1 H  = X ,  II Y I I  = i l X I I . z 1 

Theo r em ( 1 . 2 ) i s  a par t i� ul�r c a s e  o f  Na gy - Fo ia s  theo r e m ,  wh i c h  

i s  o bt a in ed by s et t in g ,  i n  ( 1 1 . 1 ) ,  T l = U 1 1 B 1 
and T z = PB zUz l B i 

Conver s e l y ,  'the  commutant l i ft ing t heor em ( I I . l ) fo l l ows from 

( I . 2 )  if we s e t  

n - n B l 
B l = V { U 1 H 1 : n � O } , B z = V { Uz Hz : n � O } , A � XP H ' 

1 
Conc ern ing d il a t ion and commu t ant l i ft ing  theor ems ba s ic r e f e ­

r enc e s  ar e [ N - F ]  and [ F - F ] . 

In  order to  s t at e ano t her l if t ing  typ e t heor em we s ha l l  us e t h e  

fo l l owing no t a t io� : e ( t )  = e i n t n E Z and t E R ;  P i s  t h �  n 
spac e o f  tr i gonome t r ic  po l yno mial s ,  i . e . , o f  f in i t e  s ums 

�an e n ' w i t h  n E Z and an E C ,  P+ = { �a n e n E P :  a n 0 i f  n < OJ , 

P = { �a e E P :  a = 0 i f  n � O J ;  C ( T) 
, i s  t h e  Bana c h  space  o f n n n 

comp l ex cont inuou s. func t i ons  on T and M ( T) i t s  d ua l , i .. e . , the  
spac e of  comp l ex Radon mea s ur es on T o  I f 1I = { lI j k } j , k= l , Z i s  

a mat r ix w i t h  entr i e s  in M ( T) and f = ( f l , f z ) E C ( T) x C ( T) , we 

s e t  

Then the  Co t l ar - Sado s ky t h eo r em [ C - S ]  c an b e  s t at.ed a s  fo l l ows . 

( 1 1 . 2 ) THEOREM . If t h e  m a t r ix mea s ur e  1I = { lI · k J ·  k= l z i s  s u c h  J J , . , 
t h a t  < lI f , f > � 0 ,  � f = ( f 1 , f z ) E P+ x p _ .  t h e r e  exi s t s  a p o s i -

t i v e  m a trix m e a s ur e  a = { a · k } · k= l Z s u c h  t ha t  < af , f > = J. J ,  , 
= < lI f ,  f >  , � £ . E P + x P _ . 

The abo ve s t a t ement imp l i e s  t ha t  < a f " f > � 0 ,  � f = ( f 1 , fz ) . E 

E C (T )  x C ( T) ,  i . e . , { aj k (� ) } i s  a po s i t iv e  ma tr i x  fo r any Bo r e l  
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s e t  t::. c T , and 

w i t h  dt L.e b e s gu e  mea sur e in T and h E H I . 

� l Z  + h d t , 

z 
Theo r em ( I  1 . 2 ) can b e  o b t a ined by s e t t ing , . in ( I .  2 ) , G1 = L (� 11) ,  

Z 
G z = L ( � Z Z ) ,  V I and Vz the  corr e s pond i n g  s h i f t s ,  B 1 ( B z ) t h e  

c l o sur e o f  P + ( P _ )  in G 1 ( G Z ) and d e f in in g  A E L e B 1 , B z ) by 

Then A a s  in ( 1 . 2 ) i s  g iven by the  mul t ip l i c a t ion by a func t io n  
� - ( -

u = Ae O s o  < Af 1 , fz > = J
T

f 1 f z u d� z z , '<;j ( f 1 , fz ) E P x P . S inc e 

II All II All .;;;, 1 ,  the mat r ix mea sur e a g iven by a l l  = � 1 1  ' a Z Z  

= � Z Z  ' a l Z = o
Z l  = u d� Z Z i s  a s s t at ed . 

I I I .  A F U N C T I O N A L  V E R S I O N  O F  T H E  I N T E R P O L AT I O N  T H E O R E M  

Al l t he func t io n s  t ha t  so lve  s ev e r a l  int erpo l a t ion probl ems a r e  

g iven by t he fo l l owing c o n s e qu enc e o f  t h eo r em ( 1 . 2 ) . I n  i t s  

s tat ement L Z ( E )  d eno t e s  t h e  s pa c e  o f .  me a s ur ab l e func t io n s  

f :  T � E ,  a s eparab l e  H i l b er t  spac e ,  su c h  that 

I I f l i Z 
: =  I

T
II I f ( t ) I I

E
Z d t  < 00 ,  wh il e L

oo
(T ; E 1 , E z ) i s  t h e  spac e o f  e s -

s ent ia l l y  bounde d  mea sur abl e func t io n s  e :  T � L ( E 1 , E z ) and Me 
i s  t h e  o p e r a t o r  fro m  L

Z
( E 1 ) to  L Z ( E z ) g iven by Me f ( t ) = e �) f (t) . 

