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T h i s  no t. e  corr e spond s to r e sul t s  from t h e  ar t i c l e  [ 6 ] . L e t  E b e  

a c o mp l ex Banac h s p a c e ,  l e t F b e  a c l o s ed sub s p a c e o f  E and l e t 

n : E + E l F  b e  t h e  c a no n i c a l  quo t i ent  mapp ing . A R i emann d o ma in 

over  E i s  a pa ir  ( X , ¢ ) s uc h  t ha t  X is  a Hau s d o r ff t o po l o g i c a l  

spac e and ¢ :  X + E / F  i s  a l o c a l  ho meomo r p h i s m . 

DEF I N I T I ON 1 .  L e t  ( X , ¢ ) b e  a R i emann doma in o v e r  E .  We s a y  t ha t  

( X
F

' ¢
F

' W ) i s  an F - quo t i ent o f  X i f  ( X
F

' ¢
F

) i s  a R i emann d o ma i n 

over  E l F and W i s  a c o n t inuou s  o p en mapp ing from X o n t o  X F such 

t ha t ¢ F 0 W = n 0 ¢ .  

EXAMP LE 2 .  L e t  U b e  an o p en sub s e t  o f  E .  I f  i and i n ar e r e s p e ­

c t iv e l y ,  t he c anon i c a l  inc l us i o n s  i :  U � E  and i n
: n ( u)  Co..+ E l F ,  

i t  i s  c l ear t h a t  ( IT ( U ) , i
n

, n ) i s  an F - quo t i ent o f  ( U , i ) . 

EXAMPLE 3 .  L e t  ( X , ¢ ) b e  a R i emann doma in o v e r  E ,  l e t R b e  t h e  

e qu ival enc e r e l a t i o n  d e f ined o n  X by ¢ ( x) - ¢ ( y )  E F ,  fo r x ,  

y E X and d eno t e  by X / R  t h e  quo t i ent  s e t  o f  X by t h i s  e qu i ­

va l enc e w i t h  t h e quo t i ent t o po l o gy a s s o c i a t ed t o  t he mapp i n g  

W fr o m  X onto  X / R  d e f ined  by W ( x)  : =  x (wher e x deno t e s  t he 

equ iva l en c e  c l a s s  o f  x ) . We can d e f i n e  ¢
F

: X / R  + E l F  by ¢ F (x) : =  
: = n ( ¢ ( x ) ) fo r every x E X / R  and i t  i s  e a s y  t o  s e e  t h a t  

( X / R ' ¢
F

) i s  a R i emann doma in over  E l F . I t  i s  c l ear  t ha t  

( X / R ' ¢
F

' W ) i s  a n  F - q uo t i ent  o f  ( X , ¢ ) . 
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For t he next e xamp l e s  U w i l l  be a c o nn e c t ed o p en sub s e t  o f  E .  

L e t  H ( U )  b e  t h e  s e t  o f  a l l  ho l o mo r p h i c  func t io n s  f :  U + C .  As 

usual , L o d eno t e s  t h e  c o mp a c t  o p en t o po l o gy . G iven any sub ­

a l gebr a A o f  H (U )  endo wed w i t h  a l o c a l l y  c o nv ex t o po l o gy L ,  

t he s p e c t rum o f  (A , L )  i s  t h e  s e t o f  a l l no n z e r o  cont inuo u s  

ho mo mo r p h i sms h :  A + C and i s  d eno t ed by S (A , L ) .  For any 

u E U ,  we d e f in e  u :  A + C by � ( f) = f e u ) fo r every f E A .  I t  

i s  c l ear  t ha t  U = { G ,  u E U }  C S ( A) . W e  w i l l  c 0 n s i d er t h e  

s p e c t r a  o f  ( H ( U )  , L O )  a n d  o f  ( H ( IT (U) ) ,L O ) '  Al e xand er in [ 1 ] en ­

dowed S (H ( U) , L O )  w i t h  a t o po l o gy s u c h  t ha t  ( S ( H ( U ) , L O ) ' P ) i s  

a R i emann doma in o v e r  E and t h e  s ame for  ( S ( H ( IT (U) ) ,L o ) ' P IT ) ' 

E XAMP LE 4 .  Ther e e x i s t s  a mapp ing A :  S (H ( U) , L O ) + S (H (IT (U) ) , LO )  

which i s  cont inuou s ,  o p en a n d  s a t i s f i e s  P IT 0 A = IT 0 p ,  t hu s  

P (S (H (�) , L O ) ) ' P IT , A ) i s  an F - q uo t i en t  o f  S C H e U )  , L O ) ' ( c f .  [ 6 ] ) . 

