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LP APPROXIl\1ATION OF GENERALIZED BI-AXIALLY 

SYMMETRIC POTENTIALS \VITH FAST GROWTH 

H.  S. Kasana and D. Kumar 

ABSTRACT. The paper deals with growth and approxirnation of solutions (not necessarily 
entÍre) of certain elliptic partial differentiaJ eq uations. These solutions are called generalized bi­
axially syrnmetric potentials (GBSP ) .  We obtain the characterization of q-type and lower q-type 
of a GBSP, H E HR, O < R < 00, in terms of decay of approximation error E�,p(H, Ro), i = 1,2. 

1 INTRODUCTION 

Generalized bi-axially symmetrir potentials (GBSP ' s ) are the solutiollS of elliptic partial differ­

ential equation 

(1.1) ¡J2 H Ej2 H 20 + 1 aH 2iJ + 1 aH -, - + -- + -- - + -' ---,- = O, 
ax2 ay2 y ay y c):c 

1 G.t3 > --o :2 

which are even in :r and y ef. Gilbert [ 1 ]. A polynomial of degree TI whjeJ¡ is e\'ell in .1' aud y is 
said to be a GBSP polynomial of degree n if it satisfies (1.1). A GBSP H regular about origin 
can be expanded as 

,X) 
( 1.2) H == H(r,O) = L (tnr2n p,\",a)(Co8:20). 

n=O 

where x = r cosO, y = r sin O and p�,�,(3)(t) are Jacobi polynomials. 
Let DR = {(;¡;,y): x2 + y2 < R, 0< R < oo} and DR be the rlosure of DR . A GBSP H ¡" soid 
to be regular in DR if the ser ies (1.2) converges unijormly 011 EVfTy compoct sllbsd of DR. Let 
HR be the class of al! GBSP's regular in DR' for every R' ::; R but for no R' > R. TlH' fUllctioIls 
in the dass Hoo are cal!ed entire GBSP's. 

MeCoy [6] considered the approximation of an entire GBSP H by GBSP polynomials anu found 
the rate of decay of approximation error : 

En,p(H, 1) = inf l lH - glh,p = gitL (J J J1(x, y)IH(x. yJ!Pdx dy y/P 
751 

in terms of growth parameters associated with the maxim u rn  modulus A[(r. H )  = max IH(r,O)I, 
o 

where Il is a weight function and 1 ::; p < oo. 
AIso ,  McCoy [7] considered the approximation of pseudo analytic fun ctions .  constructed as 
complex combination of real valued analytic functions to the Stokes-Beltrami system OIl the 
disco These functions indude the GBSP's . He obtained sorne coefficients and Bernstein type 
growth theorems on the dise in sup norrn. 
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A GBSP H is said to be regular in DRo, the closure of DRo if it is regular in DR, for sorne 
R' > Ro' Let HRo be the class of all GBSP's regular on DRo' For H E H Ro' set 

IIHllRo = max IH(x, y)l, (x,Y)EDRo 

and for 1 :::; p < 00, 

(1 .3) 

( 1.4) 

( ¡2rr ) lJp 
IIHllko,p = Jo w(Ro, O)IH(Ro, O)IP dO , 

IIHII�o,p = (1 w(x, y)IH(x, y)IP d.Y dy rJP, 
DRo 

where the functions w and w are positive and integrable (in the sense of Lebesgue) such that t; 
and ® are bonnded and IIllko,p and 1l llko,p are LP-norms on H Re' For H E H Ro approximation 
errors E�,p(H,Ro) and E;',p(H, Ro) are defined as 

(1.5) 

(1.6 ) 

E� p(H , Ro) = inf IIH 
- gllk p , gE7rn ·0, 

where "" consists of all GBSP polynomials of degree at most 2n. The concept of index q, the 
q-order p(q) and lower q-order .\(q) were introduced by Sato [8] in order to obtain a measure 
of growth of the maximum modulus when it is rapidly increasing. Thus ,  let lvf(r, H) -+ 00 as 
l' -+ R and for q = 2, a, ... , we define 

. log[g] M(R,H) P(q)( H, R) = hm sup R ' T-->R log( r� ) 
where logrO] M(r,H) = M(r,H) and log[q -l] M(r, H) = log(log[q-2] M(r,H)). 
The GBSP H E HR is said to have the inaex q if pq(H,R) < 00 and P(q_l)(H,R) = oo. If 
q is the index of H t hen pq( H, R) is called the q-order of H. The notions of the index and 
q-order play a significant role in classifying the rapidly increasing functions analytic in DR. To 
compare the growth of two functions analytic in DR that have same q-orders the distinct growth 
parameters are used. 
We have the following definitions : 
Definition 1. A GBSP H E HR, 0 <  R < 00 having q-order pq(H, R)(pq(H, R) > O )  is said to 
have q-type Tq(H, R) and lower q-type tq (H , R) if 

