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DISPERSAL MODELS

CALIXTO P. CALDERON and TOR A. KWEMBE

Introduction

We consider in this paper a generalization of the Soboloff potential theorem to the case of
"Parabolic potentials"( see definition below).- The proof we consider here avoids the use of
Marcinkiewicz’s general interpolation theorem and, it instead uses a parabolic version of

the maximal theorem. These tools are used to address problems of dispersal in sections II

and III.

1. Parabolic Potential Operators

We consider the coordinate transformation
x1 = p*lcocps...co8¢q.1 5

Xz = p>2c08(;...COSPn -1SiNPy -1,

X3 = p*3cosey...CO8¢n-2,

a. .
x4 = p-*cosy;...co8p-38inPn.-2,

. 2
Where a; > 1 and 2[ xi] = 1
i i
1

n
2
With the parabolic distance p(x,y) = p(x —y) with root p and 2[&__&&] = 1. For
i .
1 P
details and the fact that p is a distance see Fabes and Riviere [6]. We shall be concerned
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with operators.of the form

Ta) = J x—y>1'a'ﬁ()

where |a|] = a;+as+..+am and 0 < A < |al.

Theorem A :(Here, we adapt partially the proof in Stein [19] )
”Tﬂ(f)”q < Cpr“p, where L = 1 _ b
9 p la
Proof:

Let K be the kernel defined by K =

Jlal-8
We now choose @ = —P— and define the functions K; and K, by
pf — |a
K, = {Kif p(x) 2 AZ
0if p(x) < A

and

Ky = K=K; Where A > 0 is a fixed constant.

*
= - P
Then for ||f||p =1land p = oD We have

Kool <K L )

and
Kl e = CA

where C is a fixed constant independent of A or f.

Likewise
A&

-1
IK:fly = CJ — L plallg, = ox®

0 lal-B

From this we see that
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[{ Ko > A} < —IKy|P.
/\P

If ||f|l, = 1, using the fact that 1_1_6 we obtain
P a p |2

C
f ¢ <L
[{Kaf > A} < a

Selecting now ||f|| = o ( small ) we first see that
|K#f] < |Kf] + [Kox|
On the other hand {|K+f| > A} ¢ {|Kf| > A/2} U {|Kxf| > A/2}.

Since ¢ is small then {|Kf| > A/2} = 0. In view of what was said beforc. ve get for

f such that ||f||p = €

[{K«f > A] = [{Kxf} > /2] < &q.
A
This shows the weak type estimates. Marcinkiewicz’s interpolation theorem gives the

desired result.

It is , however, interesting to consider the following alternative proof that does not
make use of Marcinkiewicz’s results. The proof relies on the following simple observation(
generalization of Natanson’s Lemma [11] ).Since K is a decreasing function of the

parabolic distance.

|[Kaley)tn)dy| ¢ [Kall,-MO(), where M(D(x) = Sup — [ () |dy
R >0

RI3 px-y) < R
The above result tells us that

{Kef > A} € {cKorf > 2/2} ¢ {cA®P M(D)(x) > A/2}. Hence
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Do) € Cypy(327%),

On using the value that we have for « and the fact that 1_1_6 , we see that
' a p |a

J Dy ANATdA CQJO DM(f)(Al‘“ﬂ)Aq‘ldA - CBJO Dy®) Pds < Cali?.
0

II. Dispersal: .

Murray [10], Okubo [12], Shigesada [17] and Shigesada et al [18] have considered models of
insect dispersal by using a nonlinear diffusion model

-g% = cVe[u™Vu]; m > 0

(1)

where u(x,t) represents the population density of insects; x could be either a one

dimensional or a two dimensional variable. Equation (1) also plays a role in diffusion

through porous media ( see Murray [10]). In the one dimensional case Okubo [12,page 99 ]
m Gu

considers the diffusion problem %ut_ = Dy g)—(( % ) 7% and uses Pattle’s [14] solution to
. o

model the dispersal of a flock of insects that at time t = 0 are concentrated on the origin

of coordinates. The solution in this case is given by

1 1
to \m+2 2. m
o= ()T (-
xi
1 3
where x; = ro(% )m+§, Iy = QL(1/m + 3) to = 13 m/2Do(m+2),

0 VT uol(1/m + 1)’

Q being the initial flux of individuals from the origin and I' is the gamma function.
A steady state for the above equation has been studied by Shigesada [17], Teramoto [20],

and Shigesada et al [18]. The equivalent plane radially symmetric problem with Q insects
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released at time t ‘= 0 satisfies ( see Murray,[10, page 239 ])

o= 202
‘The afore mentioned approaches do not shed some light on the dispersal of a flock of
insects whose initial distribution is not concentrated at the origin, nor does it model the
long range behavior of the flock when a general initial distribution is known. The purpose
of this paper is to model the long range planar behavior of a flock of insects whose initial

distribution is known and is not necessary a " § " measure.
2.Insect Dispersal and Long Range Effects.

