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S E C T I O N  1 .  

A CHARACTERIZATION OF EXTRINSIC 

N 
k-SYMMETRIC SUBMANIFOLDS OF R 

CRISTIAN U. SANCHEZ 

I n  [2] D . Feru s introdu c ed t he no t ion o f  extr ins i c  symme t r i c  -suQ 
man i fo l d  o f  RN. T h i s  i s  a s ubman ifo l d  M o f  RN tba t is l o c a l l y  
s ymm et r i c  i n  t he u s u a l  s en s e  and s u c h  t ha t  f o r  eac h p t h e  l o c a l  
s ymmetr y Tp: M -+ M e x t end s t o  a n  isome try o f  t h e  amb i en t  wh i ch 
i s  t he i d ent i t y  on t h e  normal s p a c e . Feru s proved that  s uc h  a 
subman i fo l d  ha s p a r a l l e l s e cond fund ament al  form and o b t a in e d  
a c o mp l e t e  c l a s s i f i c a t ion by app l y in g  h i s  p r ev ious  r e sult s 
abo ut subman i fo l d s  w i t h  t h i s  t yp e  o f  s e cond fundamental formo 

On t he o t her hand in [9] W . S t rüb ing comp l e t ed the r ema rkabl e 
r e su l t s  o f  Feru s by g iv in g  a d i r e c t  pr o o f  o f  t h e  fac t that 
ev e r y  subman i fo l d  of RN, w i t h  par a l l e l second fundamen t a l  f o r m  
i s  in  f a c t extr ins ic  s ymme t r i c . Th i s  wa s known t o  b e  a fa c t  by 
Ferus' c l a s s i f i c a t ion. On e ha s t hen 

( 1 . 1 ) THEOREM. Let (M , g) be a Ri emanni an manifold and let 

i :  Mn -+ RN be an i sometr ic immer s ion. 

Then M i s an extr ins ic s ymmetric submanifold if and only if 

the s econd fundamerital form of the i mmer�ion is pa rallel. 

I n  l8] , t he n o t i o n  o f  extr in s i c k-s ymme tr i c  subman i fo l d  o f  RN 

wa s i n t r o du c e d  by ext end ing Feru s' d e f in i t ion  t o  t h e  c a s e  o f  
k - s yrnme t r ic  man i fo l d s  i n  t he s ens e o f  [6] , [7J , [ 1 0] .  Th i s  d e f i 
n i t i o n  i s  g l o b a l  in na tu r e  and [8] cont a in s  a c o mp l e t e  d e s c r i� 
t io n  o f  t he s e  subman i fo l d s  i f  t h ey ar e comp a c t  and k i s  o d d . 

The  me t ho d s  in [8] ar e qu i t e  d iffer ent from t ho s e  in [2] b e -
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c au s e  extr in s ic  k - symmetr ic s ubmani fo l d s  o f  RN do no t have pa 
ral l e l  s econd fundamental  form in the  s en s e  o f  [2] and [ 9 ] . 

How�ver one  c an d efine a new typ e  o f  c ovari a n t  d e riva tiv e for 
the  s econd fundamental  form in  t erms o f  the cano nical c o n n ec

tio n  VC o f  the  k-symmetr ic  man ifo ld  M [ 6 , p . 23 ] . For symmetr ic  
spac e s , i . e . k=2 , VC co incid e s  w i th  the Levi  C iv i t a  connect ion 
but t h i s  is  not  the  c a s e  in general  k - symmetr ic  spac e s . The  
proof given by  Feros in [2 ,  p . 8 3 ]  of  the above ment ioned pro p er ty 
o f  the second ftindamenta l  form do e s  no t ext end to the  n ew de
fin i t ion but , w i th  a differ ent me thod , one  c an prove  that  ex
tr ins ic  k - symmetr ic subman ifo lds in  the  s en s e  of [8 ]  hav e c a

no nicaUy paral l e l s econd fundamenta l  form ( s e e  (2 . 9 ) ) . Thi s  
i s  the mo tivation o f  the fo llowing theor em which  i s  the  main  
re sult  of  this  paper ( s e e  Sec . 2 for  de fin i t ions ) . 