Tq(H, R) sup log[q-l](r, H) ) ( ) ) = lim f ( ' O:::; tq ( H , R :::; Tq H, R :::; oo. 
t (H R R ¡'n (

Rl!.,,.
) f>q H,R) q ,  T--+ 

In this paper we study the growth and approximation of solutlons (not necessarily entire) of 
certain elliptic partial differential equations. These solutions are called genemlized bi-axially 
symmetric potentials (GBSP's ). The GBSP's are taken to be regular in a finite hyperball and 
influence the growth of their maximum moduli on the rate of decay of their approximation 
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errors -in LP-norm defined by (1.3) and (l.4). The results and methods employed are differel'lt 
from those of MeCoy [7]. The text has been divided into three parts. Seetion 1 consists of 
introduetory exposition of the topie and Seetion 2 includes some lemmas. FinaHy, we prove 
some theorems whieh eharaeterize the q-type Tq(H, R) and lower q-type tq(H, R) of a GBSP 
H E HRo, O < Ro < 00, in terms of rate of deeay of approximation errors E,�,p(H,Ro),O < 
Ro < R < 00, i = 1,2. 

2 PRELIMINARY RESULTS 

In this section we give some lemmas as preliminary results which have been used in the sequel. 
Lemma 2 . 1 .  Let H E HR, R> Ro. Then there exist GBSP polynomials gn E 7rn 511Ch that 

I IH 
- 9nll � ](M(r,H)(n + 1)1I+l/2(R/r)2{n+l) 

for aH r suffieiently near to.R and aH suffieiently large values of n. Here l\' is a constant 
indepelldent of r and n and 1] = max( a, /3). 
Proof. The proof of this lemma foHows from [4] . 

Lemma 2 . 2 .  Let H E H R, R> Ro' Then there exist GBSP polYllomials 9" E 7rn such that 

(2.1 ) Ei (H R ) < K ( n + 1)1I+1/2(R /r)2{n+l) M(r H)'¡ = 1 2 n,p , o _ l ' o - "  , 

for aH r suffieiently near to R and aH sufficiently large values of n. Here l\'¡ is a constant 
depending on Ro, -w, alld p only alld ](2 a constallt dependillg on Ro, w alld p. 
Proof. Using (1.3), (1.4), (1..5), (1.6) and Lemma 2.1 we get the required resulto 

Lemma 2 . 3 .  Let HE H R. Then for n 2': 1, 

la 
IR2n < T1/P(27r)1/V"(2n+a+/3+1)P(n,o,/3)f(n+77+1 ) E1 (H R '  n o - ( 1] + 1)( n + 1) - n -1.1' , u), 

h P( j3 ) - r(n+1)r(n+a+!3+1) w ere n, a, , - (n+a+l)(n+i3+1) 
. 

Proof. By (1..5), for H E H Rothere exists a GBSP polynomial 9�-1 E 7rn-1 such that 

sinee 1/-w is bounded and we have -w 2': �, T > O. For p > 1 choose 1'* Buch that l/p+ 1/1'* = 1 .  
Using Holder's inequality we get 

(2.3) 127r 
IH(Ro,O) _ g�_ l (Ro, O )ldO � (!o27r 

IH(Ro.O) _ g�_l(Ro.OWdO) 1/1' (12-'-: dO) I/t" 

Combining (2.3) and (2.4), we get 

(2.4) 
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for p > 1, since GBSP's H and g�-I are even in x and y. For p = 1, (2.4) is obvious with v* = O. 
From the orthogonality of Jacobi polynomials [9] and uniform convergence of the series (1.2) on 
DRo, we have 

a R2n 17r/2 n o =2 H(Ro,0)p(a,f3)(cos 20)sin2a+10cos2f3+10 dO. (2n + 0+ (3 + l )p(n,o(3) o n 

Thus, for any 9 E 7rn-1 we have 

(2.5) no n,o, =2 (H(Ro O)-g(R 0»p(a,f3)(cos 20)sin2a+1 Ocos2f3+1 ° dO. a R2np( (3)-1 1"'/2 
(2n + a + 13 + 1)  o 

' o, n 

From [9] , we klloW that 

(2.6) (af3) r(k+n+1) 
_���Ilpk' (t)l= r(n+1)r(k+1)' "7=max(o,(3). 

