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THE DISTRIBUTIONAL CONVOLUTION PRODUCTS 
OF (P ± iO)A . I<.}(P+) AND (mi + P ± iO)A . 1<·}(m2 + P) 

MANUEL A. AGUIRRE 

Abstract: 
In this note we establish the distributional eonvolution produets of the form (P ± 

iD)>' * c5(Io} (p+ ) (e.E. (1,2,12), (1,1 ,40), (1, 1 ,41), (1, 1 ,42) and (1,1 ,43)) and (m2 + P ± 
iD)>' * c5(Io} (m2 + P) (e.E. (1,3,4), (1,3,5), (1,3,6), (1,3, 7) and (1,3,8)) . 

We obtain the results by using systematieally the Fourier transformation and to 
obtain (m2 + P ± iD)a-l * c5(Io} (m2 + P) we have employ the expansion 

c5(Io} (m2 + P) = L: (:2r c5(Io+JI}(P+ )  
JI?:,:o 

(e.E. [2] , page 6, formula (1, 1,24)) . 

The eonvolution produet (P ± iD)>' * c5(Io} (p+ )  generalizes the result ([1 ] ,  page 13, 
formula (1 ,3,6)). 

1.1 Introduction: 

Let P be a non degenerate quadratic form in n variables on the form, 
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(1,1 , 1 )  

w�ere n = JI. + JI and c5(Io}(P+) the derivate of k order oí the delta measuxe of Dirac (cf. [5] , 
page 249) .  

The distribution (P ± iD)>' i s  defined by 

(P ± iD)>' = lim(P ± ie(z)2 )\ (1,1 ,2) 
e-+O 

where e >  D ,  Iz l 2  = zi + . . .  + z�, A E e .  

These distributions are analytic in A everywherf' except at A = - i - k ,  k = 0 , 1 , 2 ,  . . .  , where 

they have �imple poles (cf. [51 , page 275) .  

In this paper, we give a sense to the products of convolution: 

(1,1 ,4) 

and 
(1,1,5) 
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where, 

e >  O ,  m a positive real number. 

Here * designates as usual the eonvolution. 

To obtain (1,1 ,4) and (1,1 ,5) we take into aeeount the following results , 

( [5] , page 278) ,  

(P ± iO)>' = P'; + e:Hwi P� ,  ( [5] , page 276) ,  

(P ± iO)>' . (P ± iO)!' = (P ± iO).\+!', ( [7] ,  page 23 , formula (1,3 ,1» 
n A and p. are eomplex numbers such that A, p. and >. +- p. i= - 2" - k ,  

k = 0 , 1 , 2 , . . .  , 

(P+iO)1e = (P - iO)1e = pie ( [5] , page 276) ,  

k integer non negative; 

{ (P ± iO)>' } 1\ = a(>., n)e'f.qi (Q 1= iO)->'- ]- ,  [5] , page 284) ,  

{P';}" = b(>., n) [e-Wi(.\+;'>(Q _ iO)->'- ]- - ewi(>'+;' > (Q + iO)�>'- � ] , 
( [5] , page 284) ,  

{P�}I\ = -b(A, n) [e- � (Q - iO)->'- �  - e 7�V (Q + iO)->.- t] , 
and ( [5] , page 284) 

(m2 + P ± iO)>' = � (m2 )" r(>. + 1) (P ± iO)>'-k 
L..., k !  r(>. - k + 1)  

, 
"=0 

(ef. [2] 'page 4, formula (1,1 ,13» 

for m2 $ P(z) and >. i= k - T - 1 , 1 = 0, 1 , 2 . . . .  

