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ON S aNE NOTABLE PLANE 
S ET S , I I :  DRAGaN S 

A .  Benedek and R .  Panzone 

ABSTRACT . We prove in an essentia1 1 y  geometri ea1 way that 
Heighway ' s  dragons ( ehi nese dragons ) are sets of Lebesgue 
measure 1/2 tha t ti 1 e  the p1 ane . We a1so exhibi t the eonvex hu11 
of the usual dragon and show that the union of two Heighway ' s  
dragons i s  equa1 t o  Knu th ' s  twi ndragon . 

PART I .  

1 . INTRODUCTION . a )  W e  d e a l  i n  th i s  paper with the so cal l ed 

chinese dragon , or s impl y  dragon , assoc i ated to the ( dragon ) 

curve i ntrodueed by John E .  Heighway , ( cf . [ D ] ) .  It is  a 

s e l f-s imi l ar pl ane set o f  s imi larity dimens i on 2 that can be 
obtained from the unit i nterva l u : =  [ 0 , 1 ]  and the s imi l arity 

maps Q and R :  

( 1 ) Q ( z )  = ( 1 +i ) Z/ 2  R ( z )  = 1 + ( - 1+i ) z/ 2 . 

Thes e  functions are rel ated as fol l ows : 

( 2 )  R ( z )  = i [ Q ( z )  - ( 1 + i ) / 2 ]  + ( 1 +i ) /2 

In F ig . 5 ,  the approx imating curve for j=6 : 

d j + 1 : =  U {  • • • •  Q
i . Rk 

• . . .  ( u ) : . . .  + i +k+ . . .  = j ) 

i s  depicted . Thi s  polygonal has 2 j sides . Heighway ' s  dragan is a 

compact set i nvari ant for the iterated functi on system ( Q , R ) , 

( c f . [ E ] , Ch . 4 ) , that l ooks l ike the diagram in Fig . 1 .  

To prove thi s  assertion ( by induction ) observe that i f  one 

tr�vel s  a l ong the curve d j+1 from O to 1 and denotes with D ( U )  

the corners where the curve turns right ( left ) 9 0 · then the 

sequence of D ' s  and U ' s  coincides with that given in [ D ] , § l .  

b )  Nomenclature : dim ( X )  Hausdorf f  dimens ion of X i  'm ( X )  = 

plane Lebesgue measure of X i  co ( X )  = c losed convex hul l  of X i  



77 

#X = cardinal ity of X i  if a is a s imi larity of rati o  r and 
X = a ( X ' ) then we say that X is r-similar to X ' i 

Xa : =  { y ;  I x-y l <  a for some x € X } . 

T ( H )  wi l l  denote a til ing of the plane in the f o l l owing preci s e  

sense : H i s  a measurable bounded s e t  and R2= U { H ( i ) ¡ i =l , 2 ,  . . .  } 

where each H ( i )  i s  l - simi l ar to H ,  veri fying 

i t j  � m ( H ( i )  n H ( j »  = O .  

Let b=- l+i . F wi l l  denote the set of complex numbers whose 

representati on i n  the binary complex number system ( b , { O , l } ) 

are of  the form ( o . a_ 1 a_ 2 " ' ) b ' In other words , F i s  the so 

cal l ed Knuth ' s  twindragon , ( cf . [ K ] , p . 1 7 2  and [ S ] , p . 3 3 0 ) . 

e )  I f  instead of  the i nterva l u one starts with an i sosce les 

right-angl ed triangle M in the f i rst quadrant with hypotenuse u ,  

the same l imit set i s  obtained . D ( M )  wi l l  denote thi s  set o I n  
Fig . 2 some steps of the process that l eads to D ( M )  can be seen . 