L e t  E N (U) d eno t e  t he c o nn e c t ed compo n e n t  o f  S ( H ( U) , L O ) wh i c h  
A 

cont a in s  U .  Al e xand er s tud i e d  E N ( U )  and c a l l ed i t  a n o r ma l  

enve l o p e  o f  ho l o mo r p hy o f  U ( fo r  d e t a i l s w e  r e fer t o  [ 1 ] , [ 3 ]  

and [ 7 ] , c hap . X I I I ) . Ana l o go u s l y  l e t E N C IT ( U ) )  b e  t h e  connected 

c o mpon ent o f  S C H ( IT (U) ) , L O )  wh i c h  c o n t a i n s IT ( U )  . F r o m  t h e  e x a m ­

p l e 4 ,  we g e t  t ha t  P ( E N (U) ) ' P IT , A ) i s  an F - quo t i ent o f  E N ( U ) . 

To e v e r y  conn e c t ed R i e mann doma in (Y , p ) o v e r  E l F  t h e r e  c o r r e s ­

p o nd s a c o nn e c t e d R iemann doma in (Y * . p * )  o v e r  E ,  c a l l e d p u l l 

b a c k o f  Y ,  whe r e  y *  = { ( y ,  a l E  Y x E ;  p *  ( y )  = IT ( a ) } e n d o w e d  
w i t h  t h e  t o po l o gy induc ed o n y *  by the p r o d u c t t o p o l o g y o n  
Y x E ,  a n d  p * ( y , a )  = a ,  for a l l  ( y , a )  E Y * .  ( c f .  [ 4 J a n d  [ 9 ] ) .  

L e t  ( E N * ( U ) ' cp * ) b e  t h e  p u l l - b a c k  o f  ( E N ( rr ( U ) ) ' P rr ) ' 
E XAMP LE 5 .  Ther e e x i s t s  a ma pp i n g  � :  E N * ( U )  + E N ( rr ( U ) ) Kh i c h  

� i s  c o n t inuou s , o p en , o n t o  and s a t i s f i e s  P IT 0 � = IT 0 ¢ * ,  t hu s  

( E N ( IT ( U ) ) , PTI ' \)! ) i s  an F - quo t i ent  o f  E N * C U ) . ( c f . [ 6 l ) . 
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For o t her non tr iv ial  examp l e s  o f  F - quo t i ent s we r e f er to [ 6 ] . 

We d eno t e  by H
FljJ

( X )  t h e  spac e o f  al l g o ljJ a s  g r an g e s  o ver 

H ( X
F

) • 

THEOREM 6 .  L e t  ( X , � ) b e  a Ri emann doma in  o v e r  E and l e t  

( X
F ' � F

, ljJ ) b e  a n  F -quo t i e n t  o f  X .  The mapping g t+ g o  ljJ i s  a t o -

po l o g i c a l  i s omorp h i sm b e t� e e n  (H ( X
F

) "
o

) a n d  (H
FljJ

( X )  " 0 ) ' 
( c f .  [ 6 ]  ) • 

We r e c a l l  t hat a mor p h i s m  j :  U + X i s  an ext en s ion o f  U i f  for 
A A 

e ac h  f E H ( U) , there  i s  a un i qu e  f E H ( X ) s uc h  that f 0 j = f .  

F ina l l y  a morph i s m  j :  U + X i s  sa id do b e  an enve l o p e  o f  ho l o ­

mor phy o f  U i f : a )  j i s  an ext en s ion o f  U ;  b )  i f  y :  U + Y i s  

a n  ext en s ion o f  U t hen there  i s  a mor p h i s m  S : Y + X such that 

S o y  = j ,  i .  e . , j is  max imal . 

