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ON THE MEASURE OF SELF -SIMILAR SETS 

PABLO A. PANZONE 

A B S T R A C T . We exhib i t  a me t hod  by whi c h  we can appr oxima t e  the  

Hausdor ff mea sur e  of  s e l f- s im i l ar s e t s  of  a c er ta in c l a s s .  

O .  I N T R O D U C T I O N . I n  1 .  we s how a pr oc edur e for appr o x ima t ing  

t he mea sur e  o f  c er t a in s e l f - s im i l ar s e t s . In  2 .  we  u se  t he s e  
metho d s  t o  s how t hat  i f  K i s  t h e  Ko c h  c urve  then 

0 . 2 6  � H 8 ( K ) � 0 . 5 9 8 9  < 2 8 - 2 , s = 1 0 g4 / lo g 3  ( examp l e  2 ) . We  
a l so c a l c ul a t e  the  mea sur e of  some "r e gular "  s e l f - s imi l ar s e t s  

i n  R 2 ( s e e  examp l e  1 ,  Th . 5 ) . Th i s  app l i c at ion cont a in s  a s  par 
t icul ar ca s e s  some we l l  known r e sul t s . 

D e sp i t e  the  fac t t ha t  we r ep e a t  ar gument s and u s e  ideas  bor 
rowed from the  wor k s  o f  Hut c hinson  [H ] and Mar ion [M 1 ] , on 
the  who l e  t he method s hown s e ems to  b e  n ew .  

l .  T H E  F U N C T I O N � .  The Hausdor ff met r ic  is  d e fined on  t he co l 

l ec t ion  o f  a l l  non empty  compact  sub s e t s  o í  Rn by 

wher e [ E ]  t = { x E Rn : 

(d e · , · ) )  i s  the  usual 
F . ---+ K in s t ead o f  
J H 

in f I l x - y l ! = d ( x , E ) � t } and I ! . I I 
y E E  
norm ( d i s tanc e ) . We  s ha l l  wr i t e  
dH ( F . , K ) ) O. . J j -r oo 

We s t a t e  her e t h e  wel l - known s e l ec t ion t heor em due t'o B l a s c hke : 

Let  F b e  an in f in i t e  co l l ec t ion o f  non empty  compac t s e t s  a l l  
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l y in g  in a bounded  por t ion  B o f  RO . Then t her e e x i s t s  a s equ en 
e e  { F j } o f  d i s t in e t  s e t s  o f  F eonver gent in t he Hausdo r f f  me 
tr ie to a non - emp t y  eompae t s e t  K ,  ( c f .  [ F ] , p g . 3 7 ) . 

I A I d eno t e s  t he d iame t er o f  a s et A e RO and H S ( . ) i t s  
s -Hausdo r ff mea s ur e  ( e f .  [ F ] ) . 

A eonvex  body i s  a e o mpac t eonvex  s e t  with  non - empty  int er ior . 

The fo l l owin g  i s  a e oro l l ary  o f  B l a sehke ' s  theo r em .  

LEMMA 1 .  L e t  F í  b e  a s equ e nc e  o i"  compac t c o nv e x  n o n - emp ty s e t s 

of RO suc h  t ha t  

a ) 1 im I F . 1 = a > O i-+ro . 1 

b )  T h e r e  e x i s ts a c ompac t c o nv e x  s e t  F s u c h  t ha t  F í  e F 

f o r  a Z l  i 

T h e n  t h e r e  e x i s t s  e xi s t s  a s u b s e q u e n c e  F i . B u c h  t ha t 
J 

i )  F · -� K ,  l ·  H J K c ompac t a n d  co nvex 

i i )  I K I  = a 
i i i )  K e F 

Pr o o f .  By  t he ment ioned  B l a s c h k e  s e l e e t i o n  t h e o r em we know 
t ha t  t her e i s  a subsequence F i . s ue h  t ha t  F j .  -_.� K wher e K i 5  a 

JJ H 

n o n - emp t y  c ompae t s e t . Obv iou s l y  K e F .  A s  F ·  ---+ K we  ha v e  ]j H ' 
w i t h  E ·  ->- O .  But t h en J K e [ F  i .  1 c .  f o r a 1 1  j 

J J 
(no t ic e  t ha t  [ F . ] ar e e ompae t convex s e t s )  and l j Ej  

1 [ F i . ]  . 1  - a 
J 

E J 

Thus  I K I  ";;; 0, .  Suppo s e  t ha t  ! K I < ex .  S ine e F í ' e [ K ] c ' we have J J 
1 F í . 1 ,¡::; I [K] E . I ,  and l et t in g  j -� ro we an ive a t  a eontrad ic -

J J 
t ion . Th i s  pro v e s  i i )  and i i i ) . 

We now pro ve t ha t  K i s  the  e o nvex s e t  n [ F í . J E " O b s e r v e  t hat  
J J 
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[F . ] t ena s to K in t he Hausdor ff metr ic b ecau s e  l j E j 

Thus  g iven E > O t her e e x i s t s j o suc h  t hat  

[F i . ] E .  e [K ] E 
J J 

i f  

Then n [ F . 1 e K .  The lj E j 
inc lus ion wa s a l r eady 

e s t abl i s hed . T h i s  f in i sh e s  t he pro o f o f  t he l emma . • 

L e t  K b e  a c o mpact  s e t  in Rn such t hat  H S ( K) < 00 ( s  > O ) . Def i 
n e  for 6 > O :  

)l ( 6 )  : = sup { H s ( K n e ) ; e convex  compac t and l e l  6 }  

Th i s  func t ion  i s  a ba s ic t o o l  in o ur met ho d . 

THEOREM 1 .  )l ( 6 )  i s  c o n  t Ú¡ U O U B  fr o m  t he r i ght and non-dec rea s '¿ng. 

Fo r any 6 > O ,  )l ( 6 )  = H S ( K  n e� ) where e� i s a par t i c ula r c o m 

p a c t c onvex s e t  o f  d i a me t er 6 .  

Mo reo v er i f  fo r any c o mpa c t  c o nvex s e t  e w e  ha v e  

then )l ( 6 )  i s c on t inu o u s . 

Pro o f .  From  t he d e f in it ion o f  )l ( 6 )  we know t hat  t her e e x i s t s  a 
s equenc e e i o f  c o mpact  c o nvex  s e t s  o f  d iame t er 6 ,  a l l  l y in g  in 
a bound ed por t ion o f  Rn , suc h t ha t  

)l ( 6 )  l im H S ( K  n e i ) 
i-+co 

By  l emma 1 t her e  ex i s t s a c ompac t c onve x  s e t  e� o f  d iamet er 6 
i .  i and a sub s e quenc e e J o f  e suc h t ha t  

l im H S ( K  n [ e� l l / z k) and 
k ..... oo 
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c íj e [ C � ] 1 / 2 k if ij i s  l ar g e  enough and k f ixed . 
Then � ( o )  = H S ( K  n C� ) . 

From t h i s  one  ea s i l y  get s  that  � ( o )  i s  non - decr ea s ing . 
L et 0 0 > O and o í > O ;  i = 1 , 2 , 3 ,  . . .  , o .  -+ o . Then 1 ° 

i f  j = 0 , 1 , 2 , 3 , . . .  

° with  C O j a compac t  convex set  o f  d iame t er 0 j l y ing  in a bounded 
por t ion  of R

n
. 

° By l emma 1 ther e ex i s t s a sub s e quenc e o f  C o . ,  wh ich we d eno t e  
J 

in t he same way , such  that CO  -+ CO , wher e CO i s  °a compact O j H 
convex s e t  o f  d i amet er o . ° 

But H S ( K  n C
o

) = l im H S ( K  n [ C0 1 1 / 2 i ) and H S ( K n [ C O ]  1 / 2 i )  � 
í+ClO 

Thi s  prov e s  t hat  � ( o )  i s  cont inuous from the r i ght . 
We show now t hat i f  for any compac t  c onvex s e t  C 

then � ( o )  must  b e  cont inuous . 
Rec a l l  � ( 6 ) 

° H S ( K  n C5 ) , CO a compact convex s et o f  d iame 
° 00 

t er o . ° 

If C� o i s  not a convex body then C� o ac5 0 and by hypo t he s i s  

� ( o )  = O i f  o � 0 0 
Ther e fo r e  � ( o )  i s  cont inuous  from the O l e ft a t  oo . 

° A s sume C o 
° 

Let ] CO [ 0 0 e: 

ge t 

i s  a convex body . 

= { x :  d (X , Rn\ C� ) > d .  Thu s from t he hypo t he s i s  we 
° 
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= H S ( K  n int ( C� ) )  = l im H S ( K  n ] C� [ l / Z i ) . 
o i -+-00 o 

Th i s  imp l i e s  the cont inu ity o f  � ( o ) at  o o . • 

A mapp ing Y :  Rn -+- Rn i s  c a l l ed a contr ac t ion i f  I I Y ( x) - Y (y ) 1 I .;;; 
.;;; k . l l x - y l l  for a l l x , y  E Rn , wher e O < k < 1 .  C l ear ly a contrac 
t ion i s  a cont inuous func t ion . A contr ac t ion tha t  t ran s forms 
every sub s e t  o f  Rn to  a geometr ica l ly s imil ar set is c a l l ed a 
s im i l i tud e . Thus a s imi l itude  i s  a compo s i t ion o f  a d i l a t a t ion , 
a r o ta t ion and a tr ans l a t ion . 
L e t  Y .  i = 1 ,  . . . , m  be a s et o f  s imi l itude s  w i th  contrac t ion � 
ra t io s k . .  We know t hat  t her e ex i s t s  a un ique  non - vo id compact  

� 
m . s e t  K such  tha t K = U Y .  ( K )  ( s e e  [ F ] ) .  W e  a s sume a l so t he 

i =  1 � 
fo l lowing ( s  i s  the Hausdor ff d imen s ion o f  K ) : 

1) 

I I ) 
O < H S ( K ) < 00 ( s > O )  

H S ( Y  . ( K )  n Y .  ( K ) ) = O i f  � J 
Suc h a K wi l l  b e  ca l l ed a s e l f - s im i l ar s et o 

No t ic e  t hat  i f  K i s  a s e l f - s imilar  s et t hen the  fo l l owing 
equa i i ty  ho ld s : 

m I 
i =  1 

k� � 1 .  

By C (A)  we deno t e  the convex hul l o f  a s e t  A .  

