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The distributional convolution products
of Marcel Riesz’ ultra—hyperbolic kernel

MANUEL AGUIRRE TELLEZ - SUSANA ELENA TRIONE

Abstract. In this note we give a sense to the product of convolution of Marcel

'Riesz’ ultrahyperbolic kernel. First we evaluate the case p odd (cf. formula
(I,2,18)) and then u even (cf. formula (I,2,25)). It follows from (1,2,26) that
the product of convolution Ra(u)* R_2k(u) generalizes the formula O*Rq(u) =
Ro—2k(u) (cf. [8], page 11, formula (V,2)).

1.1. Introduction.

Let = = (z1,...,%a) be a point of R™. We shall write z} 4+ --- + 22 —2%_, —

- - m;‘: 4y = U, p+v =n. By I'y we designate the interior of the forward cone:

I'y = {z € R* : 2; > 0,u > 0}, and by T4 we designate its closure. Similarly, I'_
designates the domain I'_ = {z € R",z; < 0, u >0} and T'_ designate its closure.

Let F()\) be a function of the scalar variable ), and let ®(z) be a function endowed
with the following properties:

a) &(z) = F(u),
b) supp ®(z) C T4,
c) e2NP(z)e Ly if ye V_,
where,
Vo={yeR":y1 >0, yi+ - +y2 —yip1— - —¥op, > 0}.
We call recall R the family of functions ®(z) which satisfies conditions a), b) and c).
Similarly, we call A the family of functions which satisfies conditions:

a’) @(z) = F(z),

b’) supp &(z) CT-,

) e@¥®(z) € Ly if y € V4, where ;
Vi={yeR":y1 <0, yf+---+y;‘:—y,2,+1 —~-—yﬁ+,,>0}.

We shall consider the following functions of the family R introduced by Nozaki (cf
[1], page 72):

a—n

Y ifzely ,
Ry(u) = ¢ Kp(a) (1,1,1)
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Here a is a complex parameter, n the dimension of the space.
The constant K,(a) is defined by

T T (M=) P (252) ()

Kn(e) = ey , (1,1,2)
T(35=2)r(452)
p is the number of positive terms of
v=al+-tal-2l,,—...-22,,, (1,1,3)

pL+v=mn.

R,(u), which is an ordinary function if Re(a) > n, is a distribution of «.

We shall call R,(u) the Marcel Riesz’ ultra—hyperbolic kernel.

By putting £ =1 in (L,1,1) and (I,1,2) and remembering the Legendre’s duplication
formula of I'(z):

D(2z) = 2% PT()0 (2 + %) (1,1,4)
(cf. [2], Vol. I, page 5, formula 15) the formula (I,1,1) reduces to:
M~ { Z'n_@z) ifzely, (115)
0 ifz¢l,.
Here u =22 — 22 — ... —z2, (1,1,6)
and H,(a) = 2“_11rn_;‘nf‘(%)1‘(a——;i2) . (L1,7)

Mq(u) is precisely, the hyperbolic kernel of Marcel Riesz (cf. [3], page 31). On the
other hand, taking into account (I,1,4), the formula (I,1,2) reduces to

Kn(a) = Hp(e)X(p,a) , (1,1,8)
where H,(a) is defined by (1,1,7) and

_ T)r(e

X(Naa) = (1,1,9)

2;

2
D(25=2)r (23*)
We know (cf. [2], page 3, formulae 6 and 7) that the following formulae are valid:

I'(2)I(1 — 2) = wcscem (1,1,10)
and

F(% + z)I‘(% - z) = mseczm . (I,1,11)
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Then, we- have

sin (5%)n
X(p,e) = TeosEr (1,1,12)
From (I,1,2), we have
X(p,a) = (—1)F if pis odd (1,1,13)
and
—1)(=1)*/2gin &
X(p,a)= (=1)(=1) ~ T i is even . (1,1,14)
cos 2

2

Therefore, from (I,1,18) and taking into account (I,1,13) and (I,1,14) we have,

Kn(a) = (—=1)"7 Hy(a) if pis odd (1,1,15)
and
(—1)(—1)“/2 sin 3

a
Ccos 27l'