Q transforms the mother M in the right-angled triang l e  B and 

A = R ( M ) . A and B are the daughters of M i  in the second step the 

triangles e ,  D , F and E are obtained , see Fig . 2 , 1 - 3 . Here , 
F U E = = Q ( B  U A ) . Descendants of M wi l l  be cal l ed a l l  the 

triangles obtained fOl l owing thi s  procedure i the order of 

descent of a tri angle of  the process is equal to the number of 

steps plus 1 .  That i s , the order of descent i s  counted beginning 

with 1 for the mother . So , J i s  a daughter of  I but fourth 

descendant of A .  In. F ig . 2 , 3 - 5 , appear the o f fsprings of M of  

order 4 and 5 .  I n  the diagrams of Fig . 3  are distigui shed the 

descendants of A from those of B that are drawn with dotted 

l ines . Let P be a triangle r-s imi lar to M .  The mappings to 

obtain the dragon D ( P )  . generated by P ,  that p l ay the same rol e  

as Q and R ,  wi l l  b e  denoted b y  :x.. [ P ]  and f [ P ] , respective ly . 

For arbitrary X l et l ( X ) = Q ( X )  U R ( X ) , lk+1 ( X )  = l o lk ( X ) o Then , 

l
k+ 1

( M )  tends to D ( M ) and lk+1 ( M ) = lk ( A  U B ) . Thi s  means that 

if we replace each triangle P of  order k by A [ P ] ( P )  and f [ P ] ( P }  

( its daughters ) then we obtain a l l  descendants o f  order k+1 . 

Thus , we have an al terna tive view of the cons truction of the 

approxima ting fami l i es of right-angl ed tri angl es of equal size 

wi th l i mi t  D ( M ) . Then , 
( 3 )  D ( M ) = D ( A )  U D ( B )  ; D ( A )  = R ( D ( M » ; D ( B )  = Q ( D ( M » . 



78 

I f  we pay attention only to the hypotenuse and legs of M then 

the same proof shows that the l egs ( hypotenuses ) of the 

tri angles of order k+1 are the s i des o f  dk+1 ( dk ) . 

d )  Let G j be the family of triangles of order of descent equal 

t.o j .  Then , if 6. i s  a descendant o f  order m of 6." E G j , 

( 4 )  D ( 6. ) e D ( 6." )  . D ( 6. )  i s  ( 1 /J2 ) m- 1
-s imi l ar to D ( 6. " ) .  

Besides , the hypotenuses of  the o f fsprings of order j are s ides 

of squares in a ( regular ) net of squares with O a s  one vertex , 
. 1 of s i de ( 1 /J2 » ) - , formed by l ines para l l e l  to the coord i nate 

axes if j is odd and at 4 5 " if j is even . 

We c a l l .  standard a triangulation of a square i f  i t  i s  the one 

obta i ned by means of the d i agona l s  of the square . Thus , of  two 

consecutive regular nets that of sma l l er width tr i angu lates in a 

standard way each square of the other . 

e )  We give two proof s  of next Theorem 1 . The s econd i s  geomet

rical , resembl ing that of P .  Lévy for his famous curve , ( [ Y ] ) .  

THEOREM 1 .  Let D=D ( M ) . Then , D=c l ( i nt ( D » , m ( D ) = 1 / 2  and there i s  

a t il ing T ( D )  of the plane o 

We a l s o  prove that the fo l l owing resu lt holds , ( s ee [ E ] , p . 3 0 ) . 

THEOREM 2 . Let M" be the image of M by the l inear map 

( 5 ) t ( z ) : =  1 - z .  

Then , m ( D ( M )  n D ( M" » = O . Bes ides , there i s  an isometr ic l i near 

map n such that n ( F )  = D ( M )  U D ( M" ) . 

In F ig . 4  a di agram of  the equa l i ty n ( F )  = D ( M ) UD ( M" ) i s  shown . 

S ince D ( MA )  i s  a chinese dragon , F i s  the un ion o f  two dragon� . 

Thi s  accounts for the name " twi ndragon " .  But F i s  a l so the uil ion 

of two 1 /J2 -copie s  of itse l f  that intersect in a set of  measure 

z ara , ( see Fi g . l 1 ) . I n  fact , F is the '  invar iant s et for the 

fol lowi ng simi l ar i ty maps , ( cf . [ K ] , [ E ]  or [ B ] ) :  

( 6 ) to ( Z )  = z /b � l ( z )  = � o ( z )  + l ib .  