E a c h  suc h e c an b e  o b t a in ed a s  t h e  boundary value s o f  i t s  

Po i s son t r an s form , wh ich we a l so c a l l  e and i s  a bound ed func -

t ion such t ha t  e ( p e i t ) = :E{p l n �\ einte (n ) : n E Z } , P E [ 0 , 1 ) , 
� (n ) E L ( E l , E z ) and sup { lI e ( z ) l I : z E D� < 00 .  I n  fac t  � can b e  

o b ta in ed by S en) = PE s Z -nMe \ E . Z 1 
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( 1 1 1 . 1 ) THEOREM . For j = 1 , 2  l e t  E .  b e  a s eparab l e  Hi l b e r t  J 
spa c e ,  S . t h e  s hift in L 

2 
( EJ. ) and B .  a d o s e d s u b s p a c f3  o f  L

2
(E . )  J J J 

- 1 n 2 
s u c h t ha t : S l B l C B l , 5 2 B 2 C B 2 ' V { S I B l : n � O } , = L ( E l ) ,  

V { S 2 nB 2 : n � O }  L
2

( E 2 ) .  If A E L ( B 1 , B 2 )  i s  suc h t ha t  

I I  Al l } . Then : 

a )  FA i s  non  v o i d .  

b )  A s sume mor e o v e r  t hat  I I AI I  = 1 .  L e t  H b e  a Hi l b e r t  s p a c e a n d  

r l : B l  -+ H ,  r 2 : B 2 + H  i s om e t r i e s  s u c h t ha t  H = ( r l B l ) v (r 2 B 2 ) 

and A = r 2 *r l . An i s ome try W a c t i n g  in H ,  wi t h  doma i n  

- 1 ( r 1 B 1 ) v (r 2 S 2 B 2 ) and range ( r 1
5

1 B 1 ) v (r 2 B z ) i s  defi n e d  by 

- 1 W ( r 1 b 1 + r 2 S 2 b 2 ) r 1 S 1 b 1 + r 2 b 2 , 'It b 1 E B 1 , b 2 E B 2 . 

A b i j e c t i o n  from t h e  fam i l y  U o f  t h e  equi v a l , nc e  c l a s s e s  o f  

m i n ima l uni tary ext e n s i o n s  of W and FA i s  o b ta in e d  b,y a s s o c ia ­

t i ng t o  e a c h  ( U , G ) E U t h e  fun c t i o n  

e ( z ) = P E r2 * [U ( U - z I ) - 1 
+ Z ( U * _;zI ) - 1 ] r1 i E ' J z J  < 1 ,  2 1 

wi t h  t he i s o m e try r j : L
2

( E j ) -+ G d e t e rm i n e d  by  
- 5 n r . .  J B  J J j 

n U r j , 'lt n E Z , j  1 , 2 .  

-
Th i s  r e sul t f o l l o w s  fro m  ( 1 . 2 ) b ecau s e  each A E A i s  s uc h  that 

AS 1 = AS 2 , s o  i t  is  g iv en by t h e  mul t ip l i c a t ion by a func t io n  

e , ( L e . , A Me and I I AII = l I e l l oo) wh i c h  can b e o bt a ined by t h e  
formu l a  

I J in t 
e ( p e i t ) = �{ p n e PE S 2 -nAi E . : n E Z } , p E [ 0 , 1 ) ,  2 1 

i s  t he inj e c t ion o f  E l into L
2

( E 1 ) and P E t h e  p ro - . 2 whe r e  iE 1 
j ec t ion o f  L

2
( E 2 J o n t o  E 2 , whi l e  A = r2 *r1 and S 2 -nr2 * = 

- * - n r 2 U • 
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In app l icat ions , the add i t ional condit ions E 1 C B 1 and E2 c S2B2 
usua l l y  ho ld . Then , w i t h  the no tat ion o f  ( II I . 1 ) ,  r

l 
i E 1 

= iHr I iE • Al so , r2 S 2 i ( S - I E ) = U iHr 2 i ( S - I E ) , so P E r2 * 1 . 2 2 2 2 2 
P E r2 * [U (U � Z I ) - 1 + 2 