K,(a)= H,(a) if pis even. (1,1,16)

From [4], pages 276 and 277 and taking into account the formula (I,1,10) we have,

(P £40)* = P} + eFip2 (1,1,17)
P} = T(W)I(1 — A)(2mi) " [e*™(P — 0)* — e *™( P £40)*] (1,1,18)
where
P> {PA if P>0 (1119)
7 o ifP<0, ™
L [0 if P>0
P2 = (1,1,20)
(-Py» ifP<o,
(P £140)* = lim (P & ic|z|2)* ([4], page 275), (L,1,21)
|$|2 =m¥++$i (171722)
€ >0 and
P=P(z)=ai+ -+l -2l  —-—2l,,, (1,1,23)

p + v = n (dimension of the space).
Here A is a complex parameter. On the other hand, the Fourier transform of the
distributions (P % i0)* and P} are (cf. [4], page 284),

{(P+io) Y =a(r+ L) F(@-i0)™F, (I,1,24)

a(A + g)ey_;i(Q +40)" A% (1,1,25)

{(P—i0*y*

and
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(P =83 2) 0+ q iyt - (g i),

(1,1,26)

where

BT 8)
a()\+ 2) = ey : (1,1,27)
py 2T TN+ )P + £)
b(A + 2) = % y (1,1,28)
and
Q=QW)=vi+ - +¥— Vo — Yoy - (1,1,29)
From [7], page 23, theorem 2, formula (I,3,1), we have

(P £140)* - (P £40)* = (P +i0) "+ (1,1,30)

where X and p are complex numbers so that A\, and A + p # —;—L -k, k=0,1,2,... .
On the other hand, the following formula is valid:

P}.P! = Pp}tH, (1,1,31)

where A\, g, A+ pu # ——g —k,k=0,1,2,...and A\, p, A+ p#—£,£=1,2,....
From (1,1,31) and taking into account (I,1,18) and (1,1,30) we have

c(A + p)(2m5) [e(>‘+“)"i(P —30)MH _ e~ OtWT(p W0)MH] = pj_“*’" =
= P} P} = c(A)(2ms) " e(p)(2mi) 7t -
- [P — i0)* — e (P +10)*] [eF™(P — i0)* — e"#™H(P + i0)*] =
= c(A)e(p)(2mi) 7 - (2mi) T [eATIT(P — jo) ey
+ e OFITIP 4 o) E] — ¢(N)e(p)(2mi) 7t - (2mi) 7 -
- [eAMT(P — §0)N (P 4 40)* 4 e~ P~MT(P 4 i0)}(P —i0)#] , (1,1,32)
where
Clv) =TI (1 -19). (1,1,33)
From (I,1,32) and (I,1,33) the following formula is valid:
eP=MTI(P _30)} . (P + i0)* + e~ (A=W P 4 50)* . (P — i0)* =
= [1 = B(A\,p)]ePMT(P —i0)Tr 4
+ (14 B, p)le”OHRIm(P 4 i0) e (1,1,34)
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where 0 )
c(A+p
B\ p) = e 1,1,35
) = N eluien (1,3
On the other hand, from [9], page 11, formula (I,2,33) we have
(P +140)*+ (P —i0)* 4 (P —40)* - (P +i0)* =
= [1= BOLI(P + 0P + [1+ BO,w)(P — i0)™* (1,1,36)

where B(A, p) is defined by (I,1,35). On the other hand, from (I,1,24), (1,1,25) and (1,1,27),

we have

{HEW = {Ho (P £40,n)}" = ¥ (Q 740) ™/, (1,1,37)
where
HE = Hy(P £i0,n) = ¥ 25 (E) 0} I1
> =H, i0,n) =€ e a3 (P +10) (1,1,38)
and
&\ _p(M 2 [paniep(2)] 7
“(2) F( 2 )[2 i F(z)] ' (1,1,39)
The distributional functions HX have the following properties:
HE « ng = H;t+ﬁ (['7], page 41, formula (11,3,11)), (I,1,40)
HE«H%,, = HE ,, ([7), page 40, formula (I1,3,9)), (I,1,41)
HZ,, = L*{6} ([7), page 41, formula (1L,3,13)), (I,1,42)
where , o2 g2 52 .
o
I e T T —_— 1.1.43
{aa;f“ T oz "ok, Bwa_V} (1,1,43)

I.2. The convolution product of R.(u)* Rs(u).