In  1 9 7 2 , H ir c how i t z  pub l i s hed a paper ec f .  [ 5 ] ) wher e h e  s howed, 

u s in g germs o f  ho lomo r p h i c  func t ion s , t hat  every R i emann do ­

ma in o ver a Banac h s pa c e  E ha s an env e l o p e  o f  ho l o mo rphy . I n ­

d e p end ent l y  and at  t he s ame t ime ,  Scho t t enl o her c o n s idered  in 

h i s  t h e s i s  a mor e  gener a l  s i tua t io n  by d e fin ing r e gular  c l a s ­

s e s  and admi s s ibl e cover in g s  fo r R i emann doma in s o ver a Banach 

s p a c e  E .  He s howed t ha t  t h e  enve l o p e  o f  ho l o morphy o f  a con ­

n e c t ed o p en s e t  U ,  u s ua l l y  d eno t ed by E ( U) , could  b e  id ent i ­

f ie d  w i t h  a conn ec t ed compon ent o f  t he , I) s p e c t rum . ( c f .  [ 8 ] ) . 

H i r c ho wi t z  r emar ked in [ 5 ]  t ha t  h i s  c o n s truc t ion wa s a l so  

goo d  t o  o b t a in t h e  enve l o p e  of  U r e l a t ive to spec i a l  c l a s s e s  

o f  ho l o morphic  funct ion s o n  U in s t ead o f  t h e  enve l o p e  o f  U 

r e l a t ive to H (U )  ( t he env e l o p e  o f  ho l o morphy o f  U ) . Th i s  mor e  

g en e r a l  approac h ,  du e to H i r c howit z ,  i s  pr e s ent ed in a very 

c l ear  way by Muj i c a  in [ 7 ]  c hap t er XI I I .  He d e f in e s  an A - enve ­

l o p e  o f  ho l o mo rphy , wher e A i s  a subc l a s s  o f  the s e t o f  a l l  

ho l omor p h ic funct ions o f  a R i emann doma in over a Bana c h  spac e 

E and proved t ha t  it  a l ways e x i s t s . A natur a l  probl em ar i s e? 

when w e  want t o  know i f  each e l ement o f  A shar e s  w i t h  i t s  
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ext ens ion to t he A - enve l o p e  o f  ho l o morphy some s p e c i a l  p r o p er ­

t i e s . Hirchow i t z c on s i d e r e d  t h i s  prob l em in r emar k  1 . B  of  [5 ] . 

I f  F i s  a c l o s ed sub spac e o f  E ,  we d eno t e by HF ( U )  t he s p a c e 

o f  al l f E H (U)  such t ha t  f = g o  II for s ome g E H ( II ( U) ) . I t  

s e ems t hat no r e l a t ion  can b e  e s tabl i shed b etwe en t h e HF ( U ) ­

env e l o p e  o f  ho l omorphy o f  U and the  env e l o p e  0 f ho l o morphy o f  

lI eU )  con s t ruc t ed by H i r c howit z .  So we hav e  the fo ll o w i n g  d e f i ­

n i t ion . 

DE F I N I T ION 7 .  A mo r ph i sm j :  U � X i s  s a id t o  b e  an F - ext en s ion 

of U i f  there e x i s t  an F - quo t i ent ( X
F

, cI>
F

, l/I ) of X and a morphism 

j H : lI e U)  � XF such t h a t : 

a )  j lI i s  an ext en s io n  o f  lI eU) , 

b )  l/I o j = j rr o lI . 

REMARK . In  t h i s  c a s e ,  g iven  g E H ( rr (U) ) t her e e x i s t s  an ext en ­

s ion f E HFl/I ( X )  o f  f = g o II wh i c h  i s  d e f ined by f = g o  l/i 
wher e  g E H ( X F ) i s  an ext en s ion o f  g .  

PROPO S I T I ON B .  T h e  mapp ing j :  U � E N * (U)  defi n e d  b y  j (u )  
� 

= ( lI (u) , u) fo r a � �  u E U i s  a n  F - e x t e n s i o n  o f  u .  

W e  r e c a l l  t ha t  j :  U � ( E ( U ) , q ) d e f in ed b y  j ( u) = u i s  t he 

env e l o p e  o f  ho l o morphy o f  U .  By us in g t he e qua l i t y  H ( rr ( U ) ) 

Uw AW ' ( c f .  [ 6 ] ) we c an s how t ha t  j lI : lI e U)  � E ( II ( U) ) d e f in e d  
� 

by j lI ( II (U) ) : =  lI eu }  i s  an e xt en s ion o f  lI e U) . , S in c e  t h e  ind u -

c e d  t o po l o gy T � i n  H ( lI e U) ) , d e f ined i n  [ B ] , p . 2 3 B , i s  wea ker 

t han our induc ed t o po l o gy T Il ' we hav e S (H ( II (U) )  , T � ) C 

£ S (H ( Ii (U ) ) , T lI l and s o  t he env e l o p e  o f  ho l o morphy due t o  

Scho t t enloher i i a t o po l o g i c a l  subspac e o f  E ( II (U ) ) .  Now s inc e 

the  S c ho t t en l o her ' s  env e l o pe o f  ho l o morphy o f  lI e U) i s  a max i ­

mal e xt en s io n  i t  co inc i d e s  w i t h  ( E ( II (U ) ) , qlI ) .  