(1.2) THEOREM . L e t  (M,g,{Bx: x E M}) b e  a c o mpac t c onn ec t ed 

Ri eman n i a n  r egular s-manif old of o rd e r  k and l e t  S d e n o t e  i t s  

symm e try t e n s or. L e t  i: Mn + Rn+q b e  a n  i s o m e t ric imb edding 

and d e n o t e  by a i t s  s eco nd fundamental fo rmo T h e n  M i s  an ex-

t rin sic k - symm e tric submanif old of Rn+q if a nd o nly if 

i )  

i i )  

(v�a) = O i n  M a nd 

a ( SX , SX )  = a (X , X) foY' some po i n t  a E M a nd ev e ry X E M . 
a a a 

The papef is o r gan i z ed a s  fol l ows : In Sec . 2  we r ec a l l the  d e 
finition o f  extr ins ic  k-symmetr ic subman i fold fro m  [ 8 ] and 
introduc e  VC pro ving that , for the s e  subman i fo l d s , one ha s 
VCa = O (2.9 ) . The résul t s  o f  t h i s  s ec t ion y i e l d  a pro o f o f  
the  fac t  t ha t  the  cond i t ions  are nec e s sary . In S ec . 3  w e  s tudy 

t he natur e o f  the VC-geode sic s as curve s in Rn+q to prove that  
the  cond i t ions  are sufficient . 

SECTION 2 

L et Mn b e  a compact  Riemann ian manifo l d  and l et i :  Mn + Rn+q 
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b e  an i sometr ic  imb edd ing with  the fo l l owin g  pro p er t i e s . 

i )  

ii) 

For each p E M ,  t her e i s  an i sometry a : Rn+q + Rn+q s uc h  p 
t hat ak = id , a ( p )  p p 
ap ( i (M) ) = i (M). 

= p ,  a (�) = ident ity on  �. p p p 

iii) L et  e (a 1M). The c o l lect ion {e : p E M} d e f in e s  o n  M p p p 
a Ri emann ian r e gu l ar s - s truc tur e o f  order k [ 6 , p . 4 - 6 ] . 
No t ic e  that  cond i t io n  ( i i i) impl i e s  that p i s  an i s o l a t ed 
f ixed po int o f  e in M for each  p E M. p 

I f  t h e s e  cond i t ions  ar e s a t i s f i ed we say t hat  M i s  an ex t rin

sic k - symme tr ic subma n i fo l d  o f  Rn+q . 

We d eno t e  by g the  Ri emann ian me tr ic on  M and by <,> the  inner 

produc t on Rn+q . V and VE s ha l l  d eno t e  the c orre spond ing L ev i 

C iv i t a  connec t ions  o n  M and Rn+q r e s p ec t ive l y . 

As s o c iat ed to  our i sometr i c  imb eddin g  we  have the s econd fun 

damental  form 0., the s hap e operator  B;nd the  normal connect ion 

Il. 
On o ur Ri emman ian regular  s - man i fold we may cons ider the  cano 
n ic a l  connect ion  VC [ 6 , p . 2 4 ] and  two important t ensor s name l y  
D(X,Y) = VxY - V�Y and S wh ich i s  d ef ined by Sx = ex*lx 
V X E M. The s e  two t en s o r s  and the me tr ic  ar e par al l el with  

r e s p ect to  VC i . e .  

( 2 . 1) [ 6 , p . 25] 

For the  s econd fundamenta l  form o f  an i s ometric imbeddingone 
define s  its  "covariant der ivat ive" a s  

( 2 . 2) 

Thi s der iva t ive i s  used  by F erus and Strüb ing in the  c harac
t er i z a t ion of extr ins ic 2 - symmetr ic  subman i fo l d s  of  RN• I t  i s  
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obta ined from the  connec t ions V in TM and vi in  TNt. 

Her e we propose to  u s e  a d iffer ent comb inat ion  wh ich , a s  we  
s ha l l  s e e , w i l l b e  mor e  conveni ent for our purpo s e s . Namel y  we  

de fine 

(2 . 3 ) (V�a)(Y,Z) = v�(a(y,z))-a(v�y,z)-a(Y,v�Z) 

an c a l l i t  t he cano nical cov a r i a n t d er ivat ive o f  a. 

I f  our subman ifo l d  M e Rn
+

q hap ens to b e  a symmetr ic  spac e 
one knows t hat Ve = V and then both  der iva t iv e s  c o inc id e . 