If u represents the population density of insects, then the conservation equation
-g% + VeJ = F(uxt) (2.1)

is known to form a reasonable basis for studying insect and animal dispersal which have

been discussed in detail for the one dimensional case by Okubo in [12] and Shigesada in
[17]. In (2.1),J is theflux of material and F, represents the source of material and is a
function of u, x, and t. As it is knov'vn, one extension of the classical diffusion model which
is of particular relevance to insect dispersal is when there is an increase in diffusion due to
population pressure. Such models have the flux J, depending on the population density u

where
J = -D(u)Vy, g% > 0. (2.2)

A typical form of D(u) is Do )™, where m > 0 and Do, u, are positive

u
Up
constants( see Murray[10], Okubo[12] ). It is also known that insects at low population
densities frequently tend to aggregate. A model reflecting this fact has a flux( see
Murray[10] ) given by J = Uu — D(u)Vu, where U is the transport velocity. An example

occurs in the situation where the center of attraction is the origin and the velocity of
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attraction is constant. Shigesada et al [14] took U = —U;Sgn(x) for the one dimensional
case. '

In many instances, of insect outbreaks the densities of insect population are not
small and a local or short range diffusion flux proportional to the gradient is not
sufficiently accurate. Instead of simply taking J « Vu we now consider

I = G[ Vu(x+r,t) (2:3)
r e N(x) ] . :

where N(x) is some neighborhood of the point x over which effects are noticed at x, and

G is some functional of the gradient. The resulting form for the flux in (2.3) is then
I = Dyu)lu + WDyv2) ; W) 5 o ' (2.4)

where D, is a constant which is a measure of the long range effects and in general is

smaller in magnitude than Dj(u). This approach is due to Othmer[13].

If we now take the flux Jas given by (2.1) we have
04 _  yuDy(u)Vu] — VeV(Ds¥?u) + F(ux.) (2.5)
Tt 1 2vu u,x, .

where the first term on the right hand side is the diffusion term and the middle term, the
biharmonic term contributes to the long term effects. If we now take Dj(u) = Do %0 ™,
m > 0, where D, is the diffusivity for u = uo( a reference concentration) and Dy, ug
as usual are positive constants, then we will have as a model describing the long term

cffects of dispersal of insects density, the equation

= -Dy% + DoVe (§ )™Vu] + F(uxt) (2.6)

S e

As m > 0, the diffusivity increases with u and in general D, is smaller in magnitude
than Dy %0 )™. Thus the effect of population pressure is incorporated in Do( %0 )m. We

will also give equation (2.6) an initial data
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u(x,0) = g(x); x € R? (2.7)

We will also consider the source F to be the logistic term cu(A —u®) where C is a
constant.

Now we shall use the results in Jones [8] and Rosenbloom [15] applied to
-gut— - (_1)n/ 2P(D)u = f; u(x,00 = 0.; kK = 4 where P is an elliptic polynomial
of degree m. There exist a fundamental solution I'(x,t) = t—ll 2(,a(xt_l/ 4), where T ¢
c®(R?). If we now let the symbol ® to represent the spatial and time variables convolution
and the symbol * to represent the usual spatial variable convolution, then a formal

solution to (2.6), (2.7) can be written as

u(xt) = Do Dwe[ (1 J™7u] + Do cu(A —u%) + Dxg (2.8)

u(x,t) is a weak solution of (2.6), (2.7) if the integrals in (2.8) exists in the Lebesgue sense.

Under this requirement (2.8) becomes via integration by parts

u(x,t) = sKe LR cu(A—v®) + Txg (2.9)

2
- _ 2
where %, = Doug" (m+1) ! and X = DIT(x,t) = EMF;_,Q and where we noted

. x4
i=1 i

that u™Vu = (m+1)_1Vum+1 so that V.(u™Vu) = (m+1)—1V2um+1.

