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POINTWISE ESTIMATES FOR SOLUTIONS OF
DEGENERATE PARABOLIC EQUATIONS

CRISTIAN E. GUTIERREZ

The results I shall describe in this note are joint work with Richard L. Wheeden. They
concern the regularity properties of weak solutions of a certain class of degenerate parabolic
equations, the validity of a Harnack principle for non-negative weak solutions and estimates
for the fundamental solution. The proofs of the results can be found in references [G-W1],
[G-W2], [G- W3] and [G-W4]. In order to place the results in proper perspective we recall
some results in partial differential equations.

In the late 50’s and early 60’s a theory for the following class of equations with non-
smooth coefficients was developed. Let  be a domain in R”*,Q = Q x (a,b) and consider
the operator in divergence form

n

Lu = Uy — Z (aij('T’t)u-'ﬂi)zj

ZY]=1
where the coeflicient matrix A(z,t) = (a;;(z,t)) is measurable, real, symmetric and there
are two positive constants \, A such that

MEP < (A(z,1)6,€) < AJ¢

for every £ € R™,{,) being the Euclidean inner product. A function u € L?(Q) is a weak
solution of Lu = 0 if V,u € L%(Q) and :

2
)

// {—uwpi+ (A(z,t)Vu, V) }dzdt =0
Q

for every v € C3(Q). The reason to assume only measurability of the coefficients is be-
cause of the applications to non-linear equations. Nash [Na] proved that weak solutions
are Holder continuous. De Giorgi [DeG] proved this result in the elliptic case. Moser
[Mo1],[Mo2] established a parabolic Harnack principle for non-negative solutions and de-
rived from it the Holder continuity. This Harnack principle has a difference with the elliptic
one, this is: values of a non-negative solution u at a given time ¢; are only comparable to
values of u at a later time t; > ¢;. From the Harnack principle Aronson [Ar] proved that
the fundamental solution of L behaves like the heat kernel.

The study of linear degenerate elliptic equations in divergence form began in the late 60’s
and early 70’s with the work of Murthy and Stampacchia [M-S],and Trudinger [T1],[T2].
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These equations are of the form div(A(z)Vu) = 0 where A(z) is a measurable and sym-
metric matrix satisfying Aw(z)|¢|? < (A(z)¢,€) < Aw(z)|é|?and w(z) > 0. These authors
found conditions on w under which weak solutions are Holder continuous and the Harnack
principle holds.

The theory of degenerate equations is related to the class of A, weights dlscovered by
Muckenhoupt [Mu] in connection with the boundedness of the Hardy-Littlewood maximal
operator in weighted L? spaces. He defined the class A,. A non-negative locally integrable
function w belongs to A,, 1 < p < oo, if there exists a constant C' > 0 such that

(1 f, ) (g f oo o)™ <

for every ball B C R™,|-|is Lebesgue measure. For p = 1, w € A; if there exists & constant
¢ > 0 such that

l—;;ljl;w(z)dw <ec i%fw,
for all balls B. Then Ao = U,>1 4p-

The connection between degenerate equations and A, weights ‘was predicted in [C-F.
Ten years later this prediction was confirmed by Fabes, Kenig and Serapioni in [F-K-S].
They proved that if w € A, then the Harnack principle holds, the solutions are Holder
continuous and among A., weights the class Az is the best one for which these results

hold.
The equations we had studied are degenerate parabolic equations of the form

(1-1) v(z)us = Z (aij(z,t) Uz )ais

IJ—l

wi(a, t)[é < Z aij(z,t) €€ < wz(ﬂﬂ £)€[%;

t,J=1

where the coefficients are measurable functions, the matrix (a;;) is symmetric and v, w;
and wy are non-negative.

In the case when w; and w, are time independent these equations appear in the following
two instances. First, they arise when one pulls back the heat operator via a quasiconformal
mapping ¢ from R™ into R™. In this case v(z) = |det p'(z)| and wy =~ wy ® v = . Second,
the equation (1-1) appears as a model of the diffusion of temperature in a non-isotropic
and non-homogeneous material. The function v represents the product of the density of
the material at z times the specific heat at z. The coefficients a;; represent the thermal
conductivity.

The problems we considered for these equations are the following:

(a) What conditions on v, w; and wy imply regularity of solutions, such us continuity
or Holder continuity ?

(b) When is a Harnack principle valid for non-negative solutions of (1-1)?