Where, 

(1,1 ,6) 

(1,1 ,7) 

(1,1 ,8) 

(1,1 ,9) 

(1,1 ,10) 

(1,1 ,11)  

(1,1 ,12) 

(1,1 ,13) 

(1,1 ,14) 

(1,1 ,15) 

(1,1 ,16) 

(1,1 ,18) 
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In (1,1 ,1 1 ) ,  (1 ,1 ,12) and (1,1 ,13) .  Here /\ designates the Fourier transform: 

¡ = f .f (z)e-i("' ,y} dz ,  (1,1 ,19) lRn 
where ( z ,  y) = Z l Yl + Z a Ya + . . .  + ZnYn ' 

The distribution (P ± iO )>' have poles at the point A = - 1- - k , k = 0 , 1 , 2 ,  . . .  and from 

[5] , page 276 we have, 

where 

JL + II = n . 
On the other hand, from (1,1 ,8) and taking into account the formula: 

r(A)r(1 -- A) = 7r ese h( [4] ,  page ) 

we have, 

From (1,1 ,23 ) ,  taking into account (1, 1 ,7 ) ,  (1,1 , 11 )  and the formula 

we have, 

where 

Residuo r(z) = (_1 )k ( [3] , vol I, page 2) ,  z=-k k ! 

{ (P  _ iO)-k-l _ (P + iO )-k-l } "  = 
=d( n, k ,  7r ) [e"7ri/2 (  Q + íO) - Hk+l _ e -lI1ri/2 ( Q - iO) - %+k+l ] , 

(1,1 ,21)  

(1,1 ,22) 

(1,1 ,23) 

(1,1 ,24) 

(1,1 ,25) 

(1,1 ,26) 

On the other hand, the distribution ÓCkl (p+) exists only if k < � - 1 (c .f. [5] , page 250) . 
We observe that (m2 + P±iO)>' are entire distributional functions of A . Tbfs is the principal 

difference b etween the distril?utions , formally analogue (P ± iO)>' which have poles at the points n A = - '2 - k , k = 0 , 1 , 2  . . . .  
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1.2 The convolution product (P ± iO)A * 6<�)(p+) 

LEMM A :  Let A and p, be complex numbers such that A, p, and A + p, f:. - I- - k ,  k = 

0 , 1 , 2 ,  . . .  , then the following formulae are valid, 

p.-/')7ri (p _ iO)>' • (P + iD)/' + e-(>.-/,)1ri (p + iD)>' • (P - iD)" = 

= [1 - C(A, p,)] e(>'+/,)lI'i(p + iO)>'+/' (1,2,1) 

and 

(P + iD)>' • (P - iD)" + (P - iD)>' • (P + iD)/' = 
= [1 + C(A , p,)] (P - iO)>'+/' + [1 - C(A , p,)] (P + iO)>'+/' 

where 

C( A ,  p,) = 2i sin h · sin p,7rcsc( A + 1L)7r 

and (P ± iD)>' is defined by the equation (1, 1 ,2). 

Proof Prom [5] , page 277, formula (3 ) ,  we have, 

and 

The distributions P� and p� have two sets of singularities ,  namely, 
A = - 1 , -2 ,  . . .  - k ,  . . .  and 

A = - I- ' - I- - 1 ' ' ' ' ' - I- - k ,  . . . . 

(1,2,2) 

(1 ,2 ,3 ) 

(1 ,2 ,4) 

(1 ,2 ,5) 

Therefore, for A, p" A + p, f:. - I - k and A, p" A + p, t= - 1 ,  -2 ,  - 3 , . . .  and taking into 
account the formulae (1 , 1 ,8 ) and (1,1 ,4) we have , 

and 

- (2it1 (sin(A + p,)7r)-1 [e-(>'+/')1I'i (p + iO)>'+/' - e( >'+ /,)1fi (p - iO )>'+/'] = 

= P;+/' = P;" Pt = (2i sin A7rt1 . (2i sin p,7rt1 • 

[e-hi(p + iD)>' - e>'1ri(p - iD)>'] . [e->'1ri(p + iD)>' - e/'1I'i (p - iO )"] = 

(2i sin h-1 • (2i sin p,7r ) -1 { [e-(>'+/,)1ri (P + iO)>'+/'+ 
+ e{ >'+/')1ri(p _ iO)>'+/'] - [e( >'-/')1I'i (p - iD)>' . (P + iO)"+ 
+ e-(>'-/')1ri(p + iO)>' • (P - iD)"] } 

2i sin(A + p,))-1 [(P + iO )>'+/' - (P _ iO )>'+/'] = p�+n = 
p� . P� = (2i sin A7r )- 1 . (2i sin p,7r) - 1 . 
[ (P + iD )>' - (P - iD)>'] .  [(P + iD)" - (P - iD)/'] = 