From (1,1,26) and taking into account (I,1,1), (1,1,15), (I,1,16) and (I,1,28) the Fourier
transform of the distribution R,(u) is

{Ra()}* = 5 [fal@ = 0) + fu(@+i0)] it s 0dd, (12,1)
and
{Ra(u)}A = 2% (s::: Z;’: [fo(Q —i0) — fa(Q +140)] if p is even, (1,2,2)
2

where fo(Q £10) = et (Q £40) —al? (1,2,3)
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We observe now that Rq(u) by virtue of (1,1,31), (I,2,1), (I,2,2) and (I,2,3) is a
distribution of the class 0, (the space of rapidly decreasing distributions). Therefore,
R,(u) € S', where S' is the dual of S and S is the Schwartz of functions ([5], page 233).

We conclude by appealing to the classic theorem of Schwartz ([5], page 268, formula
(11,8,5)) that the following formula is valid:

{Ra(w) * Ro)}" = {Ra(w)}" - {Ro(w)}" . (1,2,4)
Here * designates, as usual, the convolution.
First, we shall study the case p odd.
From (I,2,3) and taking into account (I,1,31), (I,2,1) and (I,2,2) we have

{Faw) * Ra()}" = L (fasal@ — 10) + faspl@ + 0]+

+ % [fa(Q - "'0) ° fﬁ(Q + 7'0) + fa(Q + 'LO) ° fﬁ(Q - 7'0)] ) (172’5)
if p is odd.

On the other hand, taking into account the equation (I,1,35) and (I,1,36) for A = —% ,

and p = —g we have

$17a(Q ~i0) 15(Q@ +10) + £u(@ +i0) - (@ — i0)] =
= 3 Fata(@ = i0) + fass(Q +i0))+

o(-5-4)

Tao(=g)o(- Hem)

° [fa+ﬁ(Q + 7:0) - fa+ﬁ(Q - "'0)] y (1,276)

where C(y) is defined by (1,1,33).
Therefore, {rom (1,2,5) and taking into account (I,2,1) and (I,2,6) we have,
{Ba(u) * Bo(w)}" = {Rasp()}" + Das(@ Fi0) , (12,7)
where
o3 -9
(2mi)1C(-$)C (- §)
I

On the other hand, from (I,1,22), (I,1,23) and (I,1,25) we have

Da,p(Q F10) =

[fa+ﬁ(Q + 'io) - foz+,3(Q - 10)] . (15278)

e~ (@B % a+ﬁ-n]A

fatp(Q —10) = (5B ™ [(P +1i0) ™' (L,2,9)
n 2

and
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xi
‘Klll

el
fa+ﬁ(Q + iO) =

e [(P—i0)TT]t (1,2,10)
D |
Therefore, from (I,2,8), (1,2,9) and (1,2,10) we have,
Dap(Q Fi0) = {Eap(P £i0)}", (L,2,11)
where
. ( a 2)4——1
Eop(P £i0) = Gl-5—5) .
c(-%)¢ ( 9)an (532 (2mi) 2
[ (BT (P 4 j0)ET" — (0BT (P — o). (1,2,12)
On the other hand, from (I,1,38) and (1,1,39), we have
e~(@tB-1F(p 4 zo) atfon
=HT ,2,13
) i )
and
elatB—1% (p _ 10) atf=n
—H-,,. 12,14
DI .
Therefore, from (1,2,12), (1,2,13) and (1,2,14), we have
c(-2-8)4
E, 5(P +1i0) = 22 —H- .. 1,2,15
75( ? ) C(— %)C( %)(27!’1,) 1 [ a+pB a+ﬁ] ( )
Finally, from (1,2,7), (1,2,11) and (1,2,15), we conclude
{Ba(u) x Bo(w)}" = {Rarp()}" + {Bap(P £ i0)}" =
C(-2£)4?
— {R, —H-, |} =
{ +ﬁ } +{C(—%)C( )(27‘_1 [ a+pB a+ﬁ]}
Cc(-%2)4
=R, 2 HY .—H- 1,2,16
{ +ﬁ(u)+ C(—E)C( %)(27”) 1 [ a+pB a+,3]} ( )