(c) What is the behavior of the fundamental solution of (1-1)?
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The tools we used to attack these problems are weighted norm inequalities of Poincaré
type and weighted interpolation inequalities.We say the Poincaré inequality holds for the
weights wq, w,, with p-average and exponent g > 2, if there exists a constant ¢ > 0 such
that

(K%B—)/Bu’(x) _avB»ﬂquw2(z)d$>1/q

1 1/2
1-2 <cBl/"(—————/ VF(z)|*w xdw) ,
(12 <" (g5 [ IVF@)Pus(e)

for every ball B and every F € Lip(B), where

avB,uF =

5 ),
——— | F(2)u(z)dz,
WB) Jy
and Lip(B) denotes the class of Lipschitz functions on B. Here Br(z) denotes the Euclidean
ball centered at z with radius R, and w(E) = [ w(z) dz for a measurable set E.

By the results of [Cha-W], a sufficient condition for the validity of (1-2) for ¢ > 2, with
u=1or p =w,, when w; is a doubling weight and w; € A, , is the following:

-\ 1/n .\ 1/q .\ 1/2
(1-3) ] wB)) [ wlB)
|Bl )\ wa(B) - \w(B))
for all balls B, B, B C 2B, with ¢ independent of the balls. We also know that if (1-2)

holds and w1, w; and g are doubling then (1-3) holds (see [G-W1]).

An example of an interpolation inequality is the following,

_‘1—“ u2hwaz T
57 [, ()

B)/u vd:c)h 1(|B|» (B)/ \Vul2w; dz + —— (B) u vdx).

The study of weighted interpolation inequalities is in [G-W1].

We have proved in [G-W2] Harnack’s inequality and mean value inequalities for solu-
tions of (1-1).

We now recall the Harnack’s inequality from [G-W2].

THEOREM A. Harnack’s inequality. Suppose that
(i) w1, wy € Ag;
(i1) the Poincaré inequality holds for wy,w, with p = 1 and exponent ¢ > 2;
(iii) the Poincaré inequality holds for w1,1 with any u and exponent q > 2.

(1-4) <c(

If u is a non-negative solution of (1-1) in the cylinder @ = Ba(zo0) X (to — B,t0 + B),
then
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2

(1-5) ess supu < ¢ exp <cz ( B ABua(zo)) + %— XE. (m)))) ess infu,

where

Q™ = Baj2(20) X (to — %ﬂ,to - %5), Q% = Baa(z0) X (to + %ﬂato + 8),

11)2(B)

(1-6) A(B)= =g, and A(B) = 2(B)

for a ball B.
| B

Here the constants cy,c; depend only on the constants which arise in and (1)-(iii).

The inequality (1-5) is sharp. Given the dimension « of the cylinder R , the choice of 3
leads to different constants in the exponent in (1-5) as well as to different cylinders. The
choice of 8 that minimizes the exponent in (1-5) is given by

2 v(Ba(20))
[w1(Ba(®o)) wa(Ba(zo))]'/?

=a
In this case (1-5) becomes

wa(Ba(20)) 1172 -
(1-7) supu < Crexp (Cz[m] / ) infu,

and this inequality is sharp. This shows how the degeneracies affect the classical homo-
geneity a,a?. By assuming w, does not grow too much with respect to w; the continuity
of the solutions follows from (1-7). The inequality (1-7) implies the elliptic estimates in
[C-W2]. The results of [C-S1] and [C-S2] are special cases of our results in [G-W2].

In [G-W3] we proved Harnack’s inequality when w; and w; depend also on ¢. The
main tool we have developed to establish Harnack’s inequality is an appropriate. Sobolev
interpolation inequality on cylinders in R™*!, which by iteration leads to mean value i in-
equalities for solutions and then to (1-5). To establish the interpolation inequalities we first
use weighted norm inequalities of Poincaré type to derive interpolationinequalities in = on
small balls, which are valid uniformly in ¢. Next, by using a covering argument, we deduce
the interpolation inequality in any ball, valid uniformly in ¢ and with a convenient form
allowing integration in ¢. This gives us results for cylinders by Holder’s inequality. This is
an extension of the method we developed in [G-W1] to prove interpolation inequalities in
the time independent case. '

As an example of the results in [G-W 3], we have that in case

wie,t) = eile| ", wale,t) = clel 2|t w(z) = o],

an analogue of the Harnack inequality (1-5) holds if
—n < 7,01,02 <N, "'1<181’ﬂ2<17

0§a1¥a2<2, a; —y <2,
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and
1—a2_°‘1+2 ctl oy
—a1+2  pi+l

We note that in case a3 = a; =2, = 82 =0, and vy = 0, it is shown in [Chl—Sel]
p.142, that equation (1-1) has solutions which are unbounded.