(1 ,2 ,6 ) 



and 

and 
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=(2i sin .h)- 1 . (2i sin Il1l')-1 . 
{ [(P + iO ) >'+/l + (P - iO)>'+/l] -
- [(P + iO)>' • (P - iD)!' + (P - iO)>' • (P + iO)!'] } 

From (1,2 ,6) and (1,2 ,7) we have, 

(P + iO)>' .  (P - iO)/l + (P - iO)>' • (P + iO)!' = 

_ (P . )>'+/l [ (2i sin(>. + 1l)1I')-1 ] - + ill 1 - + (2i sin >.11' )- 1 (2i sin 1l7r)- 1  
P . >'+/l [ (2i sin(>. + 1l)1I') -1 ] + ( - tO) 1 + (2i sin h)-1 (2i sin Il1l')- 1  

From (1,2 ,8 ) and (I ,2,9) we  obtain (1,2 ,9) 

e( >'-/l)7ri (p _ iO) .  (P + iO)!' + e-( >.-/l)1rí (p + iO )>' .  (P - iO )!' = 

= [1 + c(� , Il) ]e-(>.+/l)1rí (p - iO) >.+/l + [1 - c(>' , Il)] ' 
• e( >'+/l)1!"i (p _ íO ) >.+/l 

(P  + iO )>' • (P - iO)!' + (P  - iO ) '\ • (P  + iO)!' = 

= [1 + c(>', Il) ] (P - iO)>.+/L + [1 - c(>' , Il)J (P + iO)>.+/L .  

Where c(>', Il} is defined by  the equation (1,2 ,3) . 
Formulae (1,2 ,10) and (1,2 , 1 1 )  are identical with formulae (1,2 , 1 )  and (1,2 ,2) . 

(1,2 ,8 )  

(1,2 , 10 )  

(1,2 , 1 1 )  

n . THEOREM Let >. a complex number such that >. # - - - k ,  >. # - k , k a non negatlve 2 
integer and n dimension of the space such tbat ?!: - k - 1 be a p ositive integer, it results the 

following formula: 
2 

(P  ± iO )>' d( k) ( p+ ) = K(>',  n, k , 'Ir ,  i ) .  

[AlI,n (>.)e -�� ¡  (P - iO )>.+ � -k-l + B",n(>.)e "; '  (P + iO )>'+� -k-1 ] 

where, (P ± iD) is defined by the equation (l,2,12), (l,I ,2), §(k) (p+) by the e.quation (l, I , 7) ,  

K(>., n, k , lI' , i) = b(>. , n)d(n, k , lI' , i) . [a ( >. + � _ k _ 1 , n) ]  - 1  , (1 ,2 ,13) 
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A",n('\) = eH,,¡ [e"¡" - 1 + c( - ,\ - i , - i + k + 1) ] 
+ e>',,¡ [-e"¡" + (_I)U (1 + c( - ,\ - i , -i + k + 1) ) ] , 

B",n('\) = eH,,¡ [e-"¡" - 1 - c (  - ,\ - i , - i + k + 1) ] + 

+ e->'''¡ [-e-"¡" + (-lt (1 - c( - ,\ - i , - i + k + 1) ) ] , 

(1,2,14) 

(1,2,15) 

a('\, n) is defined by (1, 1 , 15), b('\, n) by (1,1 ,16), d(n, k , 'Ir , i) by (1,1 ,26) and c('\, n) by (1,2,3). 

Here * designates, as usual, the convolution. 

Proof: Let P+ the generalized function defined by the equation (1 ,1 , 17) and {6( k) (p+ n" by 
the equation (1,1 ,25 ) where 1\ indicates the Fourier transformo 

On the other hand, from [5] , page 276 (P ± iO)>' are entire distributions 

function in ,\ everywhere except at ,\ = -� - k , k = 0 , 1 , 2 , . . .  , 6( k) (p+) E S' , where S' 
2 

( [6] , page 233) is the dual of S and S is the Schwartz set of functions ( [6] , page 268) , that the 
following formula is valid 

{ (P ± iO)>' * ,5<k) (p+) } "  = { (P ± iO)>' } "  • {6(k) (p+) } "  
for ,\ f:. - j - k , k = 0 , 1 , 2 , . . . . (1 ,2 ,16) 