Many techniques can be used to approximate the solution of the integral equation
(2.9). However, here we will only indicate a successive approximations method similar to
the ones in Calderén [2,3], Calderén and Kwembe [4,5] and Kwembe [9]. We will introduce
some weak global solutions as well as local solutions of (2.6), (2.7) in some LP spaces. Let ¢

be the nonlinear integral operator defined by

d(u)(x,t) = kKKe Wt 4 rec u(A —u®) + Tsg (2.10)
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Then by using the method of successive approximations we can show that the iterations

U = §(ux) (2.11)

converge in the norm defined below to the solution of (2.9) and that ¢ possesses a unique
fixed point u satisfying |lu|| < yo for a suitable small yo. Towards this effort we will

consider the following standard estimate of TI'(x,t).
ITxt)| < o Ix| + tY4)2 ¢ > 0 (2.12)

and its spatial derivative estimate of

B0ty ¢ o Ix| + 142 s 0 (2.13)

where |n| = n; + n; and where n is the number of derivatives taken with respect to

X.

DISPERSAL FOR ARBITRARY INITIAL VALUES

We now try to address the problem of obtaining a solution for equation (2.6),
subject to the initial condition (2.7). First we consider the case when the source term
F(x,u,t) is zero. Then (2.6) reduces to

R = D' + DS (L )"Vu] ‘ (2.14)

subject to the initial condition (2.7), which is not easy to solve in closed form even when

one seeks solutions of the form
u(x,t) « exp{ot + ikex} (2.15)

Substituting this into (2.14) we have
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2
g = _D254 _ Mexp{ mot + immx}; K = Ilgl

m
Uy
from which it is clear that wave — like solutions are achievable only for m = 0 ( See

Murray [10]).

We shall consider the case m > 0 and look at the existence and uniqueness of weak
global solutions to (2.14) subject to (2.7). Which is the same as studying the existence and
uniqueness of integral equation (2.10) when the source term Cu(A —u®) = 0. Thus

after first considering the estimate of the integral operator
@u)(xt) = sxKeu™! 4+ reg:m > o0 (2.16)

We then have the following result:

Theorem 1: Suppose that the initial data g € Lm(le); m > 1.If ¢ > 0 issmall and g
is such that ||g||l , < €o.Then, there exists a unique solution u to the problem (2.14),
subject to the initial data (2.7), that is global in time. The uniqueness holds in the class of
functions u such that [Julls =~ < w.

The proof of this theorem is achieved through auxiliary Lemmata. We shall present

its proof and those of the connecting Lemmata in III

Remark 1 :
Our approach not only gives a medium range diffusion but allows us to solve insect
dispersal for any set of initial values; whereas, Okubo [12] and Murray [10] provides a

solution for the case of a "¢" initial value.

Remark 2 :
Following Murray [10, page 249], we take a cell potential énergy approach to the

long range diffusion. Here we let u(x,t) be the density and p the potential. Then the flux
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J is given by
J = —DVyu(u)

where p(u) = '?1% = el(u) and

E(u) = JV e(u)dx.

is the total Energy in a volume V and e(u) is aninternal energy per unit volume of an

2 4
evolving spatial pattern. Thus if e(u) = an® 4 bu then the generalized diffusion is
2T &

obtained to be
Ou — D v2 D 4 2.3
7 = Vu — DV%u + DiV4u’ + F(x,u,t) (Rz,l)

where F is again the source term. If we give (Rg,1) the initial value (2.7) then a formal
solution when F = 0 is given by

u(xt) = kKoeu + kKeuw + I'xg

2
2

where K = DI(xt) = ) —2L(xt)
L T
1i=1 i

using the same approach as above, we define the operator ¢ by
(du)(x,t) = KKeu + kgKeu® + T'xg

Then similar results as above are obtainable.

3. Integral Equation Approach(An alternative view)
As noted before the derivations of equations of section 2 were achieved through
Othmer’s approach which neglected any memory effects. In general though, if ¢(x) is an

initial density of a dispersing biotic mass, then if
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Jm2¢(x)dx >0;t>0,

- . . 1 2 .
the usual dispersing density sz mexp{—|x| [4t}d(x—y)dx > 0 V y,t > 0 propagates

infinitely fast [15], hence, it is not a realistic view.
We now suppose that A(t) represents the area covered by the dispersing §

biomass at time t. Then around the origin, the area exhibits the following properties,
1) A(0) = 0,2) A(t) = cit + cat? + ot?).

