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THE DISTRIBUTIONAL CONVOLUTION PRODUCTS
OF (P +i0)* » §®)(P,) AND (m? + P % i0)* « §(*)(m? + P)

MANUEL A. AGUIRRE

Abstract:

In this note we establish the distributional convolution products of the form (P +
i0)* x §(*)(Py) (c.f (1,2,12), (1,1,40), (I,1,41), (I,1,42) and (I,1,43)) and (m?® + P +
i0)* x §*)(m? + P) (c.f. (I,3,4), (I,3,5), (1,3,6), (I,3,7) and (I,3,8)).

We obtain the results by using systematically the Fourier transformation and to
obtain (m? + P £ i0)*~! x §(¥)(m? + P) we have employ the expansion

l 2\v
i + P) = Y L g0y
S ov!
(c.f. [2], page 6, formula (I,1,24)).
The convolution product (P +3i0)* * §(*)(Py) generalizes the result ([1], page 13,
formula (1,3,6)).

1.1 Introduction:

Let P be a non degenerate quadratic form in n variables on the form,
2
P=P(z)=:1+---+zf‘~zi+l—---—:cf‘_,_,,, (1,1,1)

where n = u+ v and §(*)(P,) the derivate of k order of the delta measure of Dirac (cf. [5],
page 249).
The distribution (P + i0)* is defined by

(P £i0)* = lim(P + ie(2)?), (1,1,2)

where € >0, |z|2 =2z} +---+2%, A€c.
These distributions are analyticin A everywhere except at A = —g —k, k=0,1,2,..., where
they have simple poles (cf. [5], page 275).

In this paper, we give a sense to the products of convolution:

(P % 40)* % 6(®)(P;) - (L19)

and
(m? + P £4))* x §¥)(m? + P), (1,1,5)
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where,
(m?* + P +i0)* = y_%(m’ + P +ie(z)?)?, (1,1,6)
€ >0, m a positive real number.
Here * designates as usual the convolution.

To obtain (I,1,4) and (I,1,5) we take into account the following results,

—1)*
R_e_skP_‘,’_"'1 = (kl') &¥)(P,), ([5], page 278), (L,1,7)

(P i0)* = P} + e P2 ([5], page 276), - (1,1,8)
(P £i0)* - (P £ i0)* = (P £i0)**#, ( [7], page 23, formula (I,3,1))

A and p are complex numbers such that A\, and A + p # —g —k,
k=0,1,2,..., ' (1,1,9)

(Pyi0)* = (P — i0)* = P* (5], page 276),

k integer non negative; (1,1,10)
{(P£ iO)A}A = a(\,n)eF T (Q Fi0)~*-%, [5], page 284), (I,1,11)

{P{}" = b(\,n)[e7mOHE)(Q — i0) X F — ™ HE)(Q 4 40) 727 F],
([5], page 284), (1,1,12)

xiv

(P2} = b\, m)[e™H(@ - i0) 28 — e (Q +i0) " H),

and ([5], page 284) (1,1,13)
0o 2\k .

2 (M) T(A+1) . NA—k

(m? + P £i0) _kgo o 11(,\_k+1)(1°ﬂ:10) ,
(cf. [2],page 4, formula (I,1,13)) (I,1,14)

for m* < P(z) and A£k—-3-1,1=0,1,2....
Where,
a(A,n) = 2272 T (A 4 g)[l‘(—x)]-l', (1,1,15)
b(A,m) = 2T+ 2)(20) (L,1,16)
S R ([5] 276) (1,1,18)
= » page » 1Ly
* 0 ifp<O; pes

and Q=Q(W) =i+ -ty -V~ Y BtV =1
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In (I,1,11), (I,1,12) and (I,1,13). Here A designates the Fourier transform:
f= / .f(z)e—i(””) dz,
Rn

where (z,9) = 191 + 2292+ -+ + Za¥n -

The distribution (P +i0)* have poles at the point A = -5 -k, k=0,1,2,...

(5], page 276 we have,

Residuo (P +i0)* = i"’"/zwz[«;k k'F( 4—k)] L*{s},
A=—3—k

where

I= o? o? o?
dz? oot 922 |, 022,
p+v=nm.