Prom (1,2 ,16) and taking into account the equations (1,2,8 ) , (1 ,1 ,12 ) , (1 ,1 ,13 ) , (1,1 ,25 ) and 
(1,1 ,9) we have, 

{ (P ± iO)>' * 5(k) (p+) } "  = [{P';}/\ + e±'>.1r¡{P�}"] . {6( k) (p+) }"  = 

= { b('\, n) [ e'lfi>'e- T;" (Q - iO)>.t - e'lfi>'e ";� e o;; (Q + iO)->'- j- ] _ 

- beH1ri [e-1!"i � (Q - iO)->'- j- - e1ri� (Q + iOt->'- � ] } • 

• {d(n, k , 'Ir) ' [e o;; (Q + iOt �+k+l - e- -"f' (Q � iOt �+k+l ] } = 

= d(n, k , 'Ir)b(,\ , n) { [(e->'1ri(Q - iO)->'- � • (Q + iO)- �+k+l + 

+ e>.1ri(Q + iO)->' - � . (Q _ iO)�+k+l ) _ (e-v1rie->'1ri(Q _ iO )- >'- � - '} +k+ l + 
({ Q - iO) - >'-�  • (Q + iO)- �+k+l + (Q + iOt>'- � • (Q - iO)- �+k+ l ) 
- e1riv(Q _ iO)->'- � - �+k+l + e1riv(Q + iO)->'- � - F k+l )] } _ (1,2 ,17) 

Prom (1,2 , 1 ) and (1,2,2 ) , we have 

e->'1ri(Q _ iO)->'- � . (Q + iO)- Fk+l + 
e>.1ri(Q + iO)->'- j- . (Q - iOt j-+k+l = 

= ( _1 )k+l [e( ->.-k-l )1ri (Q _ iO)->'- � . (Q + iO) '}+k+l + 
+ e-( ->.-k-l )1ri (Q + iO)->'- � . (Q - iO)- �+k+l l  = 

= ( _1 )k+l [e( ->.- � -( - �+k+l ))1ri ( Q _ iO) ->'-�  . (Q + iO)- �+k+l + 
+ e- (->'- j- -( - j-+k+1)) (Q + iO)->'- j- . (Q - iO)- j-+k+l ] = 

= ( _1)k+l [( 1 + c)e-( ->.- F( - �+k+l » 1ri ( Q + iO)>'- ;- -�+k+l + 
+ (1 - c)e( ->' - F(- Fk+1))1r¡ (Q - iO)->'- � - �+k+l ] 

= [( 1 + c)( -lte>.1ri(Q + iO)->'- � - Fk+l ] (1,2 ,18 ) 



and 
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(Q _ iO)-A- � . (Q t iO) - y+k+1 t (Q t iO)-A- � • (Q - iO )- Fk+1 = 

= (1 t c) (Q - iO) -A- y - �+k+1 t ( 1 - c) (Q + iO)-A- �- �+k+1 , 

where e = c ( - A - i - i t k t 1) and C(A,  n) is defined by the eqüation (1,2 ,3 ) . 

Therefore ,  from (1,2 ,17)  and (1,2 ,18 ) we have, 

[Av.n(A) (Q t iO)-A- � - Hk+1 t Bv.n(A)(Q - iO)-A- � -:- y+k+1 ] , 

where, b(A , n) is defined by (1,1 ,16 ) ,  d(n, k , 1I") by (1 , 1 ,26 ) ,  

Av.n(A)  = eH,.i [e1riV - 1  t c ( - A - i , - i  t k t 1) ]  t 

t eA1ri [_eV1ri t ( - 1 t (1 t c ( - A - i ,  - i t k t 1) ) ]  + 

Bv.nU,) = eH1ri [e-1riV - 1 - c ( - A - i ,  - i- t k t 1 ) ] t 

t e-A1ri [_e-1riV t ( - 1t (1 - c ( - A - i- ,  - i  t k t 1) ) ] , 

and c(A , n) is defined by the equation (1,2,3 ) . 