Le t  K b e a ' s e l f - s imi lar s e t o I t  i s  c l ear tha t  Y . ( C ( K ) )  e C (K )  � 
for a l l  i .  We r ename t he s .e t s  Y . o o.  Y .  ( C  ( K ) ) in the  fo l -� 1 � q 
l owing way : C ( K )  i s  c a l l ed T ,  Y � ( C ( K ) ) i s  c a l l ed T i ' 

Y .  o Y .  ( C ( K ) ) � J Y . (Y . ( C  ( K )  ) ) � J T . . , e tc . � J 
F ix  r � 1 .  S e  t G : = { T . . ; i . 1 , . . . , m } . G r ha s m r e 1 e -r � 1 · . .  � r J 
ment s .  No t ic e  Y . o . . . o Y .  oY . ( K )  e T . . ' e T . . � 1 � r � r+ l � l · · · � r � r + l � l · · · � r 
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PROPERTY Z .  L e t  K be s elf - s i m ilar . We s ay t ha t  K ha s prop e r ty 

Z if t h e r e  ex i s t s  a n  i nd ex i 1 . . •  i suc h t ha t  r o 

T .  . e int C ( K )  . 
1 1 ' . .  1 r o 

THEOREM l '  • L e t  K b e  a s elf - s i m ilar s e t  hav i n g  t h e  prope r ty Z . 
T h e n  f o r  any c o mpac t c o nv ex s e t  C w e  hav e  

a nd � ( ó )  i s  c o n t i nuous. 

For the proo f we  n e ed two aux i l iary propo s it ion s : 

PROPOS I T I ON 1 .  L e t  C 1 , C 2 be two c o mpac t c o nv ex s e t s s uc h  t ha t  

C 2 e [ C 1 l E f o r  s o m e  E > O .  If P E C 2 3 P � int C 1 t h e n  

d (p , a C 2 ) .;;; E . 

Pro of. L eft t o  the  r eader . 

P ROPO S I T I ON 2 .  If t h e  hypo t h es e s  of t h e  t h e o r em 1 I ho l d  f o r  K 

t h e n  C ( K )  i s  a c o nv ex body a n d  t he f o l l o w i n g  s ta t e m e n t  i s  t r u e : 

t h e r e  exi s t  E o  > O a nd a n  i n t eg e r  numb e r  r 1 (� r o ' r o of pr o 

pe r ty Z )  suc h t ha t  f o r  a l l  co nv e x  c o mpac t s e ts C a n d  a l l  

t ,;;;; E o  t h e s e t  

[ a c ] t = { p : d (p ,  a c ) ,;;;; t } 

do e s  n o t  i n t e r s ec t  all e l em e n t s  of �r . 
1 

Pro of · L e t  r 1 b e  suc h  t hat  r 1 � r o and 

( 1 )  Max d iamet er o f  e l ement s o f  G r 1 
r 1 (max k . )  . 1 K 1 1 

L e t  E c 
tha t  r () 

< d ( a C ( K ) , T . . ) / 2 .  
1 1 . . . 1r o 

r 1 
(max k i ) . I K I / 2 .  Ta ke a l l  el ement s r o f  G r 1 
a C ( K )  # { 0 } . Ca l l  t h i s  s e t  G '  . Obs erve t ha t  r 1 

< 

suc h 
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( 2 )  C ( K )  , 

L e t  C b e  a compact  conv e x  s et and a s sume t hat  [ a C ] € int er 
o 

s ec t s a l l  e l ement s o f  G r 1 , For each set r E G� l take  a po int 

q .  E r n [ a C ] E ' Thus  C ( u q . )  e [ C ] E and C ( u q . )  e C ( K ) , But 
J o j J o j J 

by ( 1 )  and ( 2 )  C ( K )  e [ C ( u q . ) ] 2 , U s in g  prop , l  w e  have t ha t  
j J S o 

if  P E C ( K) , P � int C ( u q . ) then 
j J 

( 3 )  d (p , a C ( K ) )  < ho ' 

Ther e fo r e  T .  . e int C ( u  q . ) ,  By ( 1 )  and ( 3 )  
1 1 , . .  l r o j J 

( 4 r ) 

For p E a c  n C ( u q . ) we  have by propo s i t ion 1 :  
j J 

d (p , a C (u q . ) )  < E o ' 
j J 

S inc e d ( p , T .  . ) ;;;. d ( q , T . . )  - d (p , q ) ho l d s  for any 
1 1 , . . l r o 1 1 ' . , l r o 

q ,  taking  q E a c ( u q . )  we  get  d (p , T . . )  > 2s 
j J 1 1 , . .  l r o o 

Thi s , to ge ther w i t h  ( 4 ' )  y i e l d s  

S o 

d ( a C , T .  . )  ;;;. d ( a C ( u q . ) , T .  . ) - s > S , 1 1 '  . , l r o j J 1 1 "  , l r o o o 

Thus one  obta in s d ( T  . ,  a C )  > S o and ther e for e [ a C ] c-

( 1 , . · 1 Co o r o 
canno t int er s ec t  T .  . 

1 1 " , 1 r o 

The proo f i s  comp l e t ed i f  we no t ic e  t hat  t her e ar e e l ement s o f  
Gr conta ined i n  T .  . 

1 1 1 , " l r o 
• 

Pr o of of T h e o r em 1 ' , L e t  C b e  a convex compac t s e t  and t >  O ,  

We d e fine 



Suppo s e  t < " E O ' Then 

( S ) W ( t , e )  � � ' 
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H S (y .  ( • • • (Y . ( K ) ) . . .  ) n r a e ] t ) 1 1 1 r 1 

wher e � ' mean s the  sum over a l l  indexe s i 1 . . .  i such that r l 
T .  . n [ a  e ]  t .¡ { 0 } . 

1 1 ' . •  1 r 1 

But 

( 6 ) H S (y .  ( . . . (Y . ( K ) ) . . . ) n r a e] t) 1 1 1 r 1 

wher e i s  a convex compac t s e t o Mor e  prec i s e ly  

i 1 · · · i r - 1 - 1 ·
) e 1 = Y . ( • . • (Y .  ( e )  . . .  ) . 1 r 1 1 1 

U s ing  ( S ) , ( 6 ) , t he id ent ity  � k �  . . .  k �  1 1 1 r 1 
we have 

r 1 s r l � ( 1  - (min k . ) ) . W ( t / (min k . ) , e ' ) 1 1 

whe r e  e '  i s  one  o f  the  convex  s e t s  

1 and prop . 2  

Thu s  we have pro ved tha t  ther e e xi s t s  E o > O , an int e ger r 1 

and a f i xed ex ,  O < ex < 1 ,  such t ha t  for any compac t convex 

s e t  e and any t < E o
· ther e  is a compact  convex s et e '  suc h 

t ha t  

( 7 )  
r l 

W ( t , e ) � a. . W ( t / (min ki) , e ' ) .  

U s ing  ( 7 )  and the  fact  t ha t  W ( t , e ) � H S ( K )  < 00 for any e and 
t > O ,  we get  

l im W ( t , e )  = O .  • 
t+o 
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COROLLARY 1 .  The L eb e sgue m e a su r e  o f t h e  boun dary of a c o mpa c t  

c o nv ex s e t  i n  Rn i s  e qua Z t o  z e r o . 

To pro ve t h i s  wel l know fac t  t a ke K a s  an hypercub e  and app l y  
Theor em 1 ' . 

REMARK 1 .  L e t  K b e  a s e l f - s imilar  s et o  Suppo s e  t ha t  proper ty  Z 

do e s  not  ho l d , t hen i t  i s  ea sy  t o  s e e  t hat  

( int C ( K ) ) n K = { (l\ } i e . K e élC ( K ) . 

-
1 . 1 .  T H E  F U N C T I O N S  u ,  D ,  D .  

Now w e  d e fine  func t ion s u ,  U and D wh ich appr o x ima t e  in s ome 
s en s e  the  func t ion  � .  For d e fin ing  t he s e  func t io n s  we n e ed 

o t her aux i l iary func t ions . 

Rec a l l  t hat  G i s  the  s e t  o f  al l po s s ib l e  T .  . w i t h  r 1 1 '  . .  1 r 
r (;;;;' 1 )  f i xed . 

L e t  P ( G ) b e  the  family  o f  nonvo id sub s e t s  o f  G . D e f in e  r r 
J : P ( G ) -+ R in t he fo l lowin g  way : r r 
i f  { T . . , . . .  , T .  . } i s  an e l ement o f  P ( G ) t hen 

1 1 . . . l r J l . . · J r r: 

J ( { T . . , . . . , T .  . } ) : = r 1 1 · · " l r J I . • . J r 

+ ( k � . . . .  . k �  ) .  
J 1 J r 

I t  i s  no t d i fficul t to  check  t ha t  J ( P ( G ) )  i s  a f in i t e  s e t  r r 
o f  p o int s o f  R s uch  that  if  a E J ( P ( G  ) )  t hen O < a ..;; 1 ,  r r 
and 1 

r ;;;;. 1 .  

E J ( P  ( G  ) ) . r r Al so  J ( P ( G  ) )  r r e Jr+ 1 (P ( G r + 1 ) )  

B e s id e s , for each  E > O ther e exi s t s  r ;;;;. o 

for a l l  

1 s uch  that  

for a l l  r ;;;;. r , i f  x E [ 0 , 1 ] then  t her e exi s t s  a E J (P ( G  ) )  
o r r 

suc h t ha t  l x - a l < E . 

We s ha l l  d e f in e  func t ions  H , h on  t he s e t  J ( P ( G  ) ) , i e . r r: r r 



H , h  : J ( P l G ) ) --+ R . r r r r 

L e t  a E J ( P ( G  ) ) ,  we d e fin e  r r 

and 
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H (a )  : = 
r 

( max I r u r '  I ) 
r , r ' E j3  

h ( a )  : = r 

min (d iame t er o f  13 )  
j3EGa 

r 

min 
i3E:G� 

( max d ( r , r '  ) )  
r , r ' E j3 

wher e d ( . , . ) i s  the  d i s t anc e between s e t s . Rememb er t hat  r , r '  
ar e e l ement s o f  the  form T .  . .  1. 1 , · · 1. r 

From the d e f in i t ions  o f  H and h i t  i s  c l ear that h ( a )  � r r r 

� H C a )  � I K I  and H ( 1 )  r r I K I . I t  i s  no t d i fficult  t o  s e e  t hat  

Hr ( a )  - hr ( a )  < E for all  a E Jr C P C G r ) )  i f  r i s  big  enough . 

Al so  Hr+ 1 ( a )  � Hr ( a ) . 
-

L e t  O < El < E 2 . We  d e fine func t ions  Ur , Ur and ur wh ich  

app r o x imat e ]J ( o )  on  [ E 1 , E 2 ] .  

L e t  
u ( o )  : = max { a : h C a )  � o } , r r 

u ( o ) . - ma x { a :  H ( a ) � o } .  r r 

Thus Ur ( o ) i s  d e fíned for o � min hr C a )  and ur C o )  is  d e fi 
aEJ (P (G ) )  r r 

ned for o � min Hr ( a ) . It i s  ea sy  to  s ee tha t  there  e x i s t  
aEJ (P (G  ) )  r r 

r o and a E Jr ( P ( G r ) )  suc h  that Hr ( a )  < E l ' Thus U and u 
o o o r r 

ar e d e fined on [ E 1 , 00) i f  r � r o ' 



ma x { a : 

o ;;;, m i n H r ( a )  
Cl:sJ ( p (G  » r r 
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- -

hr ( a )  � o } .  Thus Ur ( o )  i s  de fined for 

- ( ( max k . )  r . 1 K 1 . 2 ) . 
1. 

