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ABSTRACT 

In case of  graphs without loops or para l l e l  edges 

Behzad-Radj avi [ 1 ]  show that i f  H is the tota l graph of a 

graph which i s  not a cycle or a complete graph then H conta ins 

one and only one subgraph G, such that H=T ( G ) . In thi s  work we 

show it i s  poss ible to extend this result to multigraphs and a 

constructive method for determining the primit ive submultigraph 

is given . 

1 . INTRODUCTION 

We cons ider f in ite , connected mult igraphs with loops permitted . 

For s imp l i c ity we f;'lha l l  ca l l  these s imply graph . A graph i s  

trivia l  i f  it cons ists of a s ingle vertex . 

Given a graph G ,  we denote by V ( G )  the set of  its vert ices and 

by E ( G )  the set of its edges . 

With every graph G i s  associated a graph GO , cal led the LINE 
GRAPH of G whose vert ices are i n  a one to one 

correspondence with the edges of G in such a way that two 

vertices u ' , v '  ( u '  '" v ' ) of GO are j o ined by as many edges as  

the corresponding edges u,  v of G have COmInon vertices , and 

a l s o , if u is  a loop of G ,  then at the correspondi ng vertex u '  

there is  only one l oop . 

I n  a s imi l ar way we can associate with G a graph H = T ( G )  

c a l led the TOTAL GRAPH of G , such that V ( H ) = V ( G )  v V e Ga ) 
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and E ( H )  = E ( G )  v E ( Go ) v E ( C (H» , where C ( H ) , ca l led the 
MIDDLE GRAPH i has vertices V ( H) =V ( G )  v V e Ga ) and edges [ x , u ' J 
where x e V ( G )  is  an end vertex of u e E ( G ) . 
H i s  a total  graph i f  there is a graph G such that H � T ( G ) . 

The preceding definitions have be en considered in [ 2 ] . 
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REMARKS 
I f  H = T ( G )  then 

" 
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U(G ) 
U(GO) . .  
U(C( H )) -----

H = T(G)  = G .  GO. C( H )  

f igura 1 

1 . 1 .  G is connected i f  and only if H is connected . 

1 . 2 .  The number of  loops of H is even . 

1 . 3 .  J f  u e E { G ) , in the middle graph of H there are one or 

two edges with vertex u ' . 

1 .  4 .  I f  l oops or para l l e l  edges are not admitted , G i s  

k-regu lar of order n i f  and only if  H i s  2k-regu lar o f  order 

n (  1 +  k/ 2 )  • 

1 . 5 .  I f  H is the total graph of  a cycle ( in part icu l ar a loop 

or two para l lel  edge s )  or of a comple.te graph , H cannot be the 

tota l graph of another type of graph . ( Fo l lows from 1 . 4  and 

the def inition of total graph app l ied to a loop or a pair  of 

two para l lel  edges ) .  

1 . 6 .  I f  H is the tota l graph of a path of arder n > 2 ,  H 
cannot be a tota l graph of another type of graph . 
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1 . 7 .  I f  x e V (H )  is the end vertex of at least two loops , 

then x e V ( G ) . 
1 . 8 .  I f  there are three or more para l l e l  edges [ x , y ) , then 

x , y  e V ( G ) . 
1 . 9 .  I f  x e V ( H )  is the end vertex of para l l e l  edges and at 

least one loop , x e V ( G ) . 
I f  x e V ( G )  we sha l l  denote by d and D , respect ively , the 

x x 
degree of x in G and in T ( G ) . For vertices u ' e  GO we sha l l  

denote by D the ir degree in O = T ( G ) . u ' 

1 . 1 0 .  I f  G is not tr ivia l ,  D - d � 1 .  
x x 

1 . 1 1 . I f  x e V ( G )  and there are hx loops , hx � O ,  with end 

vertex x ,  then D 2d - h . 

1 . 1 2 .  I f  u 

with vertex 

x x x 
= [ x , x ) e E ( G )  

x ,  D = d - h u ' x x 
D D 

x ' otherwise , D < D u ' u ' x 

2 . RESULTS 

TOEOREM 1 

+ 

. 

and there are h loops , h � 1 ,  x x 
2 = D - d + 2 .  I f  d = 2 then x x x 

Let H be a tot a l  graph . I f  A is  a non tr ivial subgraph o f H 
and AO i s  its corresponding l ine graph in O then there 

exists a uni que graph G such that A � G and O = T ( G ) . 

proof 

If A e O is not trivial  and AO is  its correspond ing line graph 

i n  O i  we can construct T ( A )  � o .  It is  obv i ous that i f  T ( A ) = O 
then A = G .  

I f  T ( A )  '" O ,  let *- = { u '  1 ' U ' 2 ' • • • • ' u '  k } be the set of  a l l  

vert ices of  O = T ( A )  adj acent to some vertex of AO . Now we 

cons ider the edges of O with at least one vertex in A ,  the 

edges with the other vertex in V ( Ao 
) u *- are in C ( O ) . The 

rema i ning ones determine a we l l  def ined subgraph A, e O 

such that A e A, and its correspond ing l ine graph A� i s  the 

graph induced by V ( Ao ) u *- o We can repeat the same argument 

with A, and its corresponding l ine graph A� and in thi s  

way determine a sequence 

A e A, e A2 c . . . . • .  e Ak 
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sueh that 
, H  and 

Let � be the fami ly of vertex subsets of a total graph that 

def ine eoeye les without para l le l edges . We say that a subgraph 

is an a.-subgraph i f  it is a graph indueed by the minimal 

e l ements o f  � that ha ve loops and para l l e l  edge s . 