On the other hand, from (1 , 1 , 1 1 )  we have, 

{ (P ± iO).\H -k-1 }1I  = 

=a ( A t i - k - 1 , n) é q.! (Q ::¡: iO)- A- � - y+k+1 , 

(1,2 , 19) 

(1 ,2 ,20) 

(1,2 ,21 ) 

(1 ,2 ,22) 

(1 ,2 ,23) 

where a(A , n) is defined by the equation (1 , 1 , 15 )  and A indicates the Fourier transformo 

From (1,2,20 ) and taking into account the equation (1,2 ,23) we have, 

{ (P ± iO)A * Ó(k) (pt) } 1I  = k(A" k , 1I" , i )  • 

• { Av.n(A)e- q.! (p - iO)A+ y-k-l 
t Bv.n(A) (A)e ·�¡ (P t iO )A+ �-k-1 } 11 (1 ,2 ,24) 

where 

k (A, n, k , 1I" , i ) = b(A , n)d(n, k , 1I" ) [a ( A + i - k - 1 , n) ] -1 , (1 ,2 ,25 ) 

a(A , n) is defined by the equation (1,1 , 15 ) ,  b(A , n) by the equation (1 , 1 , 16)  and d(n, k , 1I" ) by 

the equation (1, 1 ,26 ) .  
Finally, using the theorem o f  unicity for the Fourier transform, froID (1 ,1 ,24) w e  conclude, 

(P  ± iO )A  * Ó(k) (Pt)  = k (A, n, k , 1I" , i) • 

• [e .�¡ Av.n(A) ( P - iO)A+ y-k-1 t Bv.n(A)e � (P t iO )A+ y- k- l ] , 
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where k()' ,  n, k ,:n· ,  i) , A",n().) and B",n().) are defined by (1,1,25) ,  and (1,2,22) ,  respectively. 

and 

Formula (1,2,26) proves our assertion (1,2 ,12) .  

On the other hand, from (1,2 ,3) , we have, 

e ( - ). - � - � + k + 1) = 
2 '  2 

-2i sin ( ). + �) ,.. . sin (� - k - 1)", 

Therefore from (1,2,27) we have, 

c ( - ). - � - �  + k + 1) = O 
2 '  2 ' if n is even, 

e ( - ). - � , - � + k + 1) = 2i cos ).,.. • e s e ).,.. , if n is odd. 

(1,2 ,27) 

(1,2 ,28) 

(1,2 ,28) 

From (1 ,1 ,14) and (1 ,2 , 15 ) and taking into account the equations (1,2,28) and (1,2,29) we 
have the following conclusions : 

1 .  If n and v are even, then 

andB",n().) = O, 

2 .  If n is even and v is odd, then 

A",n(A) = - 2(e±hi - eA,..i ) and 

Bv,n(.�) = - 2(eH,..i -, e-A,..i ) . 

3 .  If n is odd and v is even, then 

4 . If n and v are odd, then 

Also, taking into account the equations (I,1 ,15 ) , (1,1 ,16 ) and (1 ,1 ,26 ) we have, 

Oll the other hand, taking into account the equation (1,1 ,21 ) we have, 

r ( _ ). _ � + k + 1) = _
I1

_ .  ___ --,-
1

_-=-_,-
2 sin )"" ( - l ) � -kT ()' + � - k) ' 

(1,2,30) 

(1,2 ,31 ) 

(1,2,32) 

(1,2 ,33) 

(1,2,34) 

(1,2,35) 



if n is eyen , 

and 

if n is odd.  

44 

r ( - A - � + k + 1) = 
'Ir 1 

cos h . (- 1 )k ( -1 )  u;- ' r (A + � - k) , 

Prom (1 ,2 ,34) , (1 ,2 ,35 )  and (1,2 ,36) we have , 

and 

where 

- JI K = K(A , n, k )  ) !!. -k ' \ ' if n is even, t -1  2 Sm A'Ir 

- JI K = K(A, n, k )  
u , , if n is odd, ( - 1 )k ( - 1 ) -' C O S  A'Ir 

(1 ,2 ,36 ) 

(1 ,2 ,37 ) 

(1 ,2 ,38 ) 

(1 ,2 ,39 ) 