As usua l  we hav e 

V�(fa) = (Xf) + f(V�a) 

e ( e ) ( e ) (VfX+gya) = f VXa + g Vya 

In a co her ent way , we can d e f ine  the c a non ical c ovar i a n t  der i

va tive for the s hap e o p erator  

(2.4) 

and they are  o bv ious l y  r e l a t ed by 

( 2 . 5 )  LEMMA. g((V�A)� Y,Z) = «v�a)(Y,Z),�> X,Y, Z t a ngen t 

fields o n  M, � a n o rmal fi eld . 

Let a b e  a po int in M wh ich we s ha l l  keep f ixed. Let Na b e  a 
normal  n e i ghbor ho o d  o f  a in M and such that  a (N ) = N . Let a a a 
X E M and � E �f; we s ha l l  d eno t e  by X* the  " adapted"  vector  a a 
f i e ld o n  Na cons truc t ed from X i . e .  X* i s  cons truc t ed by Ve_ 
para l l e l  tra s l a t ion  along  t he Ve- geodesi c s  through  a .  It i s  
e a s y  to  s e e  t hat i t  i s  a we l l  d e fined COO vec tor f i e l d  on Na 
and that v�x*la = O I¡j U E Ma. 
Now it i s  ea sy t o  s e e  t hat we can ext end � to  a normal f i el d  

�* d efin ed on  Na with  the  fol lowing pr oper t i e s. 
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( 2 . 6 ) �* i s  v1 -para1 1 e 1  a 1 0ng  each VC - geod e s ic t hrough a 

( 2 . 7)  �*'i s a - invar iant on N i . e . a a 

v X E N . a 

As soc iat ed to  X* we c an cons ider other two vec tor  f i e 1 ds on  Na 
name1 y  SX* and ea*x*. The s e  f i e 1d s  ar e a 1 s o  paral1 el  along 
each VC - geod e s ic  s tarting at a becau s e  VCS � O and ea is  vc_ 
a ff ine . C1 ear 1y  we have  SX* = e X* en N bec au s e  they co inc i -a* a 
de  at a and ar e par a 1 1 e1 a10ng each  vC- geod e s ic t hrough a 

( 2 . 8 )  PROPOSITION. A t  e ac h  p o i n t  a o f t h e  ex t r i n s ic k - symm e t r ic 

subma n i fo Zd !V e  hav e A� (SX) = SA
�X V X E Ma � E M:;'. 

Proo f. Let  y ( t )  be  a VC- geod e s ic  star t ing  a t  a and pu t 6(t) 
= aa ( ylt ) ) . 
l'le llave 

A� * ( S ( t ) ) [ (a a * I y (t ) ) X * ( y ( t ) ) ] 

A(a �* ) (y(t» ) [(oa*ly(t»)X*(y(t))] 
a* 

Mak in g  t o 

( 2. 9 )  LEMMA. F o r  e ac h  U,X E M , � E � !V e  hav e a t  t h e  po i n t  a a a 

Pro o f . L e t  y ( t )  be a VC - geod e s ic s t art ing at  a with  y(O) U. 

By d efin i tion 

v � ux* . Now 
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s inc e o 

With the  a id o f  the s e  l emma s we c an prove 

( 2 . 1 0 ) THEOREM . If i: Mn � Rn+q i s  a ex t rin sic k- symm e t ric sub 

manifold t h e n  A� i s  p a rall el wi th r e sp e c t  t o  t h e  c a n o nical c o n  

n ec ti o n .  i . e .  (V'� A) = O 'rj U E M
p 

'rj P E M. 

Pro of .  L e t  us take  our po int a E M and i t s  normal n e i ghbo r hood  
N a s  aboye . By ( 2 . 8 )  we have 

a 

and then 

Now 

and s inc e 

by (2 . 9) . 

- 1 Ar;*X* = S 

V'�
u

(A�* X* ) 

e - 1 
V'suS = O we have 

Then we have pro ved 

Ac,* SX* ) .  