Taking in particular, g�-I it follows that 

(2.7) anR�n 
< 2 r(n + "7 + 1) r/2

IH(Ro O) _ * (R O)ldO 
(2n + 0+ (3 + l)p(n, 0(3) - r(1J + l)r(n + 1) Jo , gn-I 0' • 

Combining (2.5) and (2.7), the lemma follows. 
Lemma 2.4. Let HE H Ro' Then for n 2: 1, we have 

Proof . By (1.6), for H E H Ro' there exists Yn-I E 11' n-I such that 

2E�_I,P(H, Ro) > IIH - Yn-Illko ,p 

(2.8) 

> T�/P (J J IH(x,y) - Yn-l(x,y)IP dx dYY/P 
DRo 

> - / 
1 

/ (J J IH(x,y) - Yn-l(x,y)ldx d y)I/P
, TI p(7rR�)1 v· _ 

DRo 

where w = �,T > O and l/ p + l/v' = 1. From the orthogonality of Jacobi polynomials and 
uniform convergence of the series (1.2) on DRo, we have for O � r � R, 

a r2n 11r/2 
' 

n = 2 (H(r,O) - Yn- (r,0»p(a,f3)(cos O)sin2a+1Ocos2f3+1O dO. 
(2n+o+(3+1)P(n,0,(3) o I n 

Using (2.6), we get 

anr2n r(n + "7 + 1)  r7r IH( O - (0)1 dO 
(2n+o+(3+1)P(n,0,(3) � 2r(n+ l)r)"7+ 1) Jo r, -gn-I r, . 

Since H and Y�-1 are even in x and y. Multiplying both sides of the aboye inequality by r dr 
and integrating from O to Ro, we get 
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2 
. anr2n+2 (2n + 2)-1 < r( n  + r¡ + 1 )  J J - . . ( .9 )  ( 2n + a + ¡3 + 1 )P(n , a , ¡3) - 2f(n + l )f ( r¡ + 1 ) I H (x , y ) - gn_l ( x , y ) l dx dy. 

ORo 
Combining (2 .8 ) and ( 2 .9 )  we obtain the required result. 
Lemma 2 . 5 .  Let H E HR . O < R < 0O(R > Ro ) .  Then 

Tl /P ( 27r )1 /V' 
M( r, H ) ::; l ao l + , lH( r. h )  1 ( n  + 1 ) 

' l , h ( ' - '\"0(, ( 2  , , ) 1 ) P( . , J ) r ( n+ ll+ l l }' l ( II R ) ..!L )2n \\ lere 1l ) - L.. n=l n + n + ,<J +  /l . O . , ) F ( n +l ) - 1l - 1 ,p . (' ( Ro . 
Proof. Csing ( 2 .6 ) and Lemma 2 . :� we get 

or 

1 ¿:
'X' 2" ( 13 ) 1 1 1 ¿:'X' 1 1 2 I'( 11 + 11 + 1 ) 

a r P " " ( ros 2fJ ) < (1 ,  + (1 r " ,=----::':---" n  - u 11 
1' (  /l + 1 )1' (  1 + 1 )  n=O n=1 1 

TI /p ( 27r ) 1 /v' ,x" 1 ' r 2 " . . . 1' ( 11 + // + 1 )  
:::: I ao l + . ¿: En_ 1 ( H. Ro ) ( -- )  ( 2n + o + ,3 + 1 ) P( n . o , , -J) , . I'( 11 + 1 ) n = o Ro 1 ( n  + 1 ) 

which rorresponds to desired result. 
Lemma 2 . 6 .  Let H E  HR . O < R < x .  Then 

TI/p( 7r ) 1 / L ' >  . AI( r, H )  < l a o l + R� ( l - ( '* ) .lJ (  r ,  h * ) - P*I'( 11 + 1 )  . 

'1 I * ( ' ) - '\"'x, ( 2  + 2 ) ( 2 + ' + ) + 1 ) 1'> ( · " 3 ) r( n + li+ l ) }'2 ( H R ) ( / ) 2 n \\ lerf' 1 II - L.. n=1 /l 11 (1 : J , /l , O . , I" ( n+ l ) - n - l ,p , . , R.., . 
Proof. lTsing Lemma 2.-1 the proof has t lle same a n alysis  as that of Lem rn a  2 . 0 .  
Lemma 2 . 7 .  Let f( z )  = L��o a " z " b e  analyt ic  i n  1 ,: 1  < R . Then t h e  fl l n ct ion f( ,: ) i 5  o f  q-ordpl' 
and q- type T( q )  if and only if 

T( q )  = B( q )  F ( q ) ,  
where B(q ) = ( p + l J P+l /pp , ....1 ( '1 )  = 1 for q = 2 ;  B( q ) = 1 , A ( q )  = O fol' q = :3 . 4 . . . .  alld 

1/( q ) = lim suPn�:x; ( log[q-21 n ) ( log+ l a" I Rn )p( q )+ A, ( q ) . 