Therefore ,  taking into accout that n = J1. + 11 ,  wher-a J1. is the numb er of the p ositive 

squares and 11 is the number of the negative squares and taking into account (1 ,2 ,30 ) ,  (1 ,2 ,31 ) ,  
(1,2,32 ) , (1 ,2 ,33 ) , (1,2,34 ) and (1 ,2,38 ) , the equation (I ,2 ,12 ) can also be  explicitely written as 

the following formulae : 

1 .  (P  ± iD»- * 5(k) (p+ )  = O ,  if n is even and 11 even. (1,2 ,40) 
2 .  (P  ± iO)>' * 5( k) ( p+)  = 4+1 K(.\,  n, k ) 'Ir ( - 1 ) "';1 ( _ 1 ) y -k • (P ± iO)>.+ Y -k-1  , if n is even 

and 11 is o dd. (1 ,2 ,41)  

3 .  ( P  ± iO)>' * 5( k) (P+)  = ::¡:4i( _ 1 ) ;'2 K(A ,  n, k )'lre±>. ... i . p�+ lf -k-1 , i f  n is odd and 11 is  even. 

(1 ,2 ,42 ) 

4. (P ± iO ) >' * 5(k) (P+) = ±  4i( -1 )� , K(A , n, k)'Ir . p+>'+ lf -k-1  if n is o dd and 11 odd. 
( - l )k ( -1 )  .... 

(1 ,2 ,43 ) 
or equivalently, 

5 . ( P  ± iO)>' * 5<k) (p+ )  = ±4( _l )k (  - 1 ) Y  K(A, n, k ) . 'lrp+>'+ lf -k-1  if n is  o dd and J1. is even. 
(1,2 ,44) 

Here K(A , n, k )  is defined by the equation (1 ,2 ,31 ) . 

In particular, if A = 1 is a noncnegative integer , from (1 ,2 ,40 ) ,  (1 ,2 ,41 ) .  (1 ,2 ,42 ) ,  (1,2 ,43 ) 
and (1 ,2 ,44) and t aking into account (1 , 1 ,8 ) we have, 

1. pI * 5( k) (p+ )  = O ,  if n �s even and 11 even. (1,2 ,45) 

2. pl � 5( k) (P+) = ( - 1 ) e:¡.! M(n, k )P'i+I-k-1 , if n  is even and 11 odd. (1,2 ,46 ) 
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3. pi * Ó( k) (P+) = :¡:(_1 ) 1 (_i)(_ 1 )k(_1 )h n;2 . M(n, k ) . p�+ 'f -k-l  if n is odd and 11 is 
even. (1,2,47) 

4. pl * Ó(k) (p+) = :¡:( -1 ) 1j- ( - 1)i1l"� M(n, K) . p+l+ t-k-1 if n is odd and J.L is even. (1,2 ,48) 

r(l + l )r( 1 + �)11" n;2 
where M(n, k ) = 

r(l + � + � _ k _ l)r(l + � _ k) 
(1,2 ,49) 

We observe that the formulae (1,2,45) and (1,2 ,46) appear in [1 ] , page 13 ,  formula (1 ,3 ,6) . 

1.3 The convolution product (m2 + p ± iO)� . 6<Jo}(m2 + P) 

A natural generalization of the Theorem (paragraph 1,2, formula (1,2 ,12)  is obtained by 
taking into the equation (1,1 ,14) and the formula, 

( c .f. [2] , page 6, formula (1,1 ,24) ) . 
In fact , from (1,1 ,14) and (1,3 , 1 ) ,  we have, 

where 

(m2 + p ± iO)" * ó(k) (m2 + P) = 

= L D-y{'\, s, m2 ) [( P ± iO)"-'  * ó( k+"Y- ') (P+)] , 
"Y�o 

2 
"Y (m2 )"Y r('\ + 1) 

D"Y('\ , s , m ) = � s ! (r - s) ! r('\ - s + 1) 

(1,3 ,2) 

(1,3 ,3) 

Therefore, from (1 ,3 ,2 ) and taking into account the equation (1,2 ,12)  we have proved the 
following 

THEOREM : Let ,\ a complex number such that ,\ '1 _ ?:.  - k , ,\ '1 -k , k a non-negative 
2 

integer and n the dimension of the space such that ?:. - k - 1 be a positive integer, then the 

following formula is valid: 
2 

k('\ - s ,  n, k + l' - s ,  11" , i) [A ... ,n('\ - s)e - �T '  (P + iO )"+ j- -(k+"Y)- l+ 

+ B ... ,n('\ - s )e "; ' (P  + iO)"+ t-(k+"Y)-l j , (1,3 ,4) 

where, k('\ - s , n, k + 1'  - s , 1I" , i) is defined by (1,2,13),  A ... ,n('\ - s) by (1,2, 14) and B ... ,n('\ - s) 
by (1,2, 15) .  