On the other hand, from (I,1,8) and taking into account the formula:
T(AL(1 — A) = 7 csc An([4], page )
we have,
= —(273)"IT(1 — A)[eP D™ P — i)
_ e—(A—l)ari(P + i0)>‘_1].

From (1,1,23), taking into account (I,1,7), (I,1,11) and the formula

_1)k
Res_id%o I'(z) = -(—kl% ([3], vol I, page 2),

we have,
§®(P. lim 2 —k'2"1 k
{ )} k—IT)T)— W(2w)~" (=1)".
{(P-i0)™ ' — (P +i0)*1}"
=d(n, k,’”)[e""ilz(Q + i0)~’,‘—+k+1 _ e-uwi/Z(Q _ iO)_%H“H],
where

d(n, k, 1) = 73 (—1)k2n"2k=2 (27i) "1 . F(——k—l)

(1,1,19)

and from

(1,1,20)

(I,1,21)

(1,1,22)

(1,1,23)

(1,1,24)

(1,1,25)

(1,1,26)

On the other hand, the distribution §(*)(P+) exists only if k < 2 — 1 (c.f. [5], page 250).

We observe that (m?+ P+i0)* are entire distributional functions of A. This is the principal
difference between the distributions, formally analogue (P 4140)* which have poles at the points

n
A=—-———k%k =0,1,2....
2 , k=0,1,2
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1.2 The convolution product (P + i0)* »§*)(P+)

LEMMA: Let A\ and p be complex numbers such that A\,p and A + p # —’2—‘ -k, k=
0,1,2,..., then the following formulae are valid,

e(A—p)m‘(P _ iO)’\ - (P +40)* + e—(’\—l‘)‘“'(P + 1:0)’\ < (P —-i0)" =

=[1 — ¢(A, p)] QTP 4 jo) 1,2,1)
and
(P +i0)*« (P —i0)* + (P — i0)* - (P + i0)* =
=[14 (A, p)](P - 0)*# + [1 — (A, p)] (P + i0)*H# (1,2,2)
where
c(A, p) = 2isin Aw» sin pwesc(A + p)7 (1,2,3)

and (P +1i0)* is defined by the equation (I,1,2).

Proof From [5], page 277, formula (3), we have,

P} = —(2isin Ar)~! e (P 4 i0)* — }™(P - i0)Y] (1,2,4)
and
P> = (2isinAr) 7 [(P +40)* — (P - i0)*]. (L,2,5)
The distributions Pf_ and P> have two sets of singularities, namely,
A=-1,-2,...—k,... and
A==-3,-3-1,..,-5—k,....

Therefore, for A pu, A+ p # -3 —k and A p,A+p # -1,-2,-3,... and taking into
account the formulae (I,1,8) and (I,1,4) we have,
— (20) 7 (sin(A + p)m) ! [emOHITI(P ) K _ eOHIITI(P _jg)3+a] =
= p}tH = P} P = (2isin Ar)! .+ (2sinpm) ! - _
[e7™(P + i0)* — (P — i0)*] - [e (P + i0)* — e#™H(P — i0)*] =
(2ésinAx~! - (24sin pr) ! { [e'(’\+")"i(P +i0)MH4
+ eQOHIT(P — o) HH] — [P —i0)* - (P +i0)#+
+ e QTP 4 i)« (P~ i0)] | ' (1,2,6)

and

2isin(A + p)) 7 [(P + i0)* 4 — (P — 0)*H] = P =
P>. P" = (2isin Aw)~! + (2isinpw) -
(P +140)* — (P —40)*] - [(P +i0)* — (P — i0)*] =
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=(2isin Ar)~" - (2isinpw) ! -
{{(P +i0)**# 4 (P — do)+#] -

—[(P +1i0)* - (P — i0)* + (P — i0)* - (P + i0)*] }
From (1,2,6) and (1,2,7) we have,
XTI P — §0)* - (P + i0) + " PP 4 i0) (P — i0)* =

=ty A (2ésin(A 4 p)m)~!
¢ (P +10) [1 + (22 sin Ar) =1 (2 sin prr )1 +

Odwmigp _ ooyibu |1 (2isin(A + g)m)~t 128
e (P —i0) [1 (24 sin Aw)~1(24sin pr )1 (L,2,8)

(P +i0)*+ (P — i0)* + (P — i0)* - (P+10 B
=(P 4 i0) ¥ [1 _ __(2isin(A+ p)7)” }

(2isin Ar)~1(2¢sin prr)~

(2¢sin(A + p)x)? ]
(2isin M)~ (2isin pr) !