-

;,!o r e o y e r  u ( o  + ( (ma x k . ) r . I K I . 2 ) )  r 1. U ( o )  and t her e fo r e  U i s  r r 

),1 1 fune t io n s u ( o ) , U ( o )  and U ( o )  ar e j ump fune t io n s  w i t h  a r r r 
f i n i t e  numb e r  o f  j ump s , eont inuou s  from the  r i ght non - d eer ea 
s in g  and po s i t ive . 

The fo 1 1 owing  theor em s hows  how t he above fune t io n s  ar e r e 1 a 
t ed amo n g  them and w i t h  � ( o ) . 

-

THE O REM 2 .  L e t K b e  a s elf - s im i l a Y'  s e t  a nd ur ( o ) , , Ur ( o ) , Ur ( o )  
a s  abov e . T h e n  

a )  u l O ) / 0 8 � � l o ) / l 0 8 . H 8 ( K ) ) � U ( 0 ) / 0 8 � � ( 0 ) / 0 8 f o Y'  r r r 
o ;;;, m in { Hr ( a ) ; a E Jr (P (G r ) ) } .  

b )  l í
\

( o )  - ur ( o )  1 ---+ ° u n i fo Y'mly o n  [s 1 , E21 a s  r -+ 00 if ]l e o) 

i s  c o n t i nuous o n  (0 , 00 ) .  

e )  l im ( sup u ( 0 ) / 0 8 ) 1 im ( sup U ( 0 ) / 0 8 ) r r r-+oo OE [s i , EZ J 
r-+oo odE 1 , E21 

( sup ]l ( 0 ) / 0 8 ) / H 8 ( K ) if ]l ( o )  i s  c o n t i nu ou s  a t  E 2 ·  
OE [ E 1 , Et 

-

d )  b )  a n d  e )  hold if w e  Y' eplac e U by U . r r 

Pro of. We s how f ir s t  t hat  

u ( o ) � ]l ( 0 ) / H 8 ( K) � U ( o )  r r i f  o > min Hr (a) . 
aEJ ( P ( G  » r r 

From theor em 1 we  know t ha t  ]l e o )  = H 8 ( C� n K )  wher e C8 i s  a 

eompaet  eonvex  s e t  o f  d iame t er O .  But C� int er e s ee t s . 1 e 1 e -

ment s o f  G : r T .  . , 
1. 1 · · · 1. r 
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Then , becaus e o f  the  s e l f- s imilar ity o f  K :  

II ( o ) 

To prove the  r ema in ing inequa l ity  l et 

and ther e e x i s t  1 e l ement s o f  G r , say 

s uch  that 

ur ( o )  = a .  Then Hr ( a )  � o 

T .  . , • . .  , T . . ,  
1 1 · · · 1 r J l · · · J r 

i )  

i i )  

J ( { T . . , . . .  , T .  . } ) r 1 1 " . 1 r J I " ' J r 
= ( k . . . . k . ) 8 + • • •  + ( k . . . .  k . ) 8 = a . 

1 1 1 r J I  J r 

H ( a )  = I T . . U • • • U T .  . l . r 1 1 . . .  l r  J I ' . .  J r 

Us ing H 8 (Y . ( K )  n Y . ( K ) ) 
1 J 

o if  i1 j  i t  fo l l ows  t hat  

u ( o )  � 1l ( 0 ) / H 8 ( K) . r 
-

Now we prove tha t  Ur ( o )  � Ur ( o )  i f  o � min H r ( a ) . 
ae;Jr (p (Gr ) )  

For  t h i s we only  have to  prove that h ( a ) � h ( a )  i f  r r 
a E Jr ( P ( G r ) ) . F ix a .  From the d e f in i t ion o f  hr ( a ) we  then 

ha ve 1 e l ement s o f  G , s ay T . . , . . .  , T .  . ,  suc h  t hat  r 1 1 · . . 1 .r J l " . J r 

i )  

i i )  

J ( { T . . . , • . • , T . . } ) = a r 1 1 " . 1 r J I " · J r 

h ( a )  = max (d ( r , r ' ) )  r 
r , r ' e; {T . . , . . .  , T .  . } 

11 · · · 1r J l " ' h 

wher e d ( · . · ) i s  the  d i s tanc e b etween s e t s . 

But any e l ement o f  { T .  . ,  . . .  , T . . }  ha s d iame t er l e s s  
1 1 . . · 1 r J l · . .  J r 

than o r  equal to  ( max  k . ) r . I K I . Thus 
1 

I T .  . U . . .  U T . . I � h ( a )  + (ma x  k . )  r . I K 1 . 2 
1 1 " . l r  J l  . . .  J r  r 1 
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and t her e for e H r ( a )  .;;;; hr ( a )  + (max k i ) r . ! K I . 2 ie . hr (a) ';;;; hr (a) . 

Thi s prove s  a ) . 

To prove  e )  we n e ed the  fo l lowin g : i f  � ( o ) i s  eont inuous at  s 2 ' 

then l im ur ( s 2 ) = � ( s 2 ) / H 8 ( K ) . Suppo s e  t h i s  i s  no t true , t hen 
r+oo' 

for s ome s > O and a sub s equene e r .  J 
ur . ( s 2 ) < ( � ( s 2 ) / H 8 ( K ) ) - s . 

J 
But then 

r ·  - r ·  
� ( s 2 - c e  ma x k i ) J . !  K I . 2 )  ) / H 8 ( K )  .;;;; U r j ( s  2 - ( (ma x k) J . I K I . 2 ) ) 

= ur o ( s 2 ) < ]J ( s 2 ) / H 8 ( K) - s 
J 

wh i e h  i s , fo r j -+ 00 a n  a b s ur d o 
r 1 ' L e t  s > O .  L e t  r l b e  s ue h  t ha t  ]J ( s 2 + ( (ma x  k i ) . I K I . 2 ) ) -

- ]J ( s 2 ) < s . H 8 ( K) , ]J ( s 2 ) I H 8 ( K ) - Ur l s 2 ) < s i f  r � r l and 

1 1 / x s - l !y 8 1 < s i f I x - y l .;;;; ( (max k i )
r l . I K I . 2 ) and x , y E [ s l ' oo) . 

L e t  T sup ]J ( 0 ) / H 8 ( K ) .  
os ( 0 ,  s21 

Now we prove e ) . Due to  t h e  fa e t  t ha t  U 1 5  no n - d e e r ea s in g and r 

eont inuous  from the  r i ght we have t hat  sup Ur ( 0 ) / 0 8 i s  
os [ s l , s21 

ta ken o n  a par t icul ar po int 0 0 o f  [ s l , s 2 1 . 

Thus  i f  r � r l we have 
- 8 sup Ur ( o ) / o = U ( o  ) / 0 8 = U ( o  + ( (max k . ) r

. ¡ K ¡ . 2 ) ) / 0 8 . r o o r o  :L o 
o ds l ' s21 

Ther e ar e two po s s ib i l i t i e s : 

b e l o ngs to  [ s l , s 2 1 or  no t o 

Suppo s e  t hat  it  b e l o n g s . Then 

( o  + ( (max k . )  r . I K I . 2 ) )  = o '  o :L o 

8 8 8 8 S U ( <5  I ) / o = u ( o ' ) . l 1 / o - 1 / o ' ) +u ( o ' ) / o '  .;;;; T • S + sup Ur ( o )  / o . r o o r o o o r o o 
os [s l ' s2] 
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I f  o � do e s  no t b e l ong t o  [ E l , E Z ] then 

+ Ur ( E Z ) / ( E Z ) S < 2 . E / ( E I ) s + T . E + SUp Ur CO ) / O S . 
OE  [E l , EZ] 

Thus e )  i s  proved . 

We end the  proo f o f  theo r em 2 prov ing  that  b )  ho ld s . 
� 

Suppo s e  tha t  U ( o ) - u ( o )  do e s  no t t end to  z ero  un i forml y  on r r 

[ E l ' E Z ] '  Then \'le would  have a s equene e o f  po int s 0 j 
E [ E l , E Z ] 

and a s equene e r .  -+ 00 ,  sueh t ha t  
J 

o < e 

whe r e  

";; ü ( o . )  - u ( o . )  = u ( o .  r j J r j J r j J 

r .  
q . : = (max k . )  J . I K I . 2 . Then 

J 1 

- u ( o . )  r j J 

� ( o . + q . ) / H S ( K )  - � ( o . - q . ) / H s ( K )  
J J J J 

� ( o . + q . ) / H S ( K )  + u ( o . + q . ) ± 
J J - r j J J 

± U ( o . - q . )  - � ( o . - q . ) / H s ( K ) � e for a l 1  j and thi s eontr a -r j J J J J 

d ie t s  the un i form eont inuity  o f  � ( o )  on [ E I - E , E Z + E ] . 

1 . 2 .  T H E  F U N C T I O N f ·  

S e t  f e o ) : = � t o )  / O S . 

THEOREM 3 .  L e t  K b e  a s e Z f - s i m i Z a r  s e t o  T h e n  

f e o ) < 1 fo r a Z Z  o E t O , oo) .  

Pro o f . Suppo s e  the  s tat ement i s  fa l s e . Then there  ex i s t s  a 
eompaet  e onv ex s et C o o f  d iame t er o sue h that  

H S ( K  n C o ) / I K n c o l s  � H S ( K  n C o ) / I C o l s  � S > 1 . 

From the  s e l f - s imilar ity  o f  K (property 11 aboye )  we o bt a in 

• 
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H S CY i C K  n C o )  n Yj CK  n C o ) ) = O i f  i i j . 

Al so  H S CY i C K  n C o ) )  = k� . H s C K  n C o ) '  

Thus for a l l  i we have 

By induc t ion , for any 1 = 1 , 2 ,  . . . , we g et : 

a )  H S CY i 0 • • •  0 Yj C K  n C o )  n y i , o . . . 0 Yj , ( K n C o ) ) 
'---r------' 

= 1  
i f  the  l - tupl e s  i 

= 1 
j and i ' . . . j '  ar e d ifferent . 

fo r a l l  l - tupl e s . 

S e t  

Set  

An : = U 
a11 the 

y i ° . . . o Y j (K n C o ) 

1-tup1es with l;;:n = 1 
and A \, A : = n A . 