- 1 [ e  1 S (V' SUA) �SX 

and s inc e � and X ar e arb i trary we get  e V' ( I -S)u A 

whi c h , sinc e · I - S  i s  non s in gu l ar , imp l i e s  O • 

O 

o 

( 1) . Mn Rn+q . t "  k . 2 . 1 COROLLARY . If 1: � � s  a ex r�n s�c -symm e tr�c 

subma nifold t h e n  it s s ec o nd fundam e n t al f o rm i s  c a n onically 

paralZ el i. e .  (V'� a) = O 'rj U E M , p 'rj P E M .  o 
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S E C T I O N 3 

In  th i s  s e ct ion we prove that  t he cond i t ions o f  theor em ( 1 . 2) 
ar e suffi c i ent 

( 3 . 1 ) LEMMA . L e t  (Mn , g , {6 : x E M } ) b e  a Ri emann i a n  r egula r  x 

s-manif old a nd l e t i: Mn 
+ Rn+q b e  an  i s o m e t r io imm e r s i o n  w i t h  

t h e  follow i ng pr op e r t i e s  

i ) 

i i )  

(VC a) = D i n  M .  U 
F o r  s o m e  po i n t  a E MJ a (SX,SX) = a (X,X) a a v X E M • a 

T h e n  a t  e ac h  po i n t  p E M and f o r  ev ery 

= a (X,Y). 
X,Y E M , a (SX,SY) 

p p 

p 

Pro of. Thi s  i s  s tra i ghtforward and l e ft to the  r eader . D 

L e t  C :  I + Rn+q b e  a regular COO curve . We say t hat  C i s  a 

Fr e n e t  curv e in Rn+q of o sculat i ng rank r � 1 i f  e i s  parame 
tr i z ed with  r e sp e c t  to  arc  l engh , de fined in an open non empty 
int erva l  I and for each  t E I the  derivat ive s 
• (r) C ( t ) , . . .  , C  ( t )  are l inear l y  ind ep endent and 
. (r+ 1 ) C ( t ) , . . . , C  ( t )  ar e l inear ly  depend ent . 

( 3 . 2) PROPOSITION. L e t  ( M , g , {6x : x E  M})  a nd i :  MD + Rn+q a n  

i som e t r ic i mb edd i ng w i t h  t h e  s am e  hypo t h e s i s  o f  ( 3 . 1 ) a nd l e t  

y b e  a VC-g e ode s ic i n  M . 

T h e nJ except  by a l i n e ar c hang e  of param e t e rJ C ( t )  = i (Ylt ) ) 

i s  a Fr e n e t curv e i n  Rn+q of o scula ting rank r f o r  s o m e  

1 � r � n+ q and i t s  F r e n e t  curva tur e s  a r e  c o n s t a n t. 

L e t y(O )  = a a nd c o n s id e rJ i n  t h e  i n t e rval w h er e  i t  i s  def i n e� 

t h e  Fr e n e t curv e C l ( t )  = i(6a(y(t))). T h e n  C l h a s  t h e  sam e 

o scúla t i ng r a nk a s  C ( t )  and t h e  c o r r e spo nding Fr e ne t  curva tu

r e  s are  equa lo 
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Pro of. Let  y ( t )  be  a VC-geod e s ic in Na s tar t ing  a t  a E M .  I t  
i s  c l ear that g(y,y) i s  cons tant and then , by a l inear change 
of  parame t er , (which  do e s  no t c hange the fac t t hat  y is  geo 
des ic )  we can a s sume t hat g ( y , y) = 1 .  Thi s  mean s that C i s  
parametr i z ed by ar e l engh . S inc e i i s  an imb edding  w e  can 
id ent i fy M and i (M)  and then C ( t )  = y ( t ) . 

Cons id er the fir s t  two der ivat ive s o f  C ,  

C ( t )  y ( t )  

C ( t )  E . v. y 
y 

Then , we have C T 2 + N2 ( t angent and norma l  compon ent s )  and 

by ( 2 . 1 ) and ( i ) 

o 

Assume no w that we have pro ved that , for each j .;;;; i ,  

C (j) 
= T .  + N. ( tangent and norma l )  w i t h  J J 

V: T . = O v1 N .. 
Y J Y J 

We s ha l l  se e that t h i s  i s  a l so t he c a s e  for i + 1 . 

(3.3) C ( i+ l) ( t )  

v� T .  + y 1 
[D(Y , T . ) . 1 

= V� T. + 
y 1 

D(Y, T.) + 1 
- AN· 

y] 1 

V� N. 
Y 1 

a ( Y , T.) AN. 
y + v-: N. 1 1 Y 1 

+ a (y , Ti) = Ti+l + Ni+l 

now by ( 2 . 1 ) , ( i ) and the induc tive hypo thes i s  we get 

nC• T v y i+l O .  S im i l ar l y ,  by ( i ) and the induc t ive hyp o t he s i s , 

V� Ni+l y 
O .  