Then, by using the theorem of the unicity for the Fourier transform, we conclude the

following interesting formula for R4 (u),

_a=By-1
Ra(w) * Ra(u) = Rass(u) + 5 _(’;()C - é);(21ri)—1 .
[HY s —Hg.g, ifpisodd, (1,2,17)
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where 5 5
c(-2—-£8)41 , sin &7 .sinSw
( 2 2) 2 2 . (172,18)

c(-g)c(- 8)(2mi)—1 "2 sin (a—zté)‘n'

Now, we shall study the case p even.
From (1,2,4) and taking into account (I,2,2) and (I,2,3), we have

Ro(u) * Rg(v) = {Ra(w)}" - {Rp(w)}" =
:1(—l)(-l)ﬁiéﬁfr[fa@—im—f(,(czﬂo)]-

4 1 7
sin Smwsin 5w

 [£8(Q = i0) — f5(Q +i0)] =

1 1 1\ cos Zmcos B
- Z<w ;>(_ _Z_) sin%wsinéw '
{Jats(@ = i0) = furs(Q +0) — Gurs(@ Fi0)} , (12,19)

where
Gap(Q Fi0) = fo(Q —10) - f5(Q +140) + fo(Q +10) - fg(Q —i0) . -+ (I,2,20)

Taking into account the equations (1,1,34) and (I,1,35) for A = —g and p = —g , we

have
Ga,p(Q F10) = farp(Q —10) + farp(Q + i0)+
+ B( - %7 "g)fa+ﬁ(Q + 'LO) - B( - %7 _§>fa+ﬁ(Q - 7'0) ) (Ia2,21)
where B( % —'g) is defined by (I,1,35).
From (1,2,19) and (,2,20), we have

A _ 1 cos a2m cos 32 )
{Ra(u) * Rﬁ(u)} 4 sin ST sin gw
-B( - %, —g) [fa4p(Q — i0) — forps(Q +10)] . (1,2,22)

On the other hand, from (I,2,22) we have

[fa+/3(Q - iO) - fa-i—ﬂ(Q + 10)] =

sin (*5°) ~{Rays(w)}". (1,2,23)

S(z)

=(-1)2¢
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Finally, from (I,2,22), (1,2,23) and taking into account (I,1,35) and (I,1,33), we have

{Ra(w)s Bo(@)}* = 2(- 1) (-3
255 e (e -

2 2

8

1) cos 27 cos B7
e -
sin $msin S

2

cos 2 cos 2

™ A

=—2_ 2 [R su)}" . 1,2,24
cos (g—%-ﬁ)ﬂ_ { +ﬁ( )} ( 14 )
Then, by using the theorem of the unicity for the Fourier transform, we conclude the

following interesting formula of R,(u),

cos 27 cos 27

Ro(u) * Rg(u) = —2——2—

R, 1,2,25
COS (9—;:2)” +ﬁ(u) ’ ( )

if p is even.
Putting in (I1,2,17) and (I,2,25) 8 = —2k and taking into account (I,2,18) we have,

Ro(u) * R_gi(u) = Ra—(x) - (1,2,26)

On the other hand, from [8], page 9, formula (1I1,9), we have

R_y(u) = O%s, - (1,2,27)
where o P 52 52 X
ok={ L 4. L _ % LA U o (1,2,28)
{ Oz? dz2 02, oz2 }

From (1,2,27) and (I,2,28) we have
o k{Ra(u)} = Ro—2k(u) - (1,2,29)

The formula (1,2,29) is given by S.E. Trione in [8], page 11, formula (V,2).
On the other hand, putting 8 = 2k in (1,2,17), (I,2,25) and (1,2,29) and taking into
account (1,2,18), we have

R, (u) * Rg(u) = Rypa(u) (1,2,30)

and

O%Ryk(u) = Ro(u) =6 . (1,2,31)

From (1,2,31), Ryx(u) is the elementary solution of the n—dimensional ultra—hyperbolic
operator iterated k—times.
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