So that if the area is circular, for example, the radius of the circular region has maximum

reach at time t. Andso r ~ Ct1/ 2

yfor 0 < t < ¢ where ¢ is small. This estimate
holds for any convex bounded region for which the origin is an interior point regardless of
the modality of the diffusion.

Next, we suppose that ¢ is a function expressing the diffusion of a dispersing
biomass concentrated at the origin in such a way that ¢ describes a characteristic
function of a convex bounded region with the origin as an interior point. We require,

further, that J<pdx = 1. If there are no sources or sinks, after an initial distribution f(x),

the diffusion in the time span of [0,t] will be given by

Jos) y 4 R ey 6

The function ¢ has tobe chosen in accordance with the particular characteristics of the

problem.( for instance the governing equations).

Let U(xt) = Lo !;til )

Then V¥ is the Kernel function that describes the diffusion of a § biomass.
If F(x,7) is the source function at time 7, then within the time interval (7, 7+d7),

the differential area dy, the dispersing biomass density is given by
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Y(x—y,t—7)F(y,7)dyd7; 7 < t (3.2)

Combining (3.1) and (3.2) we have the total dispersing biomass described by

t
u(x,t) = J Q‘Il(x—y,t)f(y)dy + J J Q\I/(x—y,t—’r)F(y,T)dydT (3.3)
R ' 0'R
where u(x,t) is the dispersing density located at position x at time t.

If m(t) represent the biomass at time t, then the area A(t) is related to m(t) according

dA%t; _dm
= C——
t m

which may also describes the basal metabolic rate of the average biological unit for special

to the allometric law

values of c. However, in general
At) » &% ;0 < a< 1
The usual assumption is @ = 1/2. The case in section 2 corresponds to @ = 1/4 which

gives the biharmonic diffusion. If ¢(x) is radial continuously differentiable and decreasing,

then:

d rr <0 ; ¢(tn) = 0, ¢(0) = maximum. 1, being the maximum reach.
Then ¢(x) = 1—c|x|? + o(|x|?) or more generally, we may assume

o) = 1-clx? + o(1x7) 58> 0

Looking at this kernel asymptotically, we have

ox) = exp{log[1-Clx|® + o(IxID)]} ; Ix| < e

_ pg
Since l_ogil_(éjil_) - 1 as |x| = 0, we have
Clx] ,

o(x) ~ exp{—C|x|ﬂ} for small |x| and

exp{ ~c + €0)[x]P} < p(x) < exp{~(c—ex)|x|P}; |x] < &

which shows that for small |x| the classical diffusion coincides with this
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approximation,where § = 2. Equation (3.3) can be solved by applying similar techniques

to the ones studied in section 2.

II. Proof of Theorem 1
Here we shall give the proof of Théorem 1 starting with auxiliary results.
Lemma 1: Let B be a Banach space of Lebesgue measurable functions and let
¢:B -+ B be a continuous mapping such that
(1) Ne@il < (|Ifl) + <, where v is a real number and ¢ is a convex non negative

function satisfying

(2) (0) = 0 and 0 < p{0) < 1.
(3)%9-*03388-'(1)

Then there is an ¢, such that whenever 7 < € wecanfinda § = &(v) such that

1) ¢:B s ~ By where B denotes a ball of radius 5

2)§-+0as y- 0.

Proof: consider the curve defined by y = ¢(x). Since ¢ is convex and by hypothesis(2)
wesee that the graphof y = ¢(x) is underneath theline y = x for 0 < x < xi,
where x; satisfies x; = ¢(x;). The existence of x; is guaranteed by hypothesis (3)

Next we consider the modification y = ¢(x) + < for small v so that a portion of the

graphof y = ¢(x) + v is underneath y = x. Then we can find x;, x such that

x1 = ¢(x1) + 7 and x, = @w(x2) + 7 where x; < x < x5 Thusfor x; < x < x2
©(x) + 7 < x. Therefore, if x < xj, then ¢(x) + 7 < x;. Take x; = §(7) of the
hypothesis and the Lemma follows on noting that B 5= {xpo(x) + v < x1 }.

Lemma2: If g € L™(R?) and u € LS™®%R,);m > 1/2, then

I@)llgy, ¢ Clr3m)llulE + C(3m)llgl,,.