U 
a11 the 

n n n 

n-tup1es  = n 

Cl ear l y  B e A . Al so  from a )  and b )  we have n n 

o 

� H S CY i o . . .  oYj ( K n C o ) ) ;;;' S .  � ! Yi o  . . . oY . CK n Co) ! s = 
a11 the a11 the J 
n-tup1 es n-tup1es  

s . � k � . . k � ! K n C e ! S  .- s . ! K n C o ! S 
a11 the l J 
n-tup1es  

ID s k � ( t he l a s t  inequa l ity  b ecaus e C L k � )
n � k i ·  1 ) .  

i= 1 l a11 the J 
n-tup1es  

C l ear l y  the  s e t s  Y i ° . . .  ° Yj C K  n C e ) for al l the l - tupl e s  

'------;;y---.J 
1 ;;;. n ,  form a V i ta l i fam i l y  V for A ,  i e . t hey ar e compact  s e t s  n 
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and for any 8 > O and any x E A t her e ex i s t s Y . o  . . . o Y . (K n C � )  1 J l) 

o f  po s i t ive  d i amet er < 8 such that x E Y .  o . . . o Y . (K n C � ) . 1 J u 

L et no and 8 > O b e  such that H S (A ) + 8 < S .  H S (A) . Then ther e 
no 

exi s t s  a d i s j o int sub family  V '  o f  V s uc h  t ha t  ( [F ] , p g . l 1 ) no no 

( 8 )  H
S

(A) � � ¡ Y i o . . . o Y j ( K n C e )  ¡ s ) + 8 / S = W + 8 / S  
y . o • • •  o Y • (K n e � )  8 v '  1 J l) no 

and e i ther W = 00 or  W < 00 and 

But if W = 00 by ( 8 )  and b) it fo l l ows 

y . o • • •  o y . (K n e � ) 8V I 1 J u no 

and then H S
(K )  = 00 

Ther e for e W < oo . Then , by l8 ) and b ) ; 

S . H s (A) � � H S (Y i o • • •  o Yj ( K  n C e ) ) + 8 � 
Y .  o • • • oY . (K n C� ) 8V '  1 J l) no 

� H S (An ) + 8 < S . H S (A) . 
o 

• 

PROPERTY A :  L e t  K b e  a s e l f - s imilar  s e t o We say  tha t  property 

A ho l d s  for K if  there  e x i s t s  � > O such  that for any x E K 
and any B ( ba l l  c ent er ed at x and rad ius  r )  w i th  r � � 

x , r  

ther e exi s t  y E K and a s imil i tud e Y with  contrac t io n  rat io 

k = 1 ,  Y :  Rn 
-+ Rn , suc h that 

a )  

b )  

Y ( B  n K )  = B n K , y . r x , r  
( B  n K )  e Y .  ( K )  for some i 1 � i � m .  y ,  r 10 o o 
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LEMMA 2 .  L e t  K b e  a s e lf- s im i l a Y'  s e t  h a v i n g  p Y' o p e Y' t y  A . T h e n  

fo Y' a n y  á . O < á E;; IJ..  t h e Y' e  e xi s t s j ,  j E { 1 , • • • , m } • s u a h  

that f ( á )  = f ( á / k j ) .  

PY'o o f .  Suppo s e  O < á E;; IJ. .  By t heor em 1 we know tha t  � ( á )  = 

= H S (K n C á ) ' wher e C á i s  a c onv ex compact  s e t  o f  d iame t er á .  

By proper ty A t h er e  ex i s t s C 8 a convex compact  s e t  o f  d iamet er 

á such t hat  H S ( K n C 6 ) = H S ( K n C á ) and ( K  n C 6 ) - Y i ( K )  = { 0 }  o 

i s  a c ompact  convex s et o f  d iame t er 

á / k i o
' I t i s e a s y  to check t hat  H S ( K n C á / k io ) = l / k�o ' HS (K n c:s) 

C l ear l y  � ( á / k i o
) > H S ( K n C á / k i ) . o 

Al so  by t heor em 1 � ( á / k i o
) = H S ( K  n C 6 / k . ) wher e C 6 / k . i s  

10 10 
a convex compac t s e t  o f  d iame t er á / k i . o 

But � ( á / k i o ) = H S ( K  n C 6 / k io ) E;; l / k �o · H s ( K n Y iO C C 6 / k iO ) ) < 

E;; l / k � . H s ( K  n C 8 ) = H S ( K  n C á / k . ) . 10 10 
Then � C á / k . ) 10 

THEOREM 4 . L e t  K b e  a s e l f- s imi l a Y'  s e t o  T h e n  

i )  l im f C á )  
á+O 

• 

i i )  L e t  a l s o  K hav e pY'o p e Y'ty A .  L e t  O < E l < E 2 b e  s ua h  t ha t  

a )  E l E;; IJ. wi t h  IJ. o f  p Y' o p e Y' t y  A .  

b )  e: 1 . (max l / k .  ) 1 
E;; 

E 2 
T h e n  f C á ) = 1 fo Y' s o m e  á E [ E l ' E 2 ] 
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Pr o o f .  We pro ve f ir s t  t hat  lTiñ f ( 8 ) 1 ( c f .  [ F l  , T . 2 . 3 ) . Sup -
8-+0  

po s e  i t  i s  fa l s e , t hen t her e exi s t s  a > O such t hat 
f ( 8 )  � l - a if 8 E ( O , a ) . From the  d e f in i t ion o f  Hausdor ff 
mea sur e  of K we have t hat  for any E > O ther e exi s t s  a c ount a 
bl e fam i l y  E .  o f  compact  conv ex s e t s  o f  d iame t er l e s s  t han E J. 
suc h that  H S ( K n E . ) 1 O for a l l  i ,  � H S ( K n E . ) > H S ( K ) and J. i J. 

But i f  E < a ,  then 

> � H S ( K n E . ) / f ( I E . I ) > � H S ( K n E . ) / ( l - a )  > 
i J. J. i J. 

wh i c h  i s  in contrad i c t ion w i th  ( 9 ) for E sma l l  enough . 

We prove now i i ) . Suppo s e  K ha s property  A .  To prove  i i )  i t  
i s  onl y n ec e s sary to  s how t ha t  s u p  f ( 8 )  = 1 s inc e � ( 8 )  

8d E l , E2 1 
i s  cont inuo us from  the  r i ght and non - dec r ea s in g .  Now ,  from  
Lemma 2 i t  fo l l ows  t ha t  i f  O < 8 < E l t hen t here  ex i s t s  
8 '  E [ E l , E 2 1 suc h that  f ( 8 ' ) f ( 8 ) . So l im f ( 8 )  � 

8-+0  

� sup f ( 8 )  � 1 and because  o f  i )  the  proo f i s  c ompl e t e . • 
od E l , E2 1 

1 .  3 .  

A c omb ina t ion o f  t heor ems 2 , 3  and 4 g iv e s  us  a proc edur e by 

whic h we  c an c omput e  t he mea sur e o f  a s e l f s imilar  s e t  K i f  
property  A ho l d s  and T = C (K )  i s  known . 

The me t hod  i s  a s  fo l l ows : we o b s erve  fir s t  t hat  t he func t ion  
J : P ( G ) --+ R d e f in ed abo  ve i s  a func t ion  who s e  va lue s we r r 

c an calcul a t e . Thus H and h ar e func t io n s  whi c h  we can a l so 
r r 
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c a l cu l a t e  �ec au s e  t h i s  invo lve s taking  the  d i s t anc e ( or  the  
d iame t er )  b e twe en s e t s  of  the  form  Y 1· ( . • •  Y . ( C ( K ) ) . • .  ) 

1 1 r 
= T ·  . ( r e c a l l  T 1 1 '  . • 1 r 
Thus , the  funct ions  ti r ' 

But t he s e  funct ions  ar e 
1 ¿ 

i=  1 

wher e T .  E ( 0 , 00 ) , q .  > O 1 1 

S ( x)  • { : 

C(K ) i s  known ! ) .  

U and U ar e known . r r 

o f  the  form 

q .  1 S ( X - T . )  1 

( T i and q i ar e known ! )  and 

i f  X ;;;. O 

i f  x < O 

L e t  E l ' E Z  b e  a s  in t heor em 4 . Then sup {Ur(0)/ 0 8 :  E l  ..;; o ..;; Ez } 

= max { U r( 0) / 0 8 : o = E l  or  o E [ E l ' E Z ] and Ur ha s a j ump at  o }  

and s im i l ar expr e s s ions  ho ld  for Ü and u . r r 

Thus  B r B and r 

s up u ( 0)/ 0 8  a r e  a l l  numb er s wh ich  we c an c a l cu l a t e .  r OE [ E l ' EZ] 

By t heor ems 2 , 3 , 4  we hav e and 

S r ..;; S r+ 1 ( t h i s  becaus e Hr ;;;. H r+ 1 ) .  Fr om theo r em 2 we know 

t ha  t B - S -+ O i f r -+ 00 i e . 1 / 13  ..;; 1 / B ..;; H s ( K )  ..;; l / S r r r r r 
and l / S  - 1 / 13 -+ O i f  r -+ 00 r r 

I n  t he n ext s ec t ion we compu t e  mea sur e s  and " appr o x ima t e  mea 
s ur e s "  o f  s ome s e l f - s imilar  s e t s . 

2 .  E X AM P L E  1 

The s e t s K w i l l b e  s e l f - s imilar  s e t s  in R
Z 

for each  n ;;;. 3 and 
n 

t hey ar e d e fined a s  fo l lows . L e t  P b e  a r e gular po l i gon o f  n n 
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s id e s , I P n i = 1 .  Thus , for examp l e ,  P 3 i s  an equ i l a t er a l  tr ian 

g l e who s e  ba s e  ha s l en ght 1 ,  P 4 i s  a s quar e o f  s ide  e qua l t o  

l / /Z , P s i s  a pent a gon , e t c . 

We d e fine y� , i = 1 ,  . . •  , n ,  a s imil i tud e in the  fo l l owing  way : 
1 

n for each ver t ex V
i

' 1 < i < n ,  o t  t he r e gular p o l i gon P , y� n 1 
i s  a contrac t ion o f  r a t io l /n and a tran s l a t ion ( i e .  t her e i s  

n o  r o t a t ion)  and Y� (V� ) 
1 1 

V� . K  i s  d e f ined to  b e  t he ( un i que ) 1 n 
n 

compact  s e t  suc h  t hat  U Y� ( K ) = K . 
i =  1 1 

n n 

From t he d e f in i t io n s  o f  Y� one  ea s i l y  g e t s  the  open s e t con -
1 

d i t ion : the  s e t s  Y� ( int C ( P ) )  a r e  d i s j o int  and 
1 n 

n 
U Y� ( int C ( P ) )  e int C ( P ) 

i = l 1 n n 

( s e e  b e g inn ing o f  pro o f  o f  l emma 4) . 

Thus , by Hut chinson ' s  theo r em ( s e e  [ F ] , p g . 1 1 9 ) we g e t  t ha t  
s 

a )  O < H n ( K  ) < 00 

b )  
s 

H n (Y� ( K  ) n Y� ( K  ) ) = O 1 n J n i f  i � j 

where  s n i s  t he Hausdo r ff  d imen s ion o f  Kn ' Her e s n 
n .  