+ (P — i)+ [1 +

From (I,2,8) and (I,2,9) we obtain (I,2,9)

eA=WT(P _ 50) . (P 4 i0)¥ 4+ e~ A=WT(P 4 0)* . (P — 40)* =
=[1+ (A, p)]e” AP — d0)ME 4 1 - e(A, )] -
- eQFITI(P — jo) Mk (1,2,10)

and

(P +40)*« (P — i0)* 4 (P — 50)* + (P + i0)* =
=[1+ c(A,@))(P — i0)*# 4 [1 — ¢(A, w))(P + i0)**. (1,2,11)

Where ¢(A,p) is defined by the equation (I,2,3).
Formulae (1,2,10) and (1,2,11) are identical with formulae (I,2,1) and (1,2,2).

THEOREM Let A a complex number such that A # —g —k, A # —k, k a non negative

integer and n dimension of the space such that g —k —1 be a positive integer, it results the
following formula:
(P £140)* x 68 (P+) = K(\,n, k,7,i).

vft

[Au,'n(’\ (P 10)A+%_k_1 + Bu,n(A)e ) (P + 20)'\+__k 1]

where, (P £ 40) is defined by the equation (1,2,12), (I,1,2), §(¥)(P+) by the equation (I,1,7),

/ n -1
K(A\n,k,7,) = b(A,n)d(n, k,7,i)- [a@ +5 k- 1,n)] , (1,2,13)
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Ay a(A) = et [ wiv 1+c( A- g §+k+ 1)]
+e"’"[ e 4 (- 1)“(1+c( A- %, % k+1))] (1,2,14)
Bua(h) = ¥ [ —1—¢(- 2~ g g +E+1)]+
+ =i [_e—’"’" +(-1)" (1 - c( -A- 5,—5 +k+ 1))] , (1,2,15)

a(A,n) is defined by (I,1,15), b(\,n) by (I,1,16), d(n,k,=,i) by (I,1,26) and ¢(A,n) by (1,2,3).

Here * designates, as usual, the convolution.

Proof: Let P, the generalized function defined by the equation (I,1,17) and {§(*)(P+)}* by
the equation (I,1,25) where A indicates the Fourier transform.

On the other hand, from [5], page 276 (P +i0)* are entire distributions
function in A everywhere except at A = —g -k, k=0,1,2,..., §(M(P+) € S', where S'

([6], page 233) is the dual of S and S is the Schwartz set of functions ([6], page 268), that the
following formula is valid

{(PEi0) « (P} = (P00} - (5B (P4)}"
for A\# -2 -k, k=0,1,2,.... (L,2,16)

From (1,2,16) and taking into account the equations (I,2,8), (I,1,12), (I,1,13), (I,1,25) and
(1,1,9) we have,