2 ,  BASre RESULTS . Recal l that D : =D ( M ) . 

LEMMA 1 .  I f  descendants of the same order have po i nts in common 

then these are vertices . 

PROOF . The l emma can be proved by i nduction s i nce i f  i t  i s  true 

for G .  then it f o l l ows from the a l ternative construct ion that it 
) 

a l so holds for G j + 1 , QED . 



79 

Lemma 1 i s  a l s o  a coro l l ary of [ O ] , Th . 4  - that says i n  

particular that a drago n curve traversas each o f  i t s  l i ne 

segment.s exactly once - if one takes i nto account that the 

boundary of G j +1 is egual to d j U d
j + 1 , 

LEMHA 2 .  t f  U and V are descendan'ts of M but no one i s  an 

offspring of the other then m ( O ( U ) f'l O ( V »  = O .  
PROOF . m ( D ( A ) f'lD ( B »  = O s i nce m ( D )  = m ( O ( A ) uD ( B »  and m ( D ( A »  

= m ( D ( B »  = m ( D/J2 ) = m ( D ) /2 .  Now , Lemma 2 i s  a consequence of  

( 4 )  whenever U is an offspring o f  A and V of B .  From thi s  

observation the general case fol l ows , QED . 

It app l i es in particular to descendants of M of the s ame order . 

LEMMA 3 .  m ( D ) � 1/2 . 

PROOF . Let G �  be the fami ly of :dght-ang l ed tr i a ng l e s  t h a t  have ] 
i n  common with those of G j  the hypotenuse . Because o f  l emma 1 ,  

m ( u { �  € G . ,  � ' € G � } )  = 1/2 . Since U { �  € G . )  converge s i n  the ] J ] 
metric of Hausdorff to D ,  the l emma fol lows , QED . 

LEMMA 4 .  Let q be the unit square and { M ,  M ' , M il , M " ' }  its 

standard tri angulation where M ' = l + i -M ,  M" = i ( l -M ) . Then , 
i )  m ( D ( M )  n D ( M ' » = O 

i i ) D ( M ) U D ( M ' ) = D ( M" ) U D ( M" ' ) 

i i i ) m ( D ( M ) n D ( M� » = O .  

PROOF . i )  fol lows from Lemma 2 s i nce m ( D ( M )  n D ( M ' »  i s  equa l , 

except for a constant factor , to m { D ( U )  n D ( V » , U and V as i n  

Fig . 3 , 3 .  

i i ) Observe that D ( R ( M »  = R ( D ( M »  = A [ M" ' ] ( D ( M" ' ) .  Thus , 

D ( A )  e D ( M" ' ) .  Repeating th i s  argument one obtains t.ha d e s i red 

equa l i ty .  

i i i ) 9 ( x+ iy ) : =  x- iy . Thus , 9 ( M ) =M A • Because of i i ) , 

D ( MA )  e D ( 9 ( M" »  U D ( 9 ( M" ' » . Then , to prova i i i ) i t  suf f i ces 

to show that m ( D ( M )  n [ D ( 9 ( M" » UD ( 9 ( M" ' » ] )  = O . Th i s fol lows 

aga i n  from Lemma 2 and Fig . 3 , 3  s i nce W ,  U and V occupy the same 

relative pos itions as M ,  9 ( M" ) and 9 ( M" / ) ,  respect i ve l y , QED . 

DEFINITION . 1 ( q ) : =  D ( M ) UD ( M ' ) ; 6 ( u ) : =  D ( M ) uD ( M � ) .  

In words , 1 ( q )  i s  the mi l I  wheel associ ated to q and 6 ( u )  i s  the 
k-dragon associ ated to [ 0 , 1 ] . They are depicted in F i g . 4 .  

3 .  PROOF OF THEOREM 2 .  Let n be the l i near map such that 

O = O « - 1 + 2 i ) /5 ) , 1 = O « - 1 - 3 i ) /5 ) ,  ( 2 + i ) / 5 = 0 ( 0 ) ,  
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( note that the points to which n i S 'appl i ed bel ong to F ) . Let 

( 0 0 , °1 ) be the iter ;:¡t �d fü ."lct i on system of s imi l arities in R2 

defi ned by 

_ 1 + i z + 1 + i 
2 2 

1 + i 0l ( z ) = - ' -2- z + 1 

and n ( F )  i s  the i nva r i ant set for th i s iterated function sYstem . 