Proof: From estimate (2.12), (2.13) and equation (2.16) we have
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+1
|@u)(xt)| < mCJm N lu(y,r) |2 dll,d»r4 + [Tegl
T (lx=yl + (21T

Considering first the first term on the right hand side, we observed from Theorem A, that
C

K¢ ————
-9
]

where a; = 1, a = 1 and a3 = 4 and f = 2. Thus if we assume that

|‘1(y,'f)|m+1 € Lm+I(IR2xIR+) and q such that = mil 2

-Tp  F

=

Then Theorem A applied to the above inequality gives

1
I wlly ¢ mC-CITT + IT+gll
(Ay)

On taking p = q, we havethat p = q = 3m and (A;) becomes

1
I w)llg,, < C('ibm)||11||I§1;['l + [ T*gllgp
(A2)

Next we will show that

IT*gllgy, < Cl(m)llgll,

But this follows directly from the following lemma.

Lemma3: Let F(xt) = I *g. Suppose that ge L™(R?); 1 < m < o Then
3m,3m 2 2

F: L™°M(RxR ) - LT(R) and |[Fll, ¢ Clm)llgll -

Proof: We shall first indicate a notation explanation. ||F||, =~ = "F”L3m(IR2 xR, ) =
+

¥l 3m-
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Now by invoking estimate (2.12) we have

d

PG| < cf 8= e
)

|R2
(Iyl +t
On taking the L3m(lR,) norm in the t — variable of both sides we have
1 * 1
R Rt R 1/442
+ Sy +

Applying Minkowski’s integral inequality on the right hand side we have

1

CJ 2| g(x—y)| _dt ’Jm' From which we have
* B Lyt

IF(x

I

IF(x

IN

(3VJ _lg(y)ldy
IRZ

2 — 4
|x—y| 3m

1
° 4t 3m
where v does not exceed [ —
01 4 ¢1)fm

On taking a; = 1,a; = 1 then |a|] = 2 and on observing from Theorem A that

C
K¢ —2—)

p|a1—3ﬁ

followed by the fact that g e Lm(le), we apply Theorem A to (Aj) to get

IFllgm 3m ¢ Clm)llgllpy-
This concludes the proof of Lemma 2.

We now present the proof of Theorem 1. It suffice to prdve that the nonlinear

(43)
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operator )
(Gu)(xt) = kKeu™! 4 Pyg (AJ)
is a contraction mapping of a ball of radius say r( into itseif.

Suppose that uy, u; are two functions belonging to this ball. the size of the ball

determined by Lemma 1 above. Then

| ($ur) — ($us)] ¢ “‘Jm Jm2lK(x—y,t—7)||um+1 T drdr

+

On invoking estimate (2.13), we have

|(Gu) - (Gua)] ¢ Cre| [ AABa Lt lua )™ uic up| dydr
RJR? T
(lx-yl + (t—=1))

where k; = Doug ™ and where we have made use of the fact that

1
B mr) = o (] + ] )™

_C
pl a|—2

We note again that K < where a; = 1,2, = 1,33 = 4 and la] =

If we now let (|uy| + |uz|)™|uy—uy| € Lm+1(lR2x[R+), then again ~ Theorem A gives

that

16 w) ~ @ ullgy € Cleam)li(luil + uz))™juy = o ™57

T

where —151'1_1 = —H—i%'—l - % This gives p ——3m.
Hence
: 1
1@ u) = @ ully . ¢ Clram)l(Juil + [uzl)™|ui—us| 5
) 3m

m+1
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If we now let |u;—uy| € L3m(IR2xIR+) and (|uy] + |ug|)™ L3(IR2xIR+),we have on

the application of Holder’s inequality of exponents m—:l-l—l, m+1 respectively

169 us) — (@ ualllgy, < Cloam)(lfullgy, + luallg )™ lur = uallg (Aq)

If we now choose from Lemma 2, ¢, > 0 small such that ||g|| | < e€o. Then the
inequality of Lemma 2 satisfies condition (1) of Lemma 1. Hence, there exists a ball of

Tadius say ro(eg) such that ¢: Bro - Bro' For uj u; € Bro’ we have from (A4) that
I(6us) - Gua)lly, € O(ka,3m)(2r0)™lus —ually .

On choosing C(k2,3m) = 2™, we have for ry small enough C(kz,3m)(2re)™ < 1.
Hence ¢ isa contraction mapping a ball of radius ry(eo) into itself. This completes the

proof of theorem 1.
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