REMARKS 

Let S be an a.-subgraph in H = T ( G )  
2 . 1 . S i s  eonneeted . 

2 . 2 .  I f  S has no para l lel  edges , I V e S )  I = 1 and its edges 

are loops . 

2 . 3 .  I f  I V e S ) 1 = 2 ,  S has at least two para l l e l  edges . 

2 . 4 .  ' I f  I V  ( S )  I � 3 and H has not three or more para l le l  edges 

[ x , y ]  then S � G .  

LEMMA 1 
I f  H = T ( G )  and A � G is  an a.-subgraph , then it i s  possible to 

determine its eorresponding AO � GO • 
proof 

If H has a s ingle  subgraph AO 
to the vertiees o f  A j ust as  

imp l i es , the lemma is 

whose vertiees are adj aeent 

the tota l graph definition 

trivia l .  Otherwise , the 

corresponding A o e GO i s  the one whose vertiees are not 

adj acent to the end vertex of a loop or para l le l  edges , 

except those o f  A . •  

LEMMA 2 ( Behz ad-Radj avi )  

Let G be a eonneeted graph without loops or para l l e l  edges , 

whi eh i s  not a path , a eyele or a comp lete graph and let ao be 

a vertex of H = T ( G )  of maxima l degree 2 d . 
Then ao e V ( G )  
neighborhood of a o 

i f  and only i f  the graph i ndueed by the 

has exaet ly one Kd as subgraph . 

From the lemma it fol lows that the edges [ ao ' xi ] ,  



67 

i E { 1 , 2 ,  . . . . , d }  such that X i É Kd determine a subgraph A � G 

whose corre sponding l ine graph AO i s  Kd ' 

The part a )  o f  the fol lowing theorem col l ects the 

results obtained in [ 1 ] . 

THEOREM 2 

Let H be a total graph , connected , with loops or para l l e l  
edges permitted . 

a )  I f  H is  the tota l graph of a cyc le or a compl ete graph , H 

contains more than one subgraph G .  1 such that H = T ( G i ) .  

b )  Otherwi se , H has exactly one subgraph G whose tota l graph 

is  H .  

proof 

a) If G is a cyc l e , G * K3 , ( in part icular a loop or two 

para l l e l  edges ) H conta ins two subgraphs G such that 
H_ = T ( Gi ) ·  

For G = K3 ' T ( G )  i s  the total graph of each o f  its e i ght 

tri angles . 

For a compl ete graph G of order p ,  p > 3 ,  there are exact ly p 

other subgraphs G .  of T ( G )  with T ( G . ) = T ( G ) , i = l , . . .  , p .  
1 1 

b )  We cons ider d i f ferent cases and for each o f  them we sha l l  

show that there exi sts only one subgraph G such that 
H = T ( G ) . 

Certa inly , i f  we assume that we know a certain subgraph A e H 
to which we can apply Lemmas � or 2 ,  following the construct ive 

method used in the proof of theorem 1 we can determine the 

des ired subgraph G .  

That we can choose a n  adequate subgraph A i n  a l l  cases i s  a 

consequence of the f o l l owing cons iderat ions . 

I f  H has no loops or para l lel  edges and i s  not the tota l 

graph of a cyc l e , a complete graph , or a path , to determine A 
we app ly Lernma 2 .  
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I f  H i s  the total  graph of a path , we take A to be the 

sma l lest path which j oins the unique vertices of degree 

2,' ( see 1 .  6 )  . 

Otherwise H conta ins loops or para l lel  edges . I f  H contains 

a-subgraphs such that their vertices sat i s fy 1 . 7 ,  1 . 8 ,  1 . 9  we 

choose A among them . I f  in H there are no such a-subgraphs 

but there is an a-subgraph S such that I V ( S ) I � 3 then S can be 
taken as A .  

I f  a l l  a-subgraphs S cons ist of only a loop or two para l le l  

edges , w e  take A to b e  one o f  the loops whose vertex has 
'
maximum degree in H ( see 1 . 1 2 )  or one of the pa irs o f  para l l e l  

edges with the minimum number of vertices adj acent t o  both end 

vert ices • •  

The f o l l owing theorem i s  of interest i n  itse l f  and 

genera l i z es the theorem of Behzad and Radj avi [ 1 ) . The proof 

i s  s imi lar . 

THEOREM 3 

Let G, and Gz be graphs . Then T ( G, ) = T ( Gz ) if only i f  G, � G2 • 
proof 
It suff ices to prove the result for connected graphs . I f G ,  and  

Gz are isomorphic so are  their tota l graphs . The  converse 

fol lows from 1 . 5 ,  1 . 6  and theorem 2 . •  
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