Then , for each k � 1 ,  

( 3 . 4) C (k) C t) O 

Let  1 b e  t he o p en int er va l  wher e y i s  d e f ined . For  each t E 1 
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l e t  r ( t) b e  the nat ura l  number ( 1  < r ( t) < n+q )  such that  
C ( t) , ... ,C (r)(t) ar e l inear ly independent andC (t) , . .. ,C(r+l)(t) 
ar e l inear l y  dependent . Let  to E l b e  a po int such that 
r e to) OS;;; r ( t )  'rj t E r . 
Ther e ar e sorne r ea l  number s al ' " . , a r ( to)+l ' no t a l l zero ,  
such  that  I: a. C( j ) ( t  ) = O ( sum from j = l to r ( to) + l ) .  J o 

00 With  the s e  r ea l  number s we de fine a coup l e  o f  r ea l  C function s 
on l. 

h ( t )  
f e t )  

III: a. T. ( t ) 1I 2 J J 
I II a. N. ( t ) 1I 2 J J 

They sat isfy h ( t  ) f ( t ) = O o o 
h '  ( t )  = O 

and ther efor e  h ( t )  = O V t E 

. S imilar ly  by ( 3 . 4 ) f '  ( t )  O 

We have then , r ( t )  = r e to) V 

and 
V 

1. 

and 
t E 

Fr ene t  curve on 1 .  L e t  r = r e to) ' 

sums from j = l to r ( t ) + 1  o 

by (2 . 1 )  and ( 3 .4 ) 

t E l 

a gain , f ( t) = O 'rj t E r . 
l and ther e for e ,  C(t) i s  a 

We have to prove now t hat the Frenet  curvatur es o f  C ( t )  a r e  
cons tant on l. 
In fac t , we sha l l  prove that for each j , 1 < j < r ,  we can 
wr i t e  

V. ( t )  J P. ( t )  J + Q. ( t )  J ( t angent and normal ) 
( 3 . 5 )  

V� P. O v1 Q. k. l e t )  con s tant 
y J Y J J -

L e t  us pro c eed by induc t ion  on j .  For j = 1 

VI ( t )  C ( t )  
e . 

V . y y 

Plet) + QI ( t )  QI = O 

O ko ( t )  = II C ( t ) 1I 

As sume t hat  ( 3 . 5 )  i s  true for each j < i < r .  We have to  show 
this for i + l . Now we have 
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( 3 . 6 )  V�( t )  = V� P. + V� Q. 1 Y 1 Y 1 

We s ha�l s how f irst t hat  ki = c o n s tant and then c o mp l e t e  t he 

o t her par t s  o f  ( 3 . 5 ) . We know [ 9 , p . 3 9 ,  ( 1 0 ) ]  t ha t  

( 3 . 7 ) k . ( t )  = IIV' . ( t )  + k. IV .  l ( t ) 1 I 1 1 1- 1- (> O for 1 < i < r ) 

Then , r ep l a c ing the value s  o f  Vi_l and the  der iva t ive , one  
g et s 

( 3 . 8 ) [ki ( t ) ] 2 1IDcY ,Pi) AQ.y + ki_lPi_11l2 
+ 

1 
+ lIa (y , p ) + ki_lQi_11l2 = u(t) + v ( t )  

and , by induct ion , i t  i s  ea sy  t o  s e e  t hat  u and v ar e  c o n s t ant .  

Once t hat we  know t h i s  we can c o mput e Vi+l ( r eca l l  ki > O for 
1 < i < r)  . 

( 3 . 9 ) 

and , s inc e 

c an ea s i ly  

V i+ I ( t )  = k. [V i ( t )  + k i _ 1 ( t )  V i _ I ( t ) ] = 

1 
'1 . , • 

ki [(D(y ,Pi) -AQiy+ki_IPi_I) +(a(y ,P)+ki_IQi_I) ] 

P i+l ( t )  + Qi+1 ( t )  

k . = cons tant , we have V: 1 y 
get  V: Q. 1 = O .  In  t h i s  y 1+ 

Pi+1 = O.  S im i l ar l y  o n e  

way we. have proved ( 3 . 5 )  . 