The s e  maps and thos e  d e f i ned in ( 1 )  can be written as fOl lows , 

( 7 )  { .  ° = ( z - l ) /b O 
Q ( z )  = - z/b 

.
°1= z/b + 1 

R ( z )  � - i z/b .+  1 

where b = - l + i . The f o l l ow i ng r e l at i ons hold , 

O"o ( 1- z ) = Q (z )  R o R ( z )  ' =  -i z/2 + (1+ i ) ,/2 

Q o Q ( z )  i Z/2  0l ( z )  = 1 "'" O"o ( l - Z ) 
Q o R ( z )  = -z/2  + ( 1+i ) /2 R o Q ( z )  = -z/2  + 1 
00 0 Q  = R o R  00 0 R = 1 - R o Q  
00 · ( 1 - R )  = Q o R  ° 0 ( 1  - Q )  = Q o Q ,  , O . " . ' 
As s ume A

o 
i s  a nonvo i d  bounded set . To f i x i de a s  suppos e  that 

�o = M as i n F i g . 8 . We de f i ne A
n 

recur s i ve ly : 

( 8 )  

We have , for n � 1 ,  that 

00 ( A U ( 1  - A » = . n n 

0o o Q ( A
n_1 ) U 00 0 R ( A

n_1 ) U °0 0 ( l -Q ( A
n"'; l » U 00 · ( 1 -R ( An_1 » 

f 

R o R ( A
n_ 1 ) U ( 1  - R o Q ( A

n _1 » U Q o Q (An_ 1 ) U Q o R ( A
n_1 ) , 

01 ( A
n U ( 1 - A

n
» = 

( 1  - 00 ( 1 - A
n

» U ( 1 - 0o ( A
n » = ( 1 - Q o Q ( A

n_1 » U 
U ( 1  - Q o R ( An_1 » U ( 1 - R o R ( An_1 » U R o Q ( A

n_1 ) . , ' 

I n  consequenc e , 

a O ( An U ( 1  - An » U °1 ( A
n U ( 1 - , An

» An+1 U ( 1 - An+1 ) . 

S ince An U ( 1 - A
n

) � D ( M )  U D ( M" ) as n -. !lO i n Hausdorf f ' s  

metr i c , i t  fol l ows that & ( u )  = n ( F ) , QED . 
FIRST PROOF OF THEOREK 1 .  There exi sts a t i l i ng T ( F )  o f  the 

plane accordi ng ·to our def inition , ( ef .  [ K ] , [ B ] ) . m ( F ) =l ,  Th . , 2  

and Lemma 4 , i i i ) imply that there i s  a t i l ing T ( D ) with m ( D ) =  

=1/ 2 . For the remaining part o f  the theorem , seel b )  Th . 5 , QED . 
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P,ART II. 
4 .  THE CONVEX HULL OF HEIGHWAY ' s  DRAGON . In the second part of 
this paper We show that the convex hul l of the dragon D i s a 

decagon and that of a mi lI wheel , a dodecagon . Theorem 1 becomes 

an immediate corol lary of next Theorem 5 and thi s  provides an 

aIternative proof of that theorem . 
THEOREH 3 .  The convex hul l  of D i s  the decagon 

e : = c;:e ( P1 , · · " P1 0 ) , where 
P = 1 ( 2 + 2 i ) /3 = R ( P7 )  P = 6 ( 2  - i ) / 3 R ( P2 ) 
P = 2 i/ 3 = Q ( P1 ) P7= ( 3 - i ) / 3  R ( P3 ' 2 
P = 3 ( - 1 + i ) /3 = Q ( P2 ) P = S ( 7  - i ) /6 R ( P4 ,  
P = 4 - 1 /3 = Q ( P3 ) Pg"" 7/6 = R ( P5 , 