{(P £40)* x 6B (P4)}" = [{PI} + e2{P2}] - {60(P+)}" =
= {B(n)[em e (@ — i0)F — TR e F (@ +i0) ] -
— be*A i [T (Q - i0) A% — e™H(Q +i0) 73] } -
{d(n, k,7)- [eF(Q +i0)"FHEH _ o5 (@ ~jo)"FHEH]) =
= d(n, k,m)B(, n){ (7@ — i0) "% - (Q +i0) F+++14
+ewq+,o)— “EL(Q - i0)FHHY) — (e e MT(Q — i0) ARy
(@ —i0)™*7#-(Q +i0) ¥+ 4 (Q +i0) ¥ . (Q —i0)"#+*+1)
— e™Y(Q — i0) AT HHRHL | emiv(g 4 10)-A—,—§+k+1)]}_ (1,2,17)
From (1,2,1) and (I,2,2), we have
eHQ — i0)NE - (Q i) T4
e ™H(Q +140)7A"F . (Q —i0)" TR =
=(=1)k+! [e( A—k— 1)m(Q zO)—A— (Q+zO)T+’°+1
+eT(ATRDTQ +i0) 7 F - (Q — o) T =
—(1)FH [(FA-F-(CFHHDIT(Q _ o)A -F . (Q +i0) 3R 4
4+ e~ (FA-F-(=3+k41)(Q 4 i0) A% . (Q - io)-%+k+1] =
=(=1)FF1 (14 ¢)em(FA-FHFHRHIT (G | P F-FHkeLy
+ (1 _ c)e(-,\—g-+(—;;r+k+1))ari(Q _ io)-x-;‘,-g.+k+1]
=[(1+ ) (-1)" (@ + i0) A FEFEH] (1,2,18)
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and
(Q —i0) " (Q +i0) ! 4 (Q +i0) ™A F . (Q —i0) M =
=(14 c)(Q —0) A~ F~F+kH 4 (1 ¢)(Q +i0) A~ F-FHkHL, (1,2,19)
n n . L.
where ¢ = c( - - 3" 3 +k+ 1) and c(\,n) is defined by the equation (I,2,3).
Therefore, from (1,2,17) and (I,2,18) we have,
{(P £i0)* x6¥(P =)}" = d(n, k,7)b(A,n).
[40n(A)(Q +i0)A=E-34k41 4 B, (3)(Q - i0) ¥ HHRH, (1,2,20)
where, b(A,n) is defined by (I,1,16), d(n,k, ) by (1,1,26)
_ _Exwi | wiv _ 2 _E
Aun(V) = X [ — 14 ¢ - A . 2+k+1)]+
Awi | _ v _ n( _ _E__E
te [ ™ 4 (=1) (1+c( A=, 2+k+1))]+ (I,2,21)
_ o Awi | —miv 4 _y_n n '
B,.(A)=e [e 1 c( A 5 2+k+1)]+
—Ami —-miv _1\n _ S 2 -_.T_L :
e i e g (c1) (1- (- A X 2+k+1))], (1,2,22)
and ¢(A,n) is defined by the equation (I,2,3).
On the other hand, from (I,1,11) we have,
{(PLio)*ti—F13N =
:a(A + g k- 1,n)e=f”-’r‘(Q Fi0) A3 g (1,2,23)
where a(A,n) is defined by the equation (I,1,15) and A indicates the Fourier transform
From (J,2,20) and taking into account the equation (1,2,23) we have
{(P £ i0)* x 6M)(P4)}" = k(A,, k,7,5) -
{Aua( /\)e"m(P — i0)* 3 k-1
+ B,n(z\)()\)e (P 440) M E-k-1Y0 (1,2,24)
where 4
k(un,k,m,0) = b, m)d(n,k,m) [a(A+ 2 -k —1,n)] (1,2,25)
2
a{A,n) is defined by the equation (I,1,15), b(A,n) by the equation (I,1,16) and d(n,k,x) by
the equation (I,1,26).

Finally, using the theorem of uﬂicjty for the Fourier transform, from (I,1,24) we conclude

(Piio)**zs(k)( +) = k(A\,n, k,7,i) -
[ F A a(A)(P — 0 ETRTT 4 B, (M) F (P 40 ER],
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where k(\,n, k,7,%), Ayn(A) and B, ,(A) are defined by (1,1,25), and (I,2,22), respectively.
Formula (I,2,26) proves our assertion (I1,2,12).
On the other hand, from (I,2,3), we have,
n n
C(—A— E,—§+k+1) =
. n . (n
—2isin (/\ + E)r « sin (E — k—l)';r

. (1,2,27)

: n n . n n

sm(/\ + E)W . cos(E—k—l)'/r +sin (E_k - l)r * COs (/\ + E)r
Therefore from (I,2,27) we have,
n n e
c(—/\—E,—§+k+l) =0, if n is even, (1,2,28)
and

c( - %-g k4 1) = 2icosAr-cscAr,  if n is odd. (1,2,28)

From (I,1,14) and (I,2,15) and taking into account the equations (I,2,28) and (I,2,29) we
bave the following conclusions:

1. If n and v are even, then
A, n(A)=0 and B, () = 0, (1,2,30)
2. If n is even and v is odd, then

Av,n(A) - _ z(eiAwi _ eA‘n’) and

Bya(A) = — 2(eXA™ — g7, (,2,31)
3. If n is odd and v is even, then
Ay n(X) = £2¢F and B, ,()) = 2> (1,2,32)
4. If n and v are odd, then v
Aun(A) = £2e43 and B, () = +26*™ (1,2,33)

Also, taking into account the equations (I,1,15), (I,1,16) and (1,1,26) we have,

KA\ n,k,x,i)=
e TOEDD(A4 %)1‘(—,\— S+k+1)
—47(—1)k T . et . (1,2,34)
I‘_(/\+§+—2~—~k—1)1r
Ou the other hand, taking into account the equation (I1,1,21) we have,
I‘(—,\—%+k+1)= I ! (1,2,35)

sin Aw ) (_1)§—kr(A + % _ k) ’
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if n is even,

and
n
1‘(—,\—;+Ic+1) =
™ 1
. 1,2,36)
COS AT (_1\k(_1)\%L nooy? (L2,
(=1)k( 1)=r(x+2 k)
if n is odd.
From (1,2,34), (I,2,35) and (1,2,36) we have,
=K(\n k)——n—— if n is even (1,2,37)
B M C)ERsinaet ’ ”
and I
K = K(\n,k) o , if n is odd, (1,2,38)
{(-1)¥(-1)"= cosAw
where
_ T e r(,\+1)r(,\+ )
E(A\n,k) = (1,2,39)

I‘(A+ +——k—1)r(,\+5—k)n'

Therefore, taking into accout that » = p 4 v, where u is the number of the positive
squares and » is the number of the negative squares and taking into account (I,2,30), (I,2,31),
(1,2,32), (1,2,33), (1,2,34) and (1,2,38), the equation (I,2,12) can also be explicitely written as
the following formulae:

1. (P+i0)**6*)(P4+)=0,if n iseven and v even. (1,2,40)

2. (P 0 x 6 (P+) = 41 K (A n, k)m(-1)452(~1)F % - (P £ i0)* %1 if n is even

and v is odd. (1,2,41)
3. (P£i0) % 6B (P+) = F4i(—1)¥2K (A, n, k)meEA™i. PME*1 if nis odd and v is even.
(1,2,42)

. . v=1
4. (P +i0) %60 (P+) = i(_ff%(l)_)’".;?(,\,n,k)wpvﬂ-k—l if n is odd and v odd.
—1)k(-1)*F
(1,2,43)

or equivalently,
5. (P+i0)*x8F)(P+) = £4(-1)*(-1)5E(\,n,k) - xP+**+3*=1 if n is odd and g is even.
(1,2,44)
Here K(A,n,k) is defined by the equation (I,2,31).

In particular, if A = [ is a non-negative integer, from (I,2,40), (1,2,41). (1,2,42), (1,2,43)
and (I,2,44) and taking into account (I,1,8) we have,

1L P x§E)(P4)=0,if n is even and v even. (1,2,45)

2. Plx 5B (P4) = (—1)";—‘M(n,k)P%“"“1 ,if n is even and v odd. (1,2,46)
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3. Plx §0)(P4) = F(=1)}(=i)(~1)¥(~1)¥xF - M(n,k)- PP if n is 0dd and v is
even. ’ (1,2,47)

4. P'x8®(P+) = F(-1)%(-1)ix "7 M(n, K)- P+ 3-*-1 if n is odd and p is even.(1,2,48)
T(l+ )T+ 2)x™F

where M(n,k) = - - .
(. k) F(l+7+%—k—l)r(l+7-k)

(1,2,49)

We observe that the formulae (I,2,45) and (I,2,46) appear in [1], page 13, formula (I,3,6).