Proof. The lemma can be proved by simple mall ipulat ion of l he resnl t s in [2) ami D) . 
Lemma 2 . 8 .  Let f( z )  = Lk�O a " .  Znk be analyt ic in 1 :- 1 < R an d have q-order p( q )  ( (I( q ) > O )  
and lower q-type t ( q ) .  Ir �.' ( n k )  = l a " k /a ,l k + l l l / ( n k+ l - Il k ) forms a llondecreas ing  sequeme 01' /.: ror 
/.: > /.:0 ' then 

( 2 . 1 0 )  
and 

( 2 . 1 1 )  

. . , _ ( IOg+ l a n . I Rn k ) 1' ( '1 )+ ,1 ( '1 )  
B( q ) f ( q )  :::: Iml lnf( log[¡ 21 nd . k 

A· - 'X- l/ k 

, ( Iog+ l a 1 Rnk ) p( q )+A ( q )  
B( q )i ( q ) :::: L ( q ) lim inf ( log[Q-21 Il k_ 1 ) . ___ nk__ 

, 

k�'Xj n k  
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where L(q ) = lim SUPk---+oo (10g [q-2l nk/ log[q-2l nk_¡ ) and B(q ) and A(q) have the same meaning 
as in Lemma 2.7 .  
Proof. The proof of this lemma is available in [2] and [3] . 

3 MAIN RESULTS 

Theorem 3 . 1 .  Let H E HR and have q-order pq (H, R)  (O  < pq (H , R) < (0 ) and q-type 
Tq (H, R) . Then 
( 3 . 1 )  G(q ) = B (q , H) Tq(H, R), 
where 

. ( log + E� (H , Ro ) ( fi ) 2H ) Pq (H,RHA(q ) G(q) = lim sup(log[q- 2l n )  , P  o i = 1 . 2  
n - oo  n 

B(q,H)  = (P2 (H,Rl+ll��H;7)+ 1 . A(q ) = 1 if q = 2 and B( q , H ) = 1 ,  A(q )  = O if q = :3 . 4  . . . .  P2 (H,R)P2 ' 
Proof. Let G(q)  < oo. For giveIl f > O alld for all l1 > /lo e , ) .  we have 

or 

OI 

log[q- 1l 11 + ( pq ( Il. R )  + !l ( q » + ( log+ log+ E;" p ( H, Ro ) + 2n log R
R 

- log n < (:( q ) + f  o 

!og ['l - ll n P ( H . R) + A( q )  > . ' q log Il - log+ log+ E;" p (  H.  Ro ) - 2 11 log( R/ Ro ) 
log ( G( q )  + f )  

log 71 - log+ log+ E� ,p ( H . Ro ) - 211 log( R/ Ro ) ' 

Let O ::; Tq ( H. R)  < oo . .  For given ( > O alld r > ro ( l .  7 )  implies 

log M (  r . H) < exp [Q- 2l { ( Tq ( H, R) + t ) ( R � r y(H,R) } . 
Using Lemma 2 .2 , we furt.her have 

+
' . R 2 1 R _  log E:" p ( ll ,  Ro) (  R) n ::; log Al ( r , H ) +  ( 1]  + '2 )  log( n + 1 ) + 2n log( ; ) + log A i  

(3 .2)::; exp[Q -- 2l { (Tq ( ll, R )  + d (  � yq (H,Rl } + ( 1]  + � )log( n + 1 )  + 2n log !!.. + O (  1 )  R - r 2 r 
Let r be given by the equation 

( 3 .3) rr exp [il { (Tq(H, R) + () ( � yq(H,Rl } = 
2n (R - r) . 

i=O R - r Rpq (H, R ) 
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For q == 2,  using (3.3) i n  (3.2) we have for sufficiently large values of n 

1 pq(H,R) 
10g+ (E�,p(H, Ro) (  !!"'yn :::; 

(Tp(H, R) + !) Pq(H,R:+;l�,��) Pq(H,Rl+l ( 1 + pq(H, R)) + 0( 1 ) Ro (pq (H, R)) Pl'H,Rl+l 
On proceeding to limits,  the aboye inequality yields G(2) :::; B(2,  H) T2(H, R) . 
Next , for q = 3 , 4, . . .  , (3 .3) implies 

� 
_
_ 

( 10g[q -2] ) l/pq (H,R) 

R - r  Tq(H, R) + ! 
as n -> oo .  