The results in [G-W3] extend those obtained in publication [G-W2]. .

The Harnack inequality and mean value inequalities proved in [G-W2] are used in
. [G-W4] to establish bounds for the fundamental solution of (1-1). By using a different
method from the one used in [G-W4], the author and G. Nelson in [G-N] have proved
bounds in the case w; & wy. However, the bounds in [G-W4] are in general better than
the ones in [G-N

The lower bound for the fundamental solution follows directly from the Harnack inequal-
ity in [G-W2]. To establish the upper bound we need a certain differential inequality to
hold for the test functions used, and this can be achieved for example by assuming that
wz_n/2 is in the class strong A, recently introduced by G. David and S. Semmes in [D-S].
However, for some classes of weights, the differential inequality can be proved directly
without assuming the strong A, condition, and this leads to an upper bound for the fun-
damental solution. It is not clear how these classes of weights are related to strong A
See the remark 1 for more details.

We say that a non-negative and locally integrable function w in R" is a doubling weight
of order p (i.e., w € D,,) if there exists a constant ¢ > 0 such that

w(Big(z)) < ct™w(Br(z)),

for every t > 1,R > 0, and = € R".
Let z,y € R™ and define

|z — y|"+?

[w1 (Bla—y|(¥)) w2 (Bja—y)(¥))]

p(z,y)? = 7

and
Qy,r) ={z:p(z,y)* <r}, r>0.

Let T'(z,t;y,s) = T'a(z,t;y,s) denote the fundamental solution of (1-1) with pole at
(y,s). We shall assume that I' is a continuous non-negative solution of (1-1) in (z,t) for
(z,t) # (y,s) which is zero for t < s, and satisfies the usual properties (see [G-W4]),
as well as the fact that if f € L2(R"™), then Jgn Dz, t;y,8) f(y) dy,t > s, is a continuous
solution of (1-1) with continuous boundary values f as ¢ — s at the points where f is
continuous.

The lower bound is as follows.
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'THEOREM B. Lower bound. Let w;,w; be weights satisfying conditions (i){iii) of
Theorem A, and let w; € Dg;,t = 1,2, with Q;—dz <1+ % Then if t > s,

I(z,t;y,s) 2
s 1/2 Q. (i 1/2
exp (o (20220) ") e (< (R) ")
C max , x
IQp(yvt =) 12,(z,t — )|

ex —c/’(f”,y)z wa(Bjz—y|(y)) i
p( t—s (w1(13|z—y|(y))> )

In order to state the next theorem we recall several definitions, including the definition
of the class of strongly A, weights introduced by G. David and S. Semmes in [D-S].
A weight w is in A if there are positive constants c, € such that

for every ball B and every measurable subset E of B.
A weight w satisfies a reverse Holder condition if there are constants ¢ > 0, > 1 such

that
— [ w(z)? z) < c—/~w z)dz,
B /5 ") 8] /5

for all balls B. It is well known that the Ay, and reverse Holder conditions are equivalent:
see, e.g., [Co-F)].
Given x,y € R™ we denote by B, , the ball with diameter |z — y| that contains z and

y, and we let
1/n
6(z,y) = (/ w(z) dz) .
Ba,

Given an arc v : [0,1] — R™, the w-length of v is defined by
lw(7) = liminf Z 6 (V(tH-l)a ’7’(ti)) ’

where {t;} is any partition of [0,1] and the lim sup is taken as the norm of the partition

tends to 0. The metric or geodesic distance associated with the weight w is defined by
d(z,y) = inf{l,(v) : v is an arc joining z and y}.

If w is an Ay weight then by using the reverse Holder condition it can be shown that there

exists a constant ¢ such that

d(z,y) < cé(z,y),
for all z,y € R™.

We say that w is strongly A (or that w belongs to strong A ) if there exists a constant
¢ such that

8(z,y) < cd(z,y), -
for all z,y € R". By [D-S], every doubling weight which is strongly A., is also an A

weight. Also, every weight in A, is strongly A, and if w is the absolute value of the
Jacobian of a quasiconformal mapping on R™ then w is strongly A.
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THEOREM C. Upper bound. Let w;,w; be weights satisfying conditions (i)-(iii) of
Theorem A and suppose that wz_"/2 is strongly Ao. Then for z,y € R™ and t > s,

1
. <
F(l’,t,y, S) - C |Qd(.’l},t— 3)|1/2 |Qd(y’t - s)lllz "

d 2
exp C (® (Qq (z,t — 3)) + B (R (y,t — 8)))exp (—c%) ,
where d(z,y) is the geodesic distance associated with w, "2 >,