P = 5 - ( 1  + i ) /6 = Q ( P4 )  P 1 0= ( 5 + 3 i ) /6 R ( P 6 , 

PROOF . The theorem wi l l fol low from i ) and E )  
i )  Q ( e )  !; e R ( e )  !; e 
i i ) P j  € D for j =1 , . • . .  , 1 0 

To preve i )  it suffices to . show that the images of the verti ces 

of e by Q and R beIong t o  e .  T o  accompl i sh th i s  only rema ins to 

see that 

R ( PS ) = ( 3  + 4 i ) /6 R ( Pg )  ( 5+7 i ) /1 2 

R ( P1 0 ) = ( 2  + i ) /6 R ( P1 ) 1/3  

Q ( P5 ) -i/6  Q ( P6 ) ( 3  + i ) /6 

Q ( P7 )  ( 2  + i ) /3 Q ( Ps ) ( 4 + 3 i) /6 

Q ( Pg ) ( 7 + 7 i ) /1 2  Q ( P 1 0 ) = ( 1 + 4 i ) /6 

are i n  e and thi s  i s  eas i ly checked . In fact , R (PS ) € P1 P 2 ;  

R ( P1 0 ) € P1P6 ; Q ( P7 ) € P1 P6 ; Q ( P 9 ) € P5P1 ; R ( P1 ) € P4 P9 :  

Q ( P1 0 ) € P1 P2 ; Q ( Ps ) € P1 P6 i  Q ( P5 ) € P5PS ; Q ( Ps ) € P1 P6 

and R ( Pg ) i s  i n  the tri angle P1P2Q ( P5 ) .  

On the other hand , to prove i i ) i t  i 8  enough to show that 

P 1 € D s i nce the vert i ces P 2 -P1 0  are obta i ned froro P1 after 

repeated appI icat i ons of Q and R .  Observe that no one of  thes e  

points 1s  i n  the convex hul l  of the others , ( see Fig . 9 ) .  

But R . R · Q� Q ( z )  = z /4 + ( 1 + i ) /2 impl i es that 

( R ( 2 ) Q ( 2 » ( n ) ( z ) = Z/ 4n + « 1 + i ) / 2 ) ( 1  + 4 - 1 + . . . + 4 1 -n ) .  

The right-hand s i de o f  the l ast equa l ity converges to 



86 

( 2 + 2 i ) / 3 = PI for n - oo . Thu s , PI € D ,  QED . 

THEOREM 4 .• i )  eo ( D ( M ) U D (M" n i s an oetagon , 

E )  eO ( D (M ) U D ( W» i s  a dodeeagon . 

PROOF . 1 )  Because of Th . 2 we have , eo ( D ( M )  U D ( M ' » = . . . 
= eo ( n ( F » = n Ceo ( F » . But , eo ( F )  i s  an oetagon , ( ef . [ B ] ) .  

i i ) t (  e )  = eo ( D ( M " » irnpl i e s  that i +  t (  e )  = 'eo ( D ( M ' » . 

S i nee E ( z ) : =  i +t ( z ) = � + i - i ,  the vert i ess of eo ( D ( M ' » are 

P1 0 = ( 1 / 6 , 1 / 2 ) i P 1 = ( 1 / 3 , 1 / 3 ) i P 2 = ( 1 , 1 / 3 )  i P 3 = ( 4 / 3 , 2 / 3 )  

P4 = ( 4 / 3 , 1 )  i Ps = ( 7 /6 , 7 /6 ) i P6 = ( 1 /3 , 4 / 3 ) i P7 = ( 0 , 4 / 3 ) 

P8 = ( � 1 / 6 , 7 / 6 ) f P9 = ( - 1 /6 , 1 ) . 

Now i t  i s  easy to see ( see Fig . 1 0 ) that 

eo ( D ( M ) U D ( M ' » = eo ( P 3 , P4 , P S , P6 , P7 , P8 , P 3 , P4 , PS , P 6 , P7 , P 8 ) 

and that a l l  the points are necessary , QED . 