I f W i s , a s  above , an i sometry act ing in a H i l b er t  spac e H and 
U is a un itary ext ens ion o f  W to a spac e G :> H , the func t ion 
fu : D + L CH) g iven by fu C z )  = PH [ ( I - z U) - l ] iH is c a l l ed a g en e ­
r a l i z ed r e so lv ent o f  W .  Let N and M be t he o r tho gona l comp l e ­
ment s in H o f  t he doma in and the r ange o f  W ,  r e sp e c t iv e l y ; i f  
H'"' CD ; N , M) i s  the spa c e  o f  ana lyt ic func t ions 4> : D -+ L C N , M) 
suc h t hat 11 4> 1 1 ,", : = s up { lI 4> ( z ) lI : z E D } < '"' , a b i j e c t ion fr om 
the un i t  bal l o f  this  spac e ,  {4> E H'"' C D ; N , M) :  1 1 4> 11 ,", <; 1 }  onto 
t he s et { fu : U e. U CW ; H) }  of  all  gener a l i z ed r e s o lv en t s  o f  W i s  
g iven by Chuma kin ' s  formu l a  [Ch) : 

fu C z )  = { I - z  [WPn + 4> C z ) PN] } - l 

Con s e quent ly : 

( I I I  . 2 ) COROLLARY . In t h e  s am e  a o n di t i o n s  and n o t a t i o n  o f  t h e o �  

r e m  C I I I . 1 . b ) a s sum e a t s o  t h a t  E I C B I and E 2 C S 2 B 2 . L e t  N 

and M b e  t h e  o r t ho g o n a t a omp t em e n t s  i n  H of t h e  doma i n  and t h e  

r ange of  W� r e s p e a ti v e t y �  a n d  s e t B ( D ; N , M) = { 4>  E H
'"'

C D ; N , M) : 

1 1 4> 11 ,", <; 1 } . Then a b i j e c t i o n  b e t� e e n  B (D ; N , M) and FA i s  o b t a i n e d  

by  a s s o a i a t ing t o  e a a h  fun a t i o n  4> E B CD ; N , M) t h e  fun a t i o n  

e E FA g i v e n  by  

� i t h  

e ( z )  = P E 2 s 2 r 2 * { z - l [f C¥) * - I ] 

f C z )  = { I - z [WPn + 4> C z ) PN] } - l . 
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I V .  S O M E  R E M A R K S  O N  A P P L I CAT I O N S  

We o b t a in a pro o f  o f  Sa r a s o n ' s  theo r em ( 1 . 1 ) and a d e s cr ip t i on 

o f  a l l  t h e  func t i o n s  h a s  in i t s  s t a t ement i f , i n  (1 1 1 . 1 ) and 

( I I I .  2 ) , we s et E l = E z = C , B l = H Z 
B z H Z EIlK  Z d e -(wher e H -, 

L Z H Z ) ,  
Z 

no t e s  t h e  o r t ho gonal c omp l ement in o f  A = A ' pH K . Sar a -

s on ' s t h e o r em g iv e s  e l e gant proo fs o f  t h e  s o l u t i o n s  o f  t h e  clas -

s ic a l  int erpo l a t i o n  pro b l ems o f  Nevan l inna - P i c k  and Carat heo ­

d or y - F e j er ; by t h e  same me t ho d  we c an app l y  ( 1 1 1 . 1 ) and ( 1 1 1 . 2 ) 
to t ho s e  pro b l ems . 

The s c o p e  o f  S a r a s o n ' s  int erpo l a t ion me t ho d  ha s b e e n  ext end ed 

by the fo l l o w i n g  r e su l t , du e to Ro s en b l um and Rovnya k .  

( IV . 1 )  THEOREM � L e t  a l i n e ar op e r a t o r  p i n  a v e c t o r  s p a c e  X 

and b , c E X b e  g i v e n .  L e t  F a l i n e a r  s u b s p a c e  o f  t h e  dua l space 

X ' s u c h  t ha t  p ' F C F a n d  

l o w i ng a r e  e q u i v a l e n t : 

00 • Z L l ( p J c , x ' ) 1 < 00, 
j = O  

( i )  3 g E Hoo s u c h  t h a t  I I g l i oo ..;; J a n d  ( b , x ' ) = 

'tJ x ' E F .  

( i i )  For a l l  x '  E F , 

� x '  E F .  T h e  fol 

00 L g ( j ) ( p j c , x ' ) '  
j = O  

I n  [ R - R ]  ( IV . 1 )  i s  pro ved a s  a c o n s e qu enc e o f t h e  c o mmu t a n t  l i f ­

t in g  t heo r em . T h e  s ame i d e a s  s how t ha t  (1 1 1 . 1 )  and (1 1 1 . 2 ) c an 

b e  appl i ed ,  as we now s k e t c h .  Let K be t he c l o s ur e i n  HZ o f  00 
{ L ( p j c , x ' ) e . ; x '  E F }  and s e t  in ( I I L 1 )  E l = E z  = C ,  B l  HZ , 

j = O  J 
B z  = H: EIl K ; i f  c o nd i t i o n  ( i i )  in ( I V . 1 )  ho l d s  t h e r e  e x i s t s  a 00 
c o n t r ac t ion X E L ( K , HZ )  s uc h  tha t  X [  L ( p j c , x ' ) e . ]  = 

00 j = O  J 
= L ( p j b , x ' ) e . , V x '  E F .  S e t t i n g  A = i B X * , ( I I L 1 )  and 

j = O J Z 
( I I I . 2 )  g iv e  t h e  func t io n s  9 suc h  that e a c h  g ( z )  : =  [ 9 Cz) ] i s  

a s  s t a t ed . 