286 

PROPO S I T I ON 9 .  T h e r e  i s  a mapp ing . :  E (U) + E ( rr ( U) )  w h i o h i s  

co n t in u o u s ,  op e n  a n d  s a t i s fi e s  q rr  0 • = IT 0 q, t h u s  

( H E (U) ) , qrr ' . ) i s  a n  F-quo t i e n t  of E (U) . ( c f .  6 ) .  

PROPOS I T ION 1 0 .  T he morp h i sm j : U + E (U) defi n e d  b y  j (u)  
i s  an F-ext e n s i o n  of U.  ( c f .  [ 6 ] ) .  

A 
U 

DEF I N I T I ON 1 1 .  L e t  ( X , . )  b e  a R i emann doma in over E . A ,morphism 

j : U + X is s a i d  t o  be an env e l o p e  o f  F - ho l o morphy o f U i f : 

a )  j i s  an F - e xt en s ion o f  U .  

b )  i f  k :  U + Z i s  an F - ext en s ion o f U ,  t hen t her e i s  a JOOrphism 

y :  Z + X S uc h t ha t y 0 k = j .  

Let  ( E * (U) , . * ) b e  t h e  pul l - bac k o f  ( E ( rr (U ) ) , qrr ) ' wher e . * ( h , a ) = 
= a ,  for a l l  ( h ,  a )  E E *  (U)  . 

THE OREM 1 2 .  The map p i n g  a. :  U + E * (U)  defi n e d  by  o. (u )  : = 
./"'-

: = ( rr (u) , u) fo r a l l  u E U i s  an env e l o p e  o f  F - ho l omorphy  o f  U .  

( c f . [ 6 ]  ) . 

F I NAL REMARKS . As  a c on s equenc e o f  t he maxima l ity  o f  E * (U)  

pro ved in Theo r em 1 2 ,  we know t hat  t h er e  are  mor p h i sms 

y :  E (U) + E * (U)  and y * : EN * (U)  + E * (U) s uc h  t hat  y o  j a. 

and y *  0 j = a. ( c f . Pro p . l 0  and 9 for the  d e f in i t ion o f  j in 

each c a s e ) . 

I f  F i s  a c l o s ed s ub s pac e o f  a Banac h  spac e E such t hat E l F  

i s  s eparab l e  and has t he bound ed appro xima t ion p r o p er t y ,  

( b . a . p . ) S (H ( rr CU) ) " o ) = d rr (U) )  = E N ( rr (U) )  ( c f . [ 7 ] , c o r . S8 . 1 0) .  

Con s e quen t l y  we g e t  E * (U) = EN * (U) .  
We r e c a l l  t hat g iven any s eparab l e  Banach s pa c e  G t her e e x i s t s 

F C 1 1 s uc h  t ha t  G i s  i somo r p h i c  to  1 I / F . I f  in add i t ion G 

ha s t h e  b . a . p .  it  i s  c l ear t ha t  1 I / F  ha s t he b . a . p .  ( e . g . G = 
= . 1 p ,  1 < p < 00 ) . NOW ,  g iven U C 1 1 and F C 1 1 suc h t hat t I f F  
ha s t h e  b . a . p .  w e  have t ha t  E * (U) i s  t h e  pul l - bac k o f  
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S (H ( II ( U) ) , 't o ) '  

F inal l y  we want t o  r emar k  t ha t  t h e  morph i sm j :  U + E N * ( U)  d e fi 

n ed in Pr o po s it ion 8 i s  a l so  o p en and inj e c t iv� . We d idn ' t  

suc c e ed in o ur a t t empt  t o  g ive r ea s onabl e d e f in i t ion o f  ' normal 

F - env e l o p e  o f  ho l o mo rphy o f  U" . 
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