COROLLARY 1 . eo ( r ( q » c q : =  [ - 1 / 3 , 4 / 3 ]x [ - 1 / 3 , 4 / 3 ] .  
Let Co be the net of squares of s i des para l l e l  to the a x i s that 

eontains q and lert J ( q )  be thé farnily of eight squares in Co \ { q } 
that have póiilt'S i n  eo'rnmon wi th q .  Then , 

COROLLARY 2 . I f  q ' € C o\ { q }  and eo ( r ( q ' » n eo ( r ( q » � � 
then q ' € J ( q ) . 

S .  A TESSELATION OF THE PLANE WITH MILL WHEELS . Let us beg i n  

with a n  aux i l i ary r�sult . 

LEMMA 5 . Let T ( Y ) = { Y ( i ) } and T ( Z ) = { Z ( i ) } , i = 1 , 2 , 3 ,  . . .  , be 

ti l i ngs of  t:he pl ane o Assurne that there exists d < 00 sueh that 

d i s t « Y ( i ) , Z (i )) < d ,  sup ( di arn Y , di arn Z )  < d .  
Then , rn (Y )  = rn ( Z )  > o . 

PROOF . Let A be a square of s i des para l l e l  

h and e ·",. 8 ( h ) : = (i i A n Y ( i ) � � } . Then , 

( 9 )  h 2  � rn ( Y )  . # e ( h )  •. ;5; · ( h+ 2 d ) 2 

( 1 0 )  h2 
rn ( Y )  = l irn #e ( h )  h-oo 

to the axes of l ength 

Let ü "  be the set obta ined wíth Z i n stead of Y .  Then , · 

( 1 1 ) 

sinee 

#9 ( h )  

( 1 2 )  

h2 
rn ( Z )  = l irn 

#9 '  ( h ) , . 
h....oo 

oo>rn ( Y » O ,  #9 (h ) i s asyrnptoti ea l l y  equa l to h 2 ¡rn ( Y ) . 

� #9 ' ( h )  f o l l ows frorn next inequal ities : 

#9 ( h ) s # 9 ' ( h+4d ) � #9 ( h+8d ) 
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In eonsequenee , m ( Y ) =m ( Z ) , QED . 

THEOREM 5 .  Let r : = r ( q ) . 

a )  R2 = u { r (q i ) ;  q ' E  Co l 

b )  el ( int ( r »  = r 

e )  q '  � q"  � m ( r ( q ' ) n r ( q " » = O 

d )  m ( r ) = l .  
PROOF . a )  � b ) . i nt ( D )  � cf; beeause of Baire ' s  Category Theorem . 

Now b )  fol l ows from the self-s imi larity o f  D .  

a )  and e )  � d ) . Apply Lemma 5 .  

e )  The proof eons i sts i n  showing that for any q ' E J ( q ) : 

( 1 3 )  m ( r ( q )  n r ( q ' » = O .  
In Fig . 6  we see the squares in a ( q )  and the tri angl e s  M and M '  

renamed a s  1 and 2 ,  respeetively . It wi l l  be enough to prove 
that for h=3 , . . .  , 1 0 and h=3 ' , . . .  , l O '  it ho lds that 

( 1 4 )  m ( D ( triangle 1 )  n D ( triang l e  h »  = O . 
In faet , the same equal ity wi l l  fol low for 1 repl aeed by 2 

beeause of  the symmetry of the di agram and Lemma 4 , 1 i ) . 
We reach the des ired result with a previous l y  used argument o 

In Fig . 3 , 3  there are two tri ahgles of the same order of deseent 

in the same relative pos ition than triang l e s  1 and 4 .  The 

dragons generated by them form a set s imi l ar to that engendered 

by 1 and 4 .  Then , from Lemma 2 we get ( 1 4 )  for h = 4 .  
Analogous ly and using the same f i gure we prove ( 1 4 )  for h = 8 ,  

8 ' , l O ' .  Us i ng F i g . 3 , 4 ,  we prove ( 1 4 )  for h = 3 , 3 ' , 4 ' , 5 , 5 ' , 

6 ,  7 , 7 ' , 9 and 9 ' .  And with Fig . 3 , 5  we get rid of  the rema l n i ng 
cases : 6 '  and 1 0 . 