I n  a s im i l ar way we can p r o v e  t h e  fo l l ow i n g  v e c t o r ia l  ext en s ion 
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o f  Nehar i ' s theo r e m ,  due to Page [S e e  NJ .  Rec a l l  t hat , i f  E i s  

a s eparabl e H i l b er t  spac e ,  then L 2 ( E )  $ { S j E :  j E Z } , so  for 
2 � � 

each f E L ( E )  3 f : Z -+- E such  that f � { e . f ( j ) : j E Z } ; in 
J 

= P ES - j f . Then H2 (E )  = { f  E L 2 ( E ) : £U ) = 0 if j < O}  
� 

fac t , f ( j ) 
2 and H _ ' ( E )  i s  t h e  o r t ho gonal compl ement in L 2 ( E )  o f  H2 ( E ) . Let  

E l and E 2 be s epar a b l e  H i lber t  spac e s , S l and S 2 the  corr e s ­

pond ing s h i ft s  in L 2 ( E l ) and L2 ( E 2 ) ,  r e s p ec t ive ly . S e t  

Hoo (T ; E l , E 2 ) = , { e  E Loo (T ; E l , E 2 ) :  B (n )  0 i f  n < a } . A l inear 

operator r from the spac e Ho o f  l inear combinat ions  o f  vector s 

ej v ,  j � 0 and v E E l to H� (E 2 ) i s  a Hanke l  operator  i f  

P
H
: 

( E 2 )
S 2 r = r S l I H O

· I f  r i s  bound ed , i t  d e f in e s  an operator  

from H2 ( E l ) to  H: ( E 2 ) t hat we a l so c a l l  r .  Then : 

( IV . 2 )  THEOREM . a )  A Han k e l opepa t o p  r i s  b o u n d e d  i ff 

3 e E Loo (T ; E 1 , E 2 ) s u c h  t h a t  

( * ) 

in w hi c h  ca s e  

r = P 2 M I 2 H _ ( E 2 ) e H ( E l ) 

I I r l l = dist{ e , Hoo ( T ; E 1 , E 2 ) } .  

b )  If r i s  a b o u n d e d Han k e l o p e p a t o p ,  3 e E Loo ( T ; E l , E 2 ) s uc h  

t ha t  ( * ) ho l d s  a n d  I I  r l l 

In  fac t , l e t e E Loo (T ; E l , E 2 ) and s e t  r e = P 2 Me 2 H _  ( E 2 ) I H ( E1 ) 
c l ear ly , r e i s  a Hankel  operator and l l r e l l  � l I e l l

oo
• I f  

e l - e  E Loo ( T ; E l , E 2 ) t hen r e = r e so I I r e l l  � d i s t { e , Hoo ( T ; E l , E 2 )J. 
1 

I f r i s  a bounded Hankel operator , we a s sume that I I  r l l = 1 and 

app ly ( I I L 1 )  w i t h  B l 
2 B 2 = H� ( E 2 ) ,  A r ·  t hu s  = H (E l ) ,  , 

FA i s  non vo id . I f e E FA then r = r e and I I r l l II e l l 00 ;  t hus  " 
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ur ll = I I r e l l  0;;;; d i s t { e , Hoo (T ; E 1 , E 2 ) }  0;;;; II e l l 00 = I I r l i . Co n s e quent l y : 

r = p 2 Me 2 and I I r l l = II e l l 00 = d i s t { e , Hoo ( T ; E 1 , E 2 ) }  i f f  
H _ ( E 2 ) I H ( E 1 ) 

e E FA . Al l such func t io n s  ar e d e s c r i b ed by ( 1 1 1 . 2 ) .  

L e t  us s t i l l  r emar k  t ha t  a Sc hur t yp e  ana l y s i s  o f  t h e  fam i l y  

o f  min ima l  un i t ary ext en s ions  o f  a n  i sometry c an b e  d ev e l o p ed 

in a na tura l way [A . 2 ] , and t hus  app l i ed to  int erpo l a t ion pro ­

b l ems o f  the  t yp e  we have c o n s ider ed in t h i s  no t e ; when i t  i s  

app l i ed t o  t he Car a t heodorY - F e j er probl em i t  g iv e s  t h e  c l a s ­

s i c a l  S c hur parame t er s  [A . 3 ] . 
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