1 for a l l  

n 
Ob s er v ing  t hat  V .  mus t be long  to  K i t  fo l l ows  t hat  C ( K ) 1 n n 
C ( P ) = P . Reca l l  t ha t  C (K ) = Tn , Y� ( C ( K ) )  n n n 1 n 

No t ic e  t hat  pro p er t y  Z ho l d s  for K . n 
We wi l l  compu t e  the  mea sur e s  o f  the  s e t s  K : n 

THEOREM 5 .  H 1 ( K ) = 1 fo r  a l l  n � 3 .  n 

2 . 1 .  

Our proo f o f  t h i s  t heor em w i l l n e ed sorne l emma s . 

T� e t c . 1 
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To mot ivate ,  the r ead ing of t he s e  aux i l iary propo s it ions  the 
r eader may go d ir ec t l y  to  t he pro o f  o f  theor em 5 in next s ec 
t ion . F i gur e s  7 and 8 show how K3 and Ks l ook l ike .  We d eno t e  
with � ( o , n ) t h e  funct ion � ( o ) o f  K • n 

LEMMA 3 .  L e t  n , j b e  p a s i t i v e  i n t e g e r s . T h e n  

a )  l /n  .;;;;; 1 i f  n � 5 
( l - l /n ) . s in ( w /n ) - l /n 

b )  Z /n .;;;;; 1 i f n � 5 
( l - l /n) . s in (w /n )  

c )  U + 1 2 /n .;;;;; 1 i f  n � 7 a n d  
s in ( j n /n )  - Z /n 

d )  ( l - l /n )  . s in ( w /n )  < s in ( Z n /n ) - Z /n if n � 6 

e )  ( 1 - 1 /n ) . s in2 ( w /n )  .;;;;; Z /n if n � 6 

Z .;;;;; j 

f) VZ / ( 1 + co s ( w /n ) / . ( 1 - 1 /n ) . s in ( n /n ) . s in (w / Zn ) .;;;;; 
.;;;;; Z /n i f  n � 7 

Pr o a f .  From Tayl or ' s s er i e s  o f  s in x we obta in 

( 1 ) s in x - x � _ x 3 / 3 !  i f  x E [ O , w / Z ] . 

.;;;;; [n/Z] 

I n  t he fo l lowing x d eno t e s  r ea l  va lue s and n ( or  j )  d eno t e  in 
t eger va lue s .  
a )  L e t  f ( x) : = ( n - Z )  - n / x - n 3 . ( x - l ) / ( x3 . 3 ! ) .  Then f ( x) � ° 
i f  x E [ 5 , 00 ) becau s e  f ( x) i s  non - d ecrea s ing i f  x E [ 5 , 00 ) and 
f ( 5 ) > O .  But us ing ( 1 ) we get  for n � 5 that  

1 .;;;;; l + f (n )  .;;;;; n .  [ ( l - l /n) . s in ( n /n ) - l /n ] 
and a )  fo l lows . 

b )  Fo l l ows from a )  immed iat ely . 

c )  L e t  g (n , j ) (n / j ) 2 . ( ( n - 1 ) - 3 / j ) . Then g (n / j ) � n 3 / 3 !  i f  
n � 8 and [ en i s  even and 4 .;;;;; j .;;;;; n / Z )  o r  ( n  i s  odd and 
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4 ..;; j ..;; (n - l ) /2) 1 b ecaus e  g (n ,j )  � 4 . (1f - 7 /4 )  � 1f 3 / 3 ! fo r the 
above va lue s o f  n and j .  
I f  j = 2 and n � 7 we get  g (n , 2 )  � ( 7 / 2 ) 2 . (1f - s / 2 )  � 1f 3 / 3 ! . I f 
j = 3 and n � 7 we get g (n , 3 ) � ( 7 / 3 ) 2 . (1f - 2 )  � 1f 3 / 3 ! . 
Thus 
( 2 )  g (n , j )  � 1f 3 / 3 !  i f n � 7 and 2 ..;; j ..;; [n / 2 1  

Thus us ing ( 1 ) and ( 2 )  w e  get  
O < ( g (n , j ) _ 1f 3 / 3 ! ) . ( j /n) 3 ..;; s in U 1f /n ) - j /n - 3 /n 

and c )  fo l l ows . 

d )  L e t  h ( x) : = ( 1f . ( 13- 1 ) - 2 ) . x2 _ 1f 3 . ( /3- 1 ) / 3 : . Then h ( 6 ) > O 
and ther e fo r e  h ( x)  > O i f  x � 6 .  But using ( 1) we get if n � 6 
tha t  O < h (n ) /n 3 ..;; ( 13- 1 ) . s in (1f /n )  - 2 /n ..;; 

..;; ( 2 . co s (1f /n) - 1 + l /n ) . s in (1f /n )  - 2 /n 
and d )  fo l l ows . 

e )  and f) L e t  f ( x) : =  s in 2 ( 1fx) - V( 1 +co s ( 1f / 7 ) ) / 2' . 2 x .  It i s  
no t d i ff icul t t o  prove that f ( x) < O � f  x E ( 0 , 00 ) . Us ing thi s 
inequa l i ty e ) and f) fo l low . • 

L EMMA 4 .  L e t  n b e  a p o si tiv e in t eg e r . T h e n  

a)  
b)  

c )  

d )  

� ( ( l - l /n ) . s in ( 1f /n) , n ) ..;; H 1 ( K  ) /n if n � 6 a n d  n i s  e V e n  
n 

� ( s in ( j 1f /n ) - 2 /n , n )  ..;; H 1 ( K ) . j /n i f  n � 6 ,  n i s  e V e n  and n 
2 ..;;; j ..;; n / 2 . 
� ( 2 ( 1 - 1 /n ) . s in ( 1f / 2n ) , n ) 
= � (V2 / ( 1 +c o s ( 1f /n ) ) I . ( 1 - 1 /n ) . s in (1f /n ) , n )  < H 1 ( K  ) /n if n 
n � 5 a n d  n i s  o dd .  

� (V2 / ( 1 +c o s ( 1f /n ) / . s in U 1f /n) - 2 /n , n) ..;; H 1 ( K  ) . j /n if n 
n � 5 ,  n i s  o dd a n d  2 < j ..;; (n - l ) / 2 . 

Pro o f .  Le t  n � 5 .  Rec a l l  that C (K ) = C (P ) n n 
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= T� Y� (Y� ( C ( K ) ) ) = T� . ,  etc . We c a l l  en the c ent er o f  P i e .  
1 J 1 n J l e n 

en � V� /n . Thus  i t  i s  ea sy to  chec k that ( r eca l l  I p  I = 1 ) e i 1 n { 1 / 2  
d (V� en ) l ' e = 

1 / 2 co s ( n ! 2n )  = 1 / V2 .  ( l +co s (n /n ) ) 1  
S inc e T� conta ins V� , I T� I = l /n and 1 1 1 

i f  n i s  even , 
i f  n i s  odd . 

d (V� 'V�+l ) 

= d (V! ,V�_j+l ) =  

{ sin (j n/n) if n is even , 1 ..;; j ..;; n/2 
V2/ ( 1 +cos (n/n) ) I. s in (j n/n) if n is odd , 1 ..;; j ..;; (n- 1 ) /2 

we g e t  
( 3 )  

d (T� , Tj+l ) J sin Lj n/n) - l2/n) if n ís even , l ";; j ";; n/2 
= d CTl , T�_j+l ) � 1V2/ C l +cos (n/n) Y . s in (j n/n) - (2/n) if n is odd , 1 ..;; j ..;; (n- 1 ) /2 
S e t  c ent er T� = Y� ( en ) .  Then 

1 1 e 

( 4 )  d ( c ent er T� , c ent er T� ) = d (c ent er T� , c ent er T: )  { ( l - l /n ) . s in ( n / n )  i f  n i s  even , 
= V2 / l l +c o s ( n /n ) )' . C 1 - 1 /n ) . s in ( n /n )  i f  n i s  odd . 

The aboye formul a e  imply : 
( 3 '  ) 

min d ( T� , T� ) 
i;f j  1 J 

{ ( 1 - 1 /n) . Sin (1T/n) - 1 /n if n is even, n � 6 ,  
� 

VZ/ ( l +cos ln/n) { [ ( l - l /n) . s in (n/n) - l /nl if n is odd , 
n � s .  

Al so  us ing d ) o f  l emma 3 we g e t , for n � 6 ,  

( S ) ( l - l /n ) . s in ( n /n )  < s in ( 2 n /n ) - ( 2 /n )  < 

< s in ( 3n /n)  - ( 2 /n )  < . . .  < s in ( n / 2 ) - ( 2 /n )  

And for n o dd , n � S ,  
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( 6 )  v!Z / ( 1 + c O s ( n /n ) )
1 

( 1 - 1 /n ) . s in ( n /n )  < 
< y/Z / ( 1 + c o  s ( n In )  ) I S in ( Z n In )  - ( Z /n )  < 

< V2 /  ( 1 + co s ( n  /n ) ) I s in ( 3 n /n )  - ( Z /n )  < < 

<VZ / ( 1 +c o s ( n /n ) ) I . s in ( ( n - 1 ) n / Zn )  - ( Z  In )  . 

The fir s t  inequa l i ty may b e  ver i f i ed d ir ec t ly for n= S and i s  a 
c ons equ enc e o f  ( 5 ) for n � 6 . 

a )  L e t  C be  a compact  convex  s e t  o f  d iame t er ( 1 - 1 /n ) . s in ( n /n ) . 

Suppo s e  T� n C " { 0 } .  From ( 3 )  and ( 5 ) we have t ha t  C n T� = {0} 

if j " 1 ,  Z , n .  Thus fr om symmetry C can only iilt er s ec t  two 

e l ement s o f  { T� , T� , T: } . We a s sume C int er s ec t s  T� and T� . Ob 

s er ve t ha t  H l (T� n K ) = H 1 ( K  ) /n . B y  Theo r em l '  we g e t  t ha t  
1. n n 

i f  L i s  any l ine  in  RZ then 

( 7 )  H 1 C L  n K ) = O .  n 

L e t  L 1 , L z b e  two p ar a l l e l  l ine s  at  a d i s tanc e ( 1 - 1 /n ) . s in (n/n) , 

perpendicular to the segment j oining the centers of T� , T� and suc h 

t ha t  C e W wher e W i s  ( s e e  f igur e 1 )  the  s t r ip 

W = C (L 1 U L z ) '  Reca l l  t ha t  d ( c ent er T� , c ent er T� ) = 

( 1 - 1 /n ) . s in ( n /n )  and o b s erve that t he s et ( Kn n T� ) i s  a 

t r an s l a t ion o f  the  s e t  ( Kn n T� ) .  Then from symmetry and ( 7 )  

w e  o bt a in : H 1 ( ( Kn n ( T� U T� ) ) -W)  � H 1 ( Kn ) /n .  Thus a )  fo l lows . 