a )  We ca l l  e l t.he net o f  squares def i ned by the di agona l s  of the 

net CO ' C
2 

the net obtained with the di agona l s  of  the net C
1 

and 

so on . Then , C is ea l l ed the derivative of C l '  In general , n n-
the proeess  that provides a net  of squares N '  b y  means of the 

diagona l s  of another , N , is e a l l ed a derivation , ( P . Lévy , [ Y ] ) .  
Let t E Cn with n so great that diam t < 0 .  There are two nets 

of square s : S ,  a ,  ( see Fig . 7 ) , sueh that e is the derivative n 
of  a and en i s  a l so the derivative of  S .  But thes e  two nets do 

not ha ve vertiees i n  eommon , so only one of them has O as a 

vertex , whi eh i s  then Cn-1 . 
Assume that { m ,  u ,  j ,  k }  i s  the standard triangu l ation of  t .  To 
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fix ideas l et us eons ider the tri angle u .' Define s : ;"p [ u ] ( u ) � 
I f  B=C l '  let 1: be the triangle of the standard triangúlations 

n-
of the squares belonging to B that eontains u �  We have in thi s  

case u = P [ 1: ] ( 1: ) and s = P [ P [ 1: ] ( 1: ) ] ( P [ 1: ] ( 1: » , ( see Fig . 7) . 
-I f a=cn_ 1 , let 1: be the triangl e  in the standard triangulations 

of the squares in  a that eonta ins a l eg of u but does not 

eontain u . tn this case , s = A[ j ] ( f[ 1: J( 1: » , ' that l s , 

s = A [ P [ 1: ]  ( 1: ) ]  ( P [ 1: ] ( I: » . Therefore , in any case , given u from 

the s tandard tri angu l a ti on of Cn there i s  a , 1: 'in the standard 

tri angul ation of ,en":':1 ' such that p [ u ]( u ) is a daughter of , 
P [  1: ]  ( 1: ) . Us i ng thi s  resul t one� can prove by , induetion that there 

is a tri angle ; m in :the standard tri an9�lation of Ca suc:::h that s 

i s  a descendant of  arder n+ 2 of m.  
The dragan D ( m)  eontains the vertiees of its approximating set,s . 

Therefore , any point of  t i s  at _ di stanee l ess tha� ¿; of a mi l I  

whee l .  Bee�use o f  Lemma 3 ,  m ( .,., ( .q » � 1 . , From thi s �!l<,i e ), we , 

deduce tha;t any bounded regi on interseets only a ,  f i n i te nuIl!ber 
., . \ .

. 
". .  . 

of mi l l  Ift{hee l s , ( ef .  Lemma 4
,
. i i » . S inee .,. ( q )  i s  compaet an<,i 

diam "' (q ), � - (50) / 3 ,  it f o l l ows that any p�int in �2 "
belo��� to. 

a mi l l  �heel , QED . 
. .. ." '. " ,, ' 

6 . AN ALTElUiATlVE PROOF OF TH . 5 ,  al . .,. ( q )  is eontained in" - ' ,  

a square of s ides 5/ 3 with the same cént�r :as q . The syrlunetry ' 

of ' th'e ti'l ing and the eompaetness , o'f .,. ( q )'  implyi that if " the imil l 

wheEÜs do "not ' cover the ' plane 'i t: would exi-st an open ' set G c  ",q 
' n'6t có\l'e'red by them . 'Assume that 'm ( G )  = 6 > a . wi,th the 'same 

notation as i n  Lemma 5 and Y = .,. ( q ) , Z = q ,  we .J!i'a've ': = 

¡ ,  , Is ' ( h+4 ) . ( 1- 6,) � IS ( h ) . m ( .,. ( q p � , IS ( h ) �J . 
Tlleq , fqr" h ... co we obtain : 1 - 6  � , l im 1� ( h ) /'S '

,
( h-+;4) = 1 ,  a 

eont;:ragi,c'tion , QED . 
'. t '� 

Thl, S' proof and that of  e )  f.o l l ow ,;the same argumen'ts we a lready 

us�d in [ Z ] . ' 

. ; , 
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Fig. 1 1  
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