1.3 The convolution product (m? + P+ i0)* » §*)}(m? + P)

A natural generalization of the Theorem (paragraph I,2, formula (I,2,12) is obtained by
taking into the equation (I,1,14) and the formula,

2)y
§9(m? + P) =Y (M) §+0(p1) if P> m? and y< %~ k-1
~y! 2
720
(c.f. [2], page 6, formula (I,1,24)).
In fact, from (I,1,14) and (I,3,1), we have,

(m? + P £40)* % 6 (m? + P) =

= Dy(A, 3, m?)[(P £ i0)** x 6++7-) (P 4], (1,3,2)
720
where \
L mé)Y T'A+1
Dy(A,8,m’) = ;0 p !Er —)s) ] r(A(— s +)1)_ (1,3,3)

Therefore, from (1,3,2) and taking into account the equation (I,2,12) we have proved the
following

THEOREM: Let A a complex number such that A # —g —k, A # —k, k a non-negative

integer and n the dimension of the space such that g — k —1 be a positive integer, then the
following formula is valid:

(m? 4+ P £40)* x 6 (m? + P) = Z D.(\,s,m?)-

720
k(A= s,k +7y — s,m,i)[Ayn(A - s)e T (P 4 oM E (-1
+ Byn(A - 3)6"1'_‘(}2 + io)»\+a‘-—(k+1)—1]’ 1,3.4)

where, k(A— s,n,k+v — s,,4) is defined by (1,2,13), Ay n(A—$) by (1,2,14) and B, ,(A— s)
by (1,2,15). '

In particular, from (I,3,4) when m? =0, v = 0, and taking into account the formula (I,3,1)
we obtain the formula (I,2,12) (paragraph I1,2).

On the other hand, taking into account (I1,2,40), (1,2,41), (1,2,42), (I,2,43) and (1,2,44) the
formula (1,3,4) can also be, explicitely, written in the following manners:
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1. (m? + P £i0)* x §¥)(m? 4+ P) = 0 if n is even and v even. (1,3,5)

2. (m? 4 P £i0)* x 68 (m? + P) = ¥ 5, {Dn,(/\,s,mz)
[AK(A - s,n,k 47— s,7)-7(=1)7 (-1)F~(k+7) }(P 1 i0)M 3 -(k+7)-1 if n is even and

v is odd, (1,3,6)
3. (m?+ P £i0)* x 6(M? + P) =) {D,(\,s,m?)-
>0
[F4EQA-s,nk+7—s,7) 7r(‘y--—1)%f-’d:()\_")’".](—1)}’1’3‘+%—(k+7)_1 if n is odd and v
even. (1,3,7)
4. (m? 4 P £i0)* %60 (m? + P) = > (—1)7Dy(}, 5,m?)
720

[+ 4K (A= s,n,k+ 75— s,7)w(=1)*+N=1] . py2+5-(k+N)-1 jf n js odd and v even.
(1,3,8)

Here K(\—s,n,k+v—s,m) is defined by the equation (I,2,39) and D.(},s,m?) by (I,3,3).
On the other hand, from [4], page 566, we have,

(m? + P £i0)* = (m? + P)} + eF™(m? + P)* (1,3,9)
where, _
(m?+P)* ifm*4+P>0
m? + P)) = 1,3,10
( =10 ifm?+P <0 (1,310
and
\ —(m2 4+ P))> ifmP+P<0
(m? + P)} = (= ) ) - (I,3,11)
0 ifm?24+P>0
By making A =l non-negative integer in (I1,3,9) we have,
(m? 4+ P +i0)' = (m® + P —i0)' = (m? + P)". (1,3,12)

Therefore, putting A = I in (1,3,5), (1,3,6), (1,3,7) and (I,3,8) and taking inio account the
equations (1,3,39), (1,3,3) and (1,3,12) we have,
1. (m? 4 P)'x 6§ (m? + P) =0 if n is even and v even.

2. (m? 4 P)!x 69)(m? + P) = (-1)*F" 3, (m?)"1 (M (n, 1, k)«

(P +40)"3-(*+")-1 if n s even and v is odd. ' (1,3,14)
3. (m + P+ 69?4 P) = F(-1)((-1H(-D¥

Z(mz)"’l !(ml)’ﬁ(n,l,k)(—l)’PfL‘m k)=t ,if n is odd and v even. (1,3,15)

20 o

4. (m? + P) « §)(m? + P) = 4(-1)5(-1)i-
Z(mz)'yl "M (n,1LE)(—1) P+ 5-(F+)-1 i 5 js odd and v even. (1,3,16)
720
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where

M(n,Lk) =
n—2

v r(z—s+g)nT
,:0s!(q—s)!r(z+'2—'+g-k—7—1)1‘(1+%_k—7)'

(1,3,17)
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