In particular, from (1,3,4) when m2 = O ,  l' = O ,  and taking into account the formula (1,3,1) 
we obtain the formula (1,2, 12) (paragraph 1,2). 

On the other hand, taking into account (1,2,40), (1,2,41), (1,2,42), (1,2,43) and (1,2,44) the 

formula (1,3,4) can also be, explicitely, written in the following manners: 
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1 .  (m2 + P ± iO)>' * 6( k} (m2 + P) = O iE n is even and v even. (1,3,5) 

2. (m2 + P ± iO)>' * 6(k} (m2 + P) == ¿:')'<,:o { D')' (A , S , m2 )  • 

[4K(A - s , n, k + / - s , 11' ) • 11' ( -1)  V� '. (  -1 ) '} -( k+')'} ] } (P ± iO)>.+ '} -( k+')'}- l iE n is even and 

v is odd, (1,3,6) 

3. (m2 + P ± iO)>' * 6(k} (M2 + P) = ¿ {D')' (A , s , m2 ) .  
')'<':0 

[ ::¡:  4iK(A - s , n, k  + / - S , 1I') ' 1I'( _ 1) � e±(>.- ·}1I'i] ( _1 ) }P�+]- -(k+')'}- 1 iE n is odd and v 

even. (1,3, 7) 

4. (m2 + P ± iO)>' * 6( k} (m2 + P) = ¿( -1 )� D')' (A , s , m2 ) 
')'<':0 

[ ± 4iK(A - S , n, k + / - s , 1I') ' 1I'(-1 )( k+')'}-1 ] . P+>'+ '2- -(k+')')-1 iE n is odd and v even. 

(1,3,8) 

Here '1?(A  - s , n, k +/ - s , 11' ) Ís defined by tne equation (1,2,39) and D')' (A ,  s , m2 )  by (1,3,3). 

On tne otner nand, Emm [4] , page 566, we nave, 

wnere, 

and 

2 >. { (m2 + P)>. iE m2 + P :::: O 
(m + P)+ == O iEm2 + P < 0  

(m2 + P)" = 
, { ( _ (m2 + p»>. iE m2 + p :s; 0  
- O ifm2 + P > O 

By making A = 1 non-negative integer in (1,3, 9) we nave, 

(1 ,3 ,9) 

(I,3 ,10) 

(I,3 , 11 )  

(I,3 ,12) 

Tnerefore, putting A = 1 in (1,3,5) ,  (1,3,6) ,  (1,3, 7) and (1,3,8) and takíng into account tne 

equations (1,3,39), (1,3,3) and (1,3, 12) we nave, 

1 .  (m2 + p)l * 6(k} (m2 + P) = O iE n is even and v even. 

2. (m2 + p)l * 6( k} (m2 + P) = ( _ lf�l ¿:')'>o (m2pZ  !M(n, l , k )  • 
• (P  ± iO ) l+ �-(k+')'}-l , iE n is even and ; is odd. 

4. (m2 + P)l * 6( k} (m2 + P) == :J� ( -1 )� ( -l )í . 
¿ (m2 )'Yl !M(n, l , k ) ( - 1 )" p+I+ � -( k+')')-l , if n is odd and v even . 

')'2° 

(1,3, 14) 

(1,3,15) 

(1,3, 16) 



where 
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M(n, l , k ) = 

"( r 1 - s + - n -2-( n ) n- 2 
_ "  2 - �  ( n n ) ( n ) . 

6=0 S ! (-y - s)  ! r 1 + "2 + "2 - k - l' - 1 r 1 + "2 - k - l' 
(1 ,3 ,17) 
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