Using aboye in (3.2) , we have 

or 

. R 1 R log+ E�.p (H, Ro) (  Ro r < n + (1] + 2) 10g(n + 1) + 2 10g( -:;:- ) + 0 ( 1 ) 

(10g+ Ei (H R ) ( .Ji. )2n ) pq (H,R) 
(log [q-2] n(1 + 0(1))) n .p 

n
' o Ro < (Tq ( H, R) + 1')(1 + 0(1)) . 

Taking limits as n -> 00, we observe that Tq(H, R) 2: G(q) for q 2: 3. 
To prove the rever se inequa1ity we uti1ise Lemma 2.5 for the case i = 1 and Lemma 2 .6 for i = 2 
and then app1y Lemma 2 . 7  to the functions h(u) and h*(u ) .  

Theorem 3 . 2 .  Let H E HR and H have q-order pq (H , R) and 10wer q-type tq ( H, R) .  Let nk 
be an increasing sequence of natural numbers . Then 

Proof . Let 

[ 1 [q-2] log+ Ei (H R )( .Ji.)2nk ] lim inf ( og nk-l )( . nk ,p , o Ro )pq(H,Rj+A(q) 
= 

</>( q ) == </>. 
k-+oo B( q,  H) nk 

First suppose that O < </> < oo .  Then , for </> > f. > O and k > ko , 

lo + Ei (H R )( �)2nk > n { (</> - !)B(q, H ) } pq(H,Iil+A(q )  
g nk,p , o R k 1 [q-2] o Qg nk-l 

Choose a sequen ce {r  nk }  such t hat 

where G'(q) = P2(H, R) if q = 2 and G'(q) = G', O < G' < 1 if q = 3, 4 . . . . 
By Lemma 2.2, if k >  ko and rk :::; r < rk+! , then denoting pq (H, R) + A(q ) by p* , we get 
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10g M( r , H ) 

(3 .4) 

Using (3 .4) we get 

exp['l- 2] { (<p � t )e, (q) ( 2 10g r�k )-P' } {  1 _ ' }  10g M(r, H ) > 1 B(q , H)f7 � e'( q ) p" +0 ( 1 )  e'( q ) p* ( 2 10g L )- 1  
1 nk 

exp[q-l] { ( <p � ( )e'( q ) ( 2 10g � ) - p' } [ B(q,  H )  � ] > 
( 2 10g � )-1 ( e'( q ) ) p � 1 + 0 ( 1 ) .  

For q = 2 ,  we have 

10g M( r, H ) ( 1)  � ()pAH, R)( log R2jr2)-P2 (H,R) 
( R�,. )P2 (H,R) > ( R�r )P2 (H,R) + 0( 1 ) . 

Proceeding to limits as r -> R we get i2 (  H, R) ::::: <p, 
Now, for q = 3, 4 . . .  , 

l· . f log [q- l] M(r,  H )  A-e' ¡ m  In R > �/ . . r�R ( _ )p2 (H,R) � R--r 
Since the aboye inequality holds for every e', making e' -> 1 ,  we get iq ( H, R) ::::: </> for q = 3, 4 . . . . 
If </> = o the result follows trivially. If <P = OC" the aboye inequality with an arbitrary large numbf'l' 
in place of </> � 1: giyes tq (H, R) = oo.  
Theorem 3 . 3 .  Let H E HR O < T < oo(Ro < R) and H have q-order pq (H, R)  and lower q-type 
tq (H, R) . If ¡jJ(nk)  = (E�k (H, Ro ) j ( E�k ( H, Rn ) ) 1 / (nk+1 -nk ) forms a nondecreasing function ,p + l ,p 
of k for k > ka and 10g[q-2] ni, � 10g[q-2] nk+1  as k -> 00 ,  then 

(3 .5 )  

where L( q) = lim SUPk-+oo (1og[q ·-2] nk / log[q-2] nk-J ) .  
Proof. The proof o f  the aboye theorem follows b y  using Lemma 2 .2 and Lemma 2 . 7  for i = 1 �o 

. the function h( u) and for i = 2 to the function h*( u) . 

On combining theorems 2 and 3 we haye the following result : 
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Theorem 3 . 4 .  Let H E HR O < r < oo(Ro < R l  and H have q-order pq ( H, R) and lower q-typ"e 
tq (H, R) . If 'Ij;(nk) == (E�k ( H, Ro )/ (E�k (H,  Ro) ) 1 / (nk+ 1 --nk ) forms a nondeereasing funetion ,p + l ,p 
of k for k > ka and log[q-2l nk � log[q-2l 7/ k + l  as k - ->  00 
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