L e t  u s  prove now the . s econd par t of ( 3 . 2) . Let Y l ( t )  = e (y(t) )  a 

and let TI be the rank o f  C
I

(t) = i (yl (t) ) . We have its Fr enet  fr ame 

. VII,V12 , .. "VIr1 and we can writ e  ( 3 . 5 )  for the c ur ve C l 

( 3 . 1 0 ) 
V lj ( t )  P1j(t) + Qlj ( t )  

V: PI' O = V: Qlj kl(j_l) 
= c o n s t ant . y 1 ] Yl 

Our n ext obj ect ive  i s  to prove the  fo l lowing ident i t i e s . 

For  each j 
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(3 . 1 1 ) Plj (O) = SPj (O) 

C l ear l y ,  t hey are true for j = 1 so  we as sume t hat they ho ld  
for each j � i < r and prove t hem for  i + 1 . 

L e t  us wr i t e  ( 3 . 8 )  for Yl. 
2 2 [kli] IID(ea*y,Pli) -AQI/a*Y + kli-lPli-ll1 

+ Ila(ea*y,Pli) + kli_lQli_111
2
. 

+ 

At t = O ,  we have by induction and the  r emar ked proper t i e s  o f  

D, Ar., and a that 

• • 2 . 2 11 S [D (y , P. ) -AQ Y + k. 1 P. 1] 11 + 11 a (-1, P . ) + k. 1 Q. 111 = 1 i 1- 1- 1 1- 1-

[k. ] 2 
1 

and ther efor e ,  s inc e t hey ar e po s i t ive , 

I n  ord er to  compl e t e  the proo f o f  ( 3 . 1 1 ) ,  we wr i t e , for Yl' 
the  formul a ( 3 . 9 ) . 

Vli+l ( t )  1 . .  . 
-k [D(e *y ,Pl·) AQ e *y+k. lPl· 1 + i a 1 li a 1- 1-

+ a(e *y,Pl·) +k. lQl· 1] a 1 1- 1-

and a gain , by taking t =O, we get 

Vli+l(O) 

from which  (3 . 1 1 ) fo l l ows . 

It i s  ea sy  to s e e  now , t ha t  ( 3 . 1 1 ) imp l i e s  rl ;;;. r ,  b ecaus e 
S i s  non s ingular . 

Now we can defin e , for j 

y . (t )  J 

2 ,  . . .  ,k, new geod e s ics in M by 

e (y . (t) ) a J 
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and if we  ca ll  rj the r ank o f  Cj t hen 

r = r k ;;;<; r k-l ;;;<; ... ;;;<; r 1 ;;;<; r 

which  shows r 1 r .  Thi s  f in i shes  the  pro o f o f  ( 3 . 2) .  

Let  us comp l e t e  now t he pro o f  o f  ( 1 . 2 ) .  

The conditions are s u ffi c ient: 

G iven the  t en sor S on M we c an d-e fin e , for each  p E M , an 

i sometry by 

1Sp (v 

v

) 
(J ( v )  = p i f  

if 

o 

As  we ment ioned b e for e we ident i fy M and i (M )  e Rn+q• We have 
to  prove that  (J (M)  e M and t ha t  (J 1M = S for each  p E M .  p p P 
At t h i s  po int we  n e ed to  make the fo llowing o b s ervat ion due t o  
O .  Kowa l s k i  (pr i va t e  commun icat ion) . 

L e t  M = G / K  b e  a compact  k- symmetr ic  spac e wher e G i s  the  con 
nect ed compon ent o f  the  ident ity  o f  the  group o f  symmetr i es .  
L e t  9 and k b e  t he L i e  a l gebr a s  o f  G and K r e sp e c t ively . Let  S 
be  the  automorphi sm o f  G induc ed by the symmetry a t  t he o r i g in 
O = [K] o f  M .  Then ( G , K , S) i s  a "re guZar ho mo g e n e o u s  s-ma ni

foZd" ( [6 ]  p . 5 3 ) . Let  9 = k e m be  the  decompo s it ion  of 9 g iven 
by ( [ 6 ]  JJ. 24) which  make s G/K reduc t i v e  with re spe ct to  tha t 

decompositi o n . L e t  <X ,Y> = -B(X,Y), where  B i s  the  K i l l in g  
form o n  g .  Th i s  i s  a s ca lar product invar iant b y  every aut o 
morphi sm of g .  Let  m '  be  t he o r t ho gonal c ompl ement o f  k in  9 
with  r e spect  t o  t h i s  s calar producto This  g ive s a n ew decompo 
s it iong = kem' .  