Thi s  l a s t  ar gumeJit w i l l b e  us ed qui t e  o ft en . Ca s e  c )  i s  pro 
ved in an ana l o gou s way u s ing ( 3 ) , ( 4 )  and ( 6 ) . 

b )  L e t  n and j b e  a s  in b ) . L e t  C b e  a compact  convex s et o f  

d iamet er s in ( j n /n ) - ( Z /n ) . As sume C n T� " { 0 } . Then from ( 3 ) 
and ( 7 )  we get  

O H 1 ( K  n n C )  = H 1 ( K  n n C )  n n Tj + 1 n n Tj + z 
H 1 ( K  n n Tn . + 1 n - J 

n C ) . 
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Thus Ke c o uld  a s sume t ha t  C int er s ec t s  in a non - tr ivial  way at  

h n n n n n n n mo s t  t e s e t s : T ' + 2 , T  ' + 3 ' " . , T  , T 1 , T z , ' "  , T .  1 , T  . . By sym-n - J n - J n J - J 
me try and us ing  t h i s  la s t  ar gument r ep eat edly  we o b t a in t ha t  C 
int er s ec t s  in a non - tr ivia l  way at  mo s t  j e l ement s o f  { T . }  

1 
and b )  fo l l oKs . 

C a s e  d )  i s  proved in a s im i l ar way us in g  ( 3 ) and ( 7 ) . • 

LEMMA 5 . L e t  n a n d  i b e  i n t e g e r s . Then  

a)  )1 ( 1 - ( l /n i ) , n ) '" ( 1 - ( 3 /n i ) )  . H 1 ( K ) n i f n ;;;;. 6 ,  

b )  )1 ( 1 - ( 3 /n i ) , n ) '" ( 1 _ ( 1 /n i - 1 ) )  . H 1 ( K  ) i f n ;;;;. 6 ,  n 
c )  )1 ( 1 - ( l / S i ) , 5 ) '" ( 1 - ( 2 / S i ) ) . H 1 C K s ) 7: f i ;;;;. 
d )  )1 ( 1 - ( 2 / S i ) , 5 ) '" ( 1 - ( 1 / S i - 1 ) ) . H 1 ( K s ) i f i ;;;;. 2 

e )  )1 ( 1 - ( 3 /n ) , n )  '" H I ( K  ) / 2 i f n ;;;;. 6 n 
f)  )1 ( 1 - ( 2 / 5 ) , 5 ) 1 '" H ( K s ) . 2 / S  

Proof . L e t  n ;;;;. 5 . I t  i s  c l ear t ha t  

= H I ( K  ) In i and I T ?  . I = l /n i . 

H I ( K n T� . ) n J I ' · · J i 
n J I  . . . J i 

Cal l  n [n / 2 1 • o 

i 

i 

Vn E Tn Vn E Tn d (Vn Vn ) 1 I I 1
, 1 1 I ' l ' + 1 = . . . .  n o + no + , . . .  , no +

, 
n o  

'----y--" v 
i i 

;;;;. 

;;;;. 2 

Then 

Let  C b e  a c omp a c t  convex  s e t  o f  d iame t er l - ( l /n
i
) . A s s ume 

C n Tn 
1 .  . . I i 0 L e t  

'----y--" 
L 1 ' L z b e  two l in e s  p erpend i cular  to  

t he 
. i that  j o ins  Vn n and t ha t  d l L l ' L Z ) l lne  and V + 1 suc h 1 n o 

= l - l l /n i ) and C e W ,  wher e W i s  the  s tr ip b e tween  L 1  and L z ' 

Then s inc e K n n Tn i s  a tran s la t ion  o f  K n Tn 
1 . . .  1 n no + 1 , . . .  , n o + I 

'---..¡---' '-------y-----' 
we have , us ing 

i i ( 7 ) , t ha t 

( 8  ) H 1 ( K  n ( Tn U Tn ) n C )  '" H I ( K ) /n
i 

n 1 . . .  1 no + 1 ,  . . •  , no + 1 n 
'----y--' � i i 
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n j But a s imilar expr e s s ion ho lds  for pa ir s ( T . . , T + . + . ) J • • •  J no J ,  . .  , n o J 
'---v ----' • . v 

i i 
j = 2 ,  . . .  , no ' I f  we a s sume n � 6 then t her e are  at  l ea s t  3 
suc h  p a ir s  and a )  i s  proved . I f  n= 5 t her e ar e 2 such  p a ir s  and 
c )  i s  proved . 

e )  L et n � 6 .  Obs erve tha t  d (T� , Tn 
+ . )  � 1 - ( 2 /n )  > 1 - ( 3 /n ) . J no J 

Thus  i f  e i s  a convex compact  s e t  o f  d iameter  1 - ( 3 /n )  and 

e n T� � { 0 } t hen e n Tn 
J no +j { 0 } and e )  fo l l ows e a s i l y .  

f)  I t  i s  ea sy  to check  tha t  i f  e i s  a convex compact  s e t  o f  

d iame t er 1 - ( 2 / 5 )  and e n T i � { 0 }  then HI (e n �T; u T� ) n Ks) = O .  

U s ing symmetry  f)  fo l l ows . 

b )  L e t  i � 2 ,  n � 5 and l e t Q� b e  t he int er s e c t ion  ( s e e  f i g . 2 )  
1 

o f  t he l in e  L j o in in g  V� and V�o + l and the l in e  L '  perp end i -

cular to L suc h  that  L '  conta ins the po int 

Y� (Y� . . . Y� (Y� (V� ) )  . • .  ) E T� I . . . I n ' 
'-----y---' 

i i 
I t  i s  easy  to  chec k that  i nI-i . ( 1 - 1 /n) . s in2 (n/n) if n is even 

V 2 / ( 1 +:os (n/n))l . nI-i . ( 1 - 1 /n) . s in (n/n) . sin (n/2n) 
= 2 .nI -1 . ( 1 - 1 /n) . sin2 (n/2n) if n is odd 

Let , for n � 6 ,  e b e  a compact  convex s e t  o f  d iamet er 1 - ( 3 /ni ) .  

As sume e n Tn � { 0 } . Then , from the  fac t  t hat  no + l , . . .  , no + 1  
v-
i 

d (Tn Tn ) 1 . . . 1 '  no + 1 , . . . , n o+l 
'--v---' '-----y-----' 

i i 
we g e t  e n T� . . .  1 { 0 } . Al so  by e )  ( or  f )  i f  n i s  odd)  o f  

'---y--' 
i 

( n n / i 1 emma 3 d V I '  Q i ) '" 2 n . 
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Tn and Tn 
1 1  . . . 1 n n o + 1 , . • .  , no +,1 � v 

i i 

ar e tran s l a t ions  

one  of  the  o t her , we can us e a n  ar gument s imi l ar to the  one  
us ed in  a )  and get  

H 1 ( K  n ( T n U T n ) n C ) ,,¡;; H1 (K ) / n i n 1 1  . . . 1 n no+ 1 ,  . . . , n o + 1  n 
� ,,------� 

i i 
wh ich  c omb ined with  the  fac t t ha t  C n Tn 

1 . . . J. { 0 }  g iv e s  

( 9 ) 

No t e  

'---.,,¡--' 
i 

H l (K n (Tn U Tn U Tn ) n C) ,,¡;; Hl (K ) /ni 
n 1 . . . 1 l . • .  ln no+l , . . .  , no+1 n 

t nat  if  C 

'-y--' � '---y------' 
i i i 

do e s  no t int ers ect  Tn 
1 . . .  1 
"---v-"' 

i 

nor Tn 
no + l , . . .  , n o + l 

'-----y--------' 
i 

t hen ( 9 )  ho l d s . b ) fo l l ows fr om ( 9 )  and the fac t t ha t  t h e  s a -
me ar gument can b e  r ep ea t ed for a l l  t he tr ipl e s  

( Tr: " Tr: ' ( ' l ) , Tn
+ . + . ) , Z ,,¡;; j .;;;; n ( fo r n o dd o b -

J . . •  J J . • . J J - no J , . • •  , n o J o 
'--y---' '---y--' '---� i i i 

s erve t hat  C can only  int er s e c t  n e l ement s o f  the  form  o 

{ T . . } j = l ,  . . . , n ) . 
J • • •  J 

'--y.......--..' 
i 

Ca s e  d )  (n = S )  i s  proved in a s im i l ar way us ing 

d (V i , Q� ) .;;;; 2/ S i . 

LEMMA 6 .  L e t  i b e  a n  i n t e g e r . T h e n  

a )  ].l ( 1 - ( Z / 3 i+ 1 ) , 3 ) .;;;; ( 1 - ( 1 / 3 i ) ) . H l ( K 3 ) i f 

b )  ].l ( 1 - ( 1 / 3 i ) , 3 ) .;;;; ( 1 - ( S / 3 i+ l ) ) . H 1 ( K 3 ) i f 

c )  ].l ( l - ( S / 3 i+ l
) , 3 ) .;;;; ( 1 - ( Z / 3 i ) ) . H l C K 3 ) i f 

i ;;;. 

i ;;;. 
i ;;;. 