Qd(z!r) = {6 : d(§7z)2 < 7'},

_ 1 wy(E) 1/2'
i (S )"y fpnda @)

It is easy to see from Holder’s inequality that

wa(E)\*/? wa(E)
(wl(E)> <eB) <2 E)

and

Note that p < ¢6 if w; ~ wy ~ w and § is defined with w="/2. Also p ~ 6 if w; =
wy R wE AL 2. In the case that wy & wy; = w, Theorem B gives a better lower bound
than the one in [G-N], and the hypotheses needed for Theorem B are weaker than the
ones needed to establish the lower bound in [G-N]. Under the hypothesis of Theorem C,
the upper bound obtained in Theorem C is better than the one in [G-N]. For example,
if w(z) = |z|* then w=™/2 is strongly Ao for @ < 2. Also the weight w—"/2 = |g|~2"/?
belongs to D¢ for @ < 0, and belongs to D; = A; if 0 < a < 2. Therefore, when a < 0,
the index g defined in [G-N] satisfies 2"1_1 = 71~ < 1, and consequently the estimate
given there for the upper bound is not as good as the one in Theorem C.

Remarks.

1. There are other conditions on the weights under which is possible to show the upper
bound for I'. These conditions are related to the test functions chosen in the proof of the
upper bound. If we assume that

(1-8)

1-n n
1 o 1 |
<mm Bla-u1 () ") dz> (W 8By (¥) e da(Z)) s eve)

&

holds for v = w; n/ 2, and every z,y, then the upper bound of Theorem C can be obtained
with d replaced by p1, where '

1/n
pi(z,y) = (/ wy(2) "2 dz) .
Blﬂf—vl(y)
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Here OB denotes the boundary of the ball B. . ‘
If v is strongly A then by the results of [D-S] the isoperimetric inequality

/B”(?) dz<c <[93 v(z) da(z))ﬁ

holds. Therefore if v satisfies (1-8) and is strongly Ao, then it follows by Holder’s inequality
that

1 1—n 1 n
<m Bw-y.m”@“) (W B.z-ﬂ.@”(”””) < ov(@),

S S R S
|B|z-—yl(y)| Blo—y| () |B|z—yl($)| Blz—y(z)

ie.,

cv(z) > v(2)dz,

for every y; that is, v € A;. Also note that if v satisfies (1-8) and v € A;, then v belongs
to ”surface” A;. In fact, by (1-8),

1 n 1 n—1
(l53|z—y|(y)| aBI,,_,,(y)“(z)d"(")> S°<|B|,_,,,,(y)| B.m_,.m”(z)dz) %)

< cv(z)"Tu(z) = co(z)” ifve A,

ie.,

: 1 _Y
(m 8Bls—y(¥) U(Z)da(z)> < co(e).

If we assume that w, satisfies

(1-9) ((n +2) A wy(2)dz — |z —y| wa(2) da(Z)) |z — y|"wa(z)
le~yil¥ .

aBlz—ﬂ(y) .

c we(2)dz ) ,
: (/Blz—ul(v) ) >

then it can be shown that an upper bound for I is

c
12 (@t — V2 [9, (,t — )2

oxp (C'(22(ps (2, ~ )) + $2( D, (v, = 5))) ) exp (‘c—psz 3)2) ,
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where

wy(E)

") =@y

and
[z ™+ >”’
w2(B|z—y|(y) '

Condition (1-9) holds if for example w, is a doubling weight which satisfies

p2(z,y) = (

wy(z) < e {_Ilﬂ wy(z) dz if z € B, for every ball B.
B

In particular, this holds if wy(z1,...,zn) = |21|® for a > 0, or if wy(z) = |z|* for a > 0.
By Holder’s inequality we have p, < p;, and if wz_"/2 € Ao then d < cpy. If wy € AH_%

then p1 ~ p2. In case w, "2 i strongly Ao, we have d &~ p;. By doubling it can be
shown that p; and p, are quasi-metrics, i.e., there exist constants K; > 1 such that
Pi(-’l", y) < I{i(Pi($,Z) + p,-(z,y)) for: = 1,2

2. The problems (a), (b) and (c) mentioned at the beginning of this note are intimately
connected. In fact in the non-degenerate case (i.e. v & w; = we = 1) (b) = (a) by [Mol],
[Mo2]; (¢) = (a) by [Na]; (b) = (c) by [Ar] and (c¢) = (b) by [F-S]. In establishing the
last implication Fabes and Stroock used some ideas in [Na).

It would be an interesting problem to establish first the bounds for I' and then deduce
from them Harnack’s inequality in the degenerate case.
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