(3 . 12,) LEMMA . The two d e composi t i o ns 9 
c o i ncide . 

k e m and 9 k e m' 

Pro of.  Let 6* be the automorphi sm of 9 induc ed by S .  Then , by 
definit ion , if A Jdg-S* , one has 
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k = ker (A) and m = I m (A) 

(The s e  ar e the F it t in g  O - component and F i t t ing 1-c omponent of 
g , r e lat ive to  A,  r e spect ively ) . 

Now 8* l eave s mI invar iant and then Ai (g) J mI V i � 1 .  But 
s inc e the  d imen s ion s o f  m and mI co inc ide  we have m mI . o 

( 3 . 1 3 )  COROLLARY . T h e  c a n o n ical c o n n ec ti o n  VC of t h e  r egular 
-

homog e n e ou s  s-ma n i fold ( G , K , 8) and t h e  cano n ical c o n n ec t i o n  V 

o f G / K  w i t h  r e sp ec t  t o  t h e  decompo s i t i o n  g = k E!) mI co i nc ide. 

Pro o f . Thi s  fo l lows  from the fac t  tha t  the  canonic a l  connec 
t ion o f  a homogeneous  spac e G/K , r educ t ive w i th  r e spec t  to  the 
decompo s i t ion  g = k E!) m , i s  un ique ly d e t ermin ed by t he cho ic e 
of  m ( [ 6 ]  p . 29 , 1. 6 ) . o 

( 3 . 1 4) COROLLARY . L e t  (M , g , { 8 : x E M}) b e  a c ompac t conn ec t ed x 

Ri e m a n n i a n  r egular s-ma n i fold o f o rd e r  k .  L e t  VC b e  its c a n o

n ic al c o n n ec ti o n  a nd p b e  a p o i n t  i n  M .  T h en giv en any poin t  

x E M t h e r e  exi s t s  a VC-g e ode s ic i n  M jo i n i ng p to  x. 

Pro o f . Let g = RE!) m be the ortho gonal  dec ompo s i t ion w i t h  r e s 
pect  t o  t he K i l l in g  form B on  g . The r e str i c t ion o f  ( - B )  to  m 
induc e s  on  M a n ew Ri emann ian metr ic h (X , Y) wh ich  ma kes  M a  
natu rally r educ t iv e  homog e n e ous  spac e [ 5 , I I , p. 2 0 3 ] . One 
knows ( [ 1 ,  p . 5 5 ] ) tha t  the  c anonical  conn e c t ion V on M ,  w i th  
r e sp e c t  to  t he decompo s i  t ion g = R E!) m , ha s the  s ame geod esics 
that t he Ri emann ian c onnect ion corr e spond ing  t o  the metr ic h .  
Then the cor o l l ary  fo l l ows from ( 3 . 1 3 ) and the theor em o f  
Hop f - Rino\V [ 4 , p .  5 6 ] . o 

L e t  y b e  t h i s  VC - geode s ic j o in ing  p t o  x; we may a s sume 
y ( O ) = p .  Put Yl = 8p (Y). By ( 3 . 2 )  Y and Yl ar e Fr enet curve s 

in Rn+q o f  t he s ame o s culat ing rank r (1 < r < n+q )  and the ir 
corr e spond ing c ur vatur e s  ar e equa l and c o n s tant . 
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By keep ing the same no t a t ion  as in t he pro o f  of ( 3 . 2 )  we c a l l  
Vj and V1j t h e  Frenet  fr ame s o f  y and Yl r e spect ively . By t h e  

na tur e o f  t he cur vatur e s  in t h i s  c a s e  i t  i s  enough t o  s how 
t hat  

i = 1 ,  . . . , r  

To t hat  end we have  p l enty o f  informa t ion in t he pro o f  o f  
( 3 . 2 ) . C l ear l y  t h i s  ident ity  fo l l ows from ( 3 . 5 ) ,  ( 3 . 1 0 ) and 
( 3 . 1 1 ) and t hen a (M) E M. I t  is now c l ear t ha t  a 1M = e p p p 
and the  pro o f  o f  ( 1 . 2 ) i s  comp l e t e . 
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