3 Pro o f .  Rec a l l  t ha t  T .  . i s  an equ i l a t er a l  t r ian g l e o f  J I ' . . J i 
ba s e  e qua l t o  1 / 3 i . 

a )  L e t  i ;;;. 1 and l e t C b e  a convex compact  s e t  o f  d iame t er 

• 
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1 _ ( 2 / 3 i+1 ) . Then if C n ( T 3 
1 . . . 1 u T 3 

2 . . . 2 U T 3 ) 3 . . . 3 { 0 } 

we hav e 

H 1 ( K  3 n C ) 

Ther e fo r e  we may a s sume 

S in c e d ( T i . . .  1
, T � . . .  2 ) 

-------v------' '--.-"-v----' i+ l i + l  
( s e e  f i g . 3 ) we have 

'----v----' ·---v----- '--y----' 
i+1 i+1 i+1 

� ( 1 - ( 1 / 3 i ) ) . H 1 ( K 3 ) 

C n T i . . . l " { 0 } . 
'----y-----' 

i+l 
3 3 d ( T 1 . . . 1 , T 3 • . •  3 ) 

'------v-"--' '----v--� 
i+l i+1 

H 1 ( K 3 n ( T � . . . 2 U T ; . . . 3 ) n C ) O 
'-----v-----' v 

i+1 i+l 
I t  i s  n o t  d i f f i c u l t  t o  c h e c k  t ha t  t he s e gment [ P i+ 1 , Q i+ 1 ] i s  

p e r p end i c u l a r  t o  [ V
3
1

, V 23 ] .  Thus d ( P V 3 ) > 1 - ( 2 / 3 i+ l ) and i+ l ' 1 
by an a r gument s im i l ar 
t ha t  

H 1 ( K  3 n ( T 3 2 . . .  2 3 -------v------' 
i+1 

and a ) fo l l ow s . 

t o  

U 

t ha t  g iven in 

T 3 ) 1 1  . . . 1 
'--,,----' 

i+1 

n C )  

l emma 5 a ) we 

� H 1 ( K 3 ) / 3 i+ l 

b ) L e t  i � 1 and C b e  a convex c o mp a c t s e t  o f  d iame t er 

have 

1 - ( 1 / 3 i ) . T h en if C n ( T 3 U T 3 U T 3 ) = { 0} we have 1 . . .  1 2 . . .  2 3 . . .  3 ------""r----' '---y---' ------v---' 
i i i 

H 1 (K3 n C) � ( 1 _ 1 / 3 i--- 1) .  H1 (K3) 

Let us suppose that C n T 3 " { 0 } . We have , 1 . . .  1 

i 
b y  s ymme t r y , o n l y  t hr e e  sub c a s e s : 

b 1 )  C n T 3 
1 . . .  1 " { 0 } 

'---y----' 
i+1 

b 2 ) C n T �  
J • • • j { 0 } , j 1 , 2 , 3  C n T 3 

1 . . .  1 2  
'--y---' ------......-----J 

i+l i+1 

{ 0 } , 
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C n T 3 
1 . . .  1 3 " { Q! }  

----... ------' 
i+1 

b 3 )  C n T � 
J • • • j { Q! } , j 1 , 2  , 3  C n T 3 

1 . . .  1 2 " { Q! }  , 
'-----y---' '---y----' 

i+1 i+1 
C n T3 

1 . . .  1 3  " { Q! } . 
� 

i+1 

b l )  I t  is ea sy  to  s e e  t ha t  ( s e e  f i g . 3 )  

d (T i . . .  1 , T � . . .  2 ) and d (T i . . .  1 , T� . • .  2 3 ) ;;" d'(Ti+1 , Qi+1 ) = 1 - ( 1 /3i) 
'-----y---" '-----y---" � '----v--' 

i+1 i+1 i+1 i+1 
1 3 3 Thus H ( K 3 n ( T 2 . . .  2 U T 2 . . .  2 3 ) n C )  = O and by symmetry 

i+l' � 
1 3 3 H ( K3 n ( T 3 . . .  3 U T 3 . . .  3 Z ) n C )  

---y----' -----v---' i+1 i+1 

1 - ( 1 / 3 i ) we have t hat  H 1 ( K3 

.,;; if 1 ( K3 ) / 3 i+ 1 . 

b 2 ) S ine e d e S . 1 ' P . 1 ) 
1+ 1+ 1 - ( 1 / 3 i ) ,  i t fo l l ows  tha t  

( 1 0 ) H 1 ( K3 n ( T i . . . 1 3  U T ;  . • . 2 3 ) n C )  .,;; H 1 ( K 3 ) / 3 i+ 1 

'-----y---' '--v� 
i+1 i+1 

b 3 )  From b 2 ) one  get s  ( 1 0 ) a ga in and by symme try 

H 1 ( K3 n ( T i . • .  1 2 U T� . • .  3 2 ) n C) .,;; H 1 ( K
3 ) / 3 i+ 1 

e )  L e t  i ;;.. 1 

1 _ ( S / 3 i+ 1 ) . 

C n ( T 3 
1 . . . 1 '-----y---' 

i 

'-----y---' --v---' 
i+1 i+1 

and l e t  C be  a eompae t eonvex  s e t  

We a s sume C n T 3 
1 . . . 1 " { Q! }  e i f 

� 
U T3 3 i 

{ Q! }  t hen 2 • . • 2 U T 3 . . . 3 ) '-----y---' '-----y---' 
i i 

o f  d iameter  

H 1 ( K3 n C )  

Then , by symme try , only  two e ho ie e s  ar e po s s ib l e :  

.,;; 
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3 c 1 )  e n T 1 .  . .  1 ., {0 } . 
� 

Consequent1y , e n (T  � . .
. 2 U T � 

. . .  3) 
i+1 
3 c 2 ) e n T . .  .J..:;..:J i+1 

H 1 ( K3 n ( T3 
3 • • • 3 '---v--" 

i 

{ 0 J , j 1 , 2 , 3 ; e 

U T 3 U T3 2 • • •  2 2 • • •  2 3 
-v---' '----y--' 

i+1 i+1 

2 . 2  P R O O F  O F  T H E O R E M  5 

'---v--" '---y---J i 
n T3 1 .  . .  1 2 

� i+1 
3 U T 1 .  . .  1 )  

--v---' i+1 

i 
., { 0 } . 

n e )  

{ 0 } • 

Then , 

o 

Rec a l 1  t hat  property Z ' ho l d s  for K n ;;;;' 3 .  Thus  l1 ( ó , n )  i s  n 

• 

c ont inuous on ( 0 , 00 ) . L e t  f ( ó , n )  = l1 ( ó , n ) /ó .  Then , i f  1 < ó , 
1 1 f ( ó , n ) = H ( Kn ) / ó < H ( Kn ) = f ( 1 , n ) .s;;;; 1 ( th . 3 ) . Ther e fo r e  to  

prove t he theor em we mus t  1 show H ( Kn )  
number O < !J.  < min d (T  . , T . ) n i;' j � J 

could be  
Ther e fore  from theorem 3 and 4 we get 
i ' )  f ( o , n ) .s;;;; 1 on  [ !J.n ' 1 ]  

i i ' )  f ( ó o , n ) = 1 on for some ° o 

From the cont inu ity  o f  11 ( 6 , n )  one  ge t s  
!J. n min d (T� , T� )  i;' j � J i e . 

;;;;' 1 .  Ob s erve 
used a s  !J. in 

E [ !J.n ' 1 ] 

i '  ) and i i l )  

f ( o , n )  .s;;;; 1 on [T�j d ( T� , T; ) , 1 ] 

tha t  any 
property  

for 

i )  
i i )  f ( o o , n ) = 1 for some 0 0  E [min 

i;! j 
n n ] d ( T  . , T . )  , 1 

We r e ca l l  formul a e  ( 3 ' ) o f  l emma 4 

( 3 ' )  

min d (T� , T� )  ;;;;. 
i;' j � J 

� J 

and min d (T � , T� )  = 1 / 3 .  Let  n b e  even , n ;;;;. 8 .  Def in e  the  i;' j � J 
funct ions g ( o , n ) and h ( o , n ) a s  fo l lows : 

A .  
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l /n if cS E [ ( l - l /n) . sinfrr/n) - ( l /n) , ( 1 - 1 /n) . s in (n/n) ) 
2 /n if cS E [ ( l - l /n) . s in (n/n) ' s in (2n/n) - ( 2 / n ) ) 

g ( cS , n )  
(j + 1 )  /n if cS E [ s in (j n/n) - ( 2/n) , sin ( (j + 1 ) n/n) - (2 /n) ) 

and 2 ';;;; j .;;;; (n/2 ) - 1  

( 1 1 ) r l - l / n í i f  cS E [ 1 - 1 /n í , 1 - 3 /n í+ l ) i 1 , 2 ,  . . .  , 

h ( cS , n ) 1 - 3 /n í + l [ 1 _ 3 /n í+ 1 , 1 _ 1 /n í+ 1 ) 

1 
i f  cS E i = O , l , Z ,  . . .  

1 / 2 i f  cS E [ 1 / 2 , 1 - 3 /n )  

Then h ( cS , n ) i s  d e f in ed o n  [ 1 / 2 , 1 )  and g ( cS , n )  o n  
[ ( 1 - 1 / n ) . s in ( n / n ) - ( 1 / n ) , 1 - 2 / n ) . Al so  h ( cS , n ) / cS  .;;;; 1 a n d  by l em

ma 3 a , b , c )  we  get  g ( cS , n ) / cS .;;;; 1 .  B y  l emma s 5 a , b , e ) ,  4 a , b ) 
and fr o m  t h e  fa c t  t ha t  � ( cS , n ) i s  non d e c r e a s i n g  w e  g e t  

( 1 Z )  f ( cS , n )  / H 1 ( Kn ) .;;;; h ( cS , n )  / cS .;;;; 1 i f cS E [ 1  / Z , 1 ) 

and 
f ( cS , n ) / H 1 ( K  ) .;;;; g ( cS , n ) / o  .;;;; 1 i f  n 

o E [ ( l - l / n ) . s in ( n / n ) - ( l / n ) , l - Z / n )  

a n d  u s in g  t h e c o nt inu i t y  o f  � ( o , n ) 

( 1 3 )  f ( o , n ) / H 1 ( K ) .;;;; 1 i f  n o E [ m in d ( T � , T � )  , 1 ]  
í 1 j  1 J 

U s in g  pro p e r t y  i i )  abo y e  we g e t  H 1 ( K ) ;;;' 1 .  n 

The  p r o o f o f  t h e  o t her c a s e s  ar e s im i l ar . 

L e t  n b e  o dd , n ;;;, 7 .  D e f in e  h ( cS , n ) a s  in ( 1 1 )  and 

g ( o , n )  J l /n 

Z /n 

if o E [VZ / ( 1 +cos (n/n) )' . ( ( 1 - 1 / n ) . s in ( n / n ) - ( 1 /n ) ) , 
VZ / ( 1  +cos (n In) )'. ( 1 - 1 /n) . s in (n /n) ) 

if o E [VZ / ( 1 +cos (n�. ( 1 - 1 /n) . s in (n/n) , 
VZ / ( 1  +co s (n In) JI . s in (2n/n) - ( 2 /n) ) 

(j + l ) /n if o E [V2 / ( 1 +co s C'rr/n))' . s in (j n/n) - ( 2 /n) , 
\!Z / ( l +co s (n/n)Y . s in ( (j + l ) n/n) - (Z /n) ) 

Z ';;;; j .;;;; (n- l ) / Z  - 1 
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g ( a , n ) i s  d e f in ed o n  [ V2 / ( 1 +c o s ( TI /n ) ) l. ( ( l - l /n ) . sin (TI/n) - ( l /n) ) ,  

Vz / ( 1  + c o  s ( TI  /n ) r s in ( ( n  - 1 ) 11 / 2 n )  - ( 2  I n ) ) . 

U s in g  l emma 3 a , b , c , d ) we g e t  g ( a , n ) / a  ..;; 1 .  By l emma 4 c , d ) it  

1 fo l l o � s  t ha t  f ( a , n ) / H ( Kn ) ..;; g ( a , n ) / a  ..;; 1 .  As we have s e en ,  
l emma 5 a , b , e ) imp l i e s  ( 1 2 ) . Thus ( 1 3 ) ho l d s  and the  proo f  
end s a s  in t he p r e v i o u s  c a s e .  

F o r  n = 6 ,  h ( a , 6 ) i s  d e f in ed a s  in ( 1 1 )  and 

g ( <5 , 6 ) r 1 / 6 i f a E [ ( 1 - 1 / 6 )  . s in ( TI / 6 )  - 1 / 6 ,  ( 1  - 1 / 6 )  . s in ( TI / 6 ) ) 

<l. , 1 / 3 if <5 E [ (  1 - 1 / 6 )  . s in ( TI / 6 ) , s in ( TI / 3 )  - 1 / 3 ]  

a n d  t h e  pr o o f  run s i n  a s im i l a r  wa y u s i n g  l emma 3 a ) , b ) , l em

m a  5 a ) , b ) , e ) ,  and l emma 4 a ) , b ) . 

F o r  n =  5 l e t 

r 1 - 2 / S i  i f  <5 E [ 1 - 2 / 5 \  l - l / S i ) i 1 , 2 ,  . . .  

h ( a , S )  i 1 _ 1 / S i - 1  i f  a E [ 1 _ 1 / S i - 1 , 1 _ 2 / s i ) i 2 , 3 ,  . . .  
2 / 5  i f  <5 E [ 2 / 5 , 1 - 2 / 5 )  

g ( <5 , S )  = 1 / 5 ,  i f  a E [ V2 / ( 1 + c o s ( TI / S ) )' . [ ( 1 - 1 / S ) . s in (TI/S) - 1 / S] , 

V2 / ( 1 + c o s ( TI / S ) { ( 1 - 1 / S ) . s in ( 1I / S ) ] and u s e  l emma s 5 c , d , f ) ,  
4 c ) , 3 a ) . 

Fo r n = 3 we d e f in e  o nl y  o n e  fun c t i o n  g ( a , 3 ) in t he fo l l owing 
way 

" i 1 - 2 / 3 i  i f  a E [ 1 _ 2 / 3 i , 1 _ S / 3 i + 1 )  i ;;;;. 
g ( a , 3 ) 1 _ S / 3 i+ l i f  a E [ 1 - S / 3 i+ 1 , 1 _ 1 / 3 i ) i ;;;;. 

1 - 1 / 3 i i f  a E [ 1 - 1 / 3 i , 1 - 2 / 3 ú 1 ) i ;;;;. 

T hu s  g ( a , 3 ) i s  d e f in e d  o n  [ 1 / 3 , 1 )  and t h i s  c a s e  fo l l ows from 
l emma 6 .  
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Ca s e  n = 3  i s  cons ider ed in [Mn] . Ca s e  n=4  may b e  found in [F.) 
and [Mn ] . The proo fs g iven t her e ar e d iffer ent . 

2 • 3 .  E X AM P L E 2 .  

The uni que c.ompac t s e t  K such t hat  

K 6 Y .  ( K )  
i =  1 � 

wher e Y .  a r e  s imi l i tud e s  o f  the comp l ex p l ane d ef iried by 
� 

Y1 ( Z ) = z / 3 ; Y z ( z )  = z . ( 1 /2+iy'3:/Z) /3+ 1 /3 ; Y 3 ( z ) = z . ( 1 /2 - iv'3/Z) /3+ 

( l / Z + i / Z I3) ; Y4 ( z )  = z / 3 + Z / 3 ,  i s. the  we l l  known Koc h  curve . 

I t  i s  not  d i fficul t to  s e e  tha t  C ( K )  = C ( { O , l , l / Z + i / Z I3}) and 
ther e fo r e  u s ing int C (K )  one can prove that an "open s e t  con 
d i t ion"  ho l d s  for K .  Ther e for e K i s  s el f s im i l ar ( s ee  [ F ] ) .  
Mor eover s = l o g  4 / l o g  3 .  

Al t erna t ive ly  K c an b e  d e f ined with  only  two s im i l i tud e s  i e . 
Z 

K = U Y �  ( K )  
i =  1 � 

wher e Y i ( z )  = z . ( - I3/ Z - i / Z ) / I3+ ( l / Z + i / Z I!) 

Y z ( z ) = z . ( - /3/ Z + i / 2 ) / 13+ 1 (pr ime s w i l l be  used  to d e s c r i b e  

e l ement s t hat  ar i s e  from t h i s  d e f in i t ion ) . 

Prop er ty  Z ho l d s  for K and t her efor e � ( o ) and f e o ) ar e cont i �  
nuous . F i gur e 4 s hows how K l o o k s  l ike . 

L e t  C b e  a compac t s e t  o f  d iame t er o < 1 / 3 13  suc h  t ha t  (by  

t heor em 1 )  � ( o ) = H S ( C  n K) . I f  C int er s ec t s  T i or T z  but 

no t bo t h  t hen u s ing Y i -
1 (or y 2 - 1 ) one c an prove t hat 

( 1 )  

I f  C int er s ec t s  bo t h  T i and T z  t hen C can int er s ec t  a t  mo s t  

t he s e t  { TZ 3 , T z 4 , T 3 1 , T 3 Z } ( f i g . S ) .  But 



81 

Y (K n ( T2 3 U T 2 4 U T 3 1  U T 3 2 ) )  = K n { T I I  u T 1 2 U T l 3 U T 1 4 } 

wher e Y i s  a s imi l i tude w i t h  contrac t ion  rat io  1 .  Ther e fo r e  
o n e  could a s sume that e o n l y  int er s e c t s  T I and ( 1 )  ho l d s . Thus 

we have proved t ha t  i f  o < 1 / 3 /3  then f e o )  = f ( o . /3) .  Ther e 
for e  t heor em 4 ho l d s  w i t h  E l = � ,  � any number l e s s  than 

1 / 3 /3  and E 2 � . /3 . I n  fac t , in i t s  pro o f  we have only  us ed 

the the s i s  of l emma 2 .  From t h i s  l emma and Th . 3  we obta in : 

i )  

i i )  

o E [ 1 / 3 /3, 1 / 3 ]  

for sorne 0 0 E [ 1 / 3 13, 1 / 3 ]  

W e  no t e  that pro p er ty  A ho l d s  fo r K for sorne � «  1 / 3 /"3 . 

Upp er and l ower bounds for K had b e en g iven in [ B ]  

0 . 0 2 6 � 2 � 5 - 4 < H 5 ( K )  < 2 5 - 2 
� 0 . 5 9 9 5 . 

In  [M 2 ]  an a l t erna t i ve pro o f  o f  the  upp er bound wa s g iven 

and it  wa s conj e ctur ed t hat  H 5 (K )  = 2 5 - 2 . But we s hal l s e e  

t ha t  inde ed H 5 ( K )  < 2 5 - 2
. 

Now t o  get  a lower bound for H 5 (K )  we need to  CQmput e h . 
r 

The fo l l owing i s  a tabl e o f  a func t ion h2 wh ich  i s  an 

-
h2 ( 6 /1 6 ) 1 / 3 /3  h2 ( 9 / 1 6 )  � 0 . 2 9 3 9 7  
-
h2 ( 7 / 1 6 ) 2 / 9 h2 ( 1 0 / 16 )  1 / 3 
-
h2 ( 8 / 1 6 ) 2 / 9  h2 ( 1 1 / 1 6 ) 4 / 9  

approximat ion o f  h 2 . We r ec a l l  t he def init ion o f  h2 : 

h 2 ( a )  = min ( max d ( r , r ' ) )  
SEG� r ,  r '  E S  

wher e  � ( . , . )  i s  the  usual  d i s tanc e b etween s e t s . 

L e t  P I = O , P 2  = 1 

P 6  = 1 / 6 + i / 6 /"3 , P 7  
P 3 = 1 / 2 + i / 2 /3  

1 / 3+ i / 3 /3  , P 8 

P4 = 1 / 3 , P s 
2 / 3 + i / 3 /3  , 

2 / 3 , 
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P g 5 / 6 + i / 6 13 and r T . . , r '  = T .  . . Then s e t 
1 1 1 2 J 1 J 2 

d ( r , r ' ) min d (Y i o y .  (Pk) '  Y .  o Y .  ( p  ) )  
1�k ,m1> g 1 1 2 J 1 J 2 m 

and d e f in e  h2 in the  fo l l owing  way : 
- -
h2 ( a )  = min ( max d ( r , r ' ) )  

t3EG� r , r ' E t3 

-
No t ic e  t ha t  d ( r , r ' )  - 1 / 5 4  � d ( r , r ' ) � d ( r , r ' ) . Ther e for e 

.. -
h2 : =  h2 - 1 / 5 4  � h2 � h2 

and if  we  d e fine  U 2 ( ó ) : =  max { a : h2 ( a )  � ó }  t hen U 2 � ü 2 . 
-

h2 and h2 ar e non decr e a s ing . ( Th i s  i s  a g en er a l  fac t : Hr and 

hr ar e non decr eas in g func t io n s  if ki = k 1 for a l l  i ) . To c om 

put e the  s upr emum o f  Ü2 on  [ 1 / 3 /3, 1 / 3 ]  we d o  no t n e ed a l l  t he 
-

va lues  o f  h2 but only  t ho s e  d i sp l ayed in the  tabl e aboy e . 

From i , i i )  aboye and t heor em 2 a )  we g et  

... 
wher e B 2 

1 /:8 2 � 1 /B 2 � H S ( K) 
'" s sup U 2 ( ó ) / ó  

ÓE [ 1 /313, 1 / 3] 
sup U2 ( ó ) / ó s . U s ing t he 

ÓE [ 1 / 313, 1 /3] 
'" '" 

tabl e i t  i s  ea sy t o  c o mput e B 2 . We have B 2 � 3 . 7 2 3  and 

0 . 2 6 � H S ( K )  

We  comput e now  an  upper  bound . O b s erve tha t  Q = { T2 12 U T2 1 3  U 

U T2 14 U T2 2 1  U T222  U T2 23 U T224 U T23 1  U T2 32 U T2 33 U T2 34 U T24 1 U 

U T24 2 U T243 U T244 U T3 1 1  U T3 1 2 U T3 1 3  U T314  U T32 1  U T322  U T32 3 U 

U T324 U T33 1 U T332 U T333 U T334 U T34 1 U T342 U T34 3 } ha s d iame t er 

Ó '  = V  ( 2 9 2 / 2 4 3 ) 1 / 3  � 0 . 3 6 5 3 9  ( s e e  f i g . 6 )  and t ha t  

H S ( Q n K )  = ( 3 0 / 6 4 ) H s ( K ) . 

Ther e for e 
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3 0 . H S ( K ) / ( 64 . 6 ' S ) <  p ( 6 ' ) / 6 ' s < 1 

i e . H S ( K )  < 0 . 5 9 8 9  < 0 . 5 9 9 5  � 2 s - 2 . 

The numb er s d i splayed in examp l e  2 ar e a l l  exa c t  up to  the  
la st  d i g i  t . 

Figure 1 
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Figure 5 

Figure 6 
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