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ABSTRACT. We characteriz.e the structure 01 the bimodule /j.Ext Jl,C,A) r with an underlying 

ring R solely assuming that there exists an almost split sequence of left R ·modules 
O�A-B��C-�O. /j. and r are quotient rings of End(RC) and End(�) respecti vely. The 

results are duali::;ed under mild assumptions warranting tha! /j.ExtJl,C,A)r represent.\' a 

Morila dua!it)' . To conduele, a reciprocal result is obtained: ConditioflS are imposed on 
/j.Ext JI, C,A) r that warrant the existence of an almost split sequence. 

1- PRELIMINARIES AND NOTATION 
This work is motivated by tIle need to investigate structural properties of /j.ExtR(C,A)r as a /j. -

r bimodule under tite assumption that there exists an almost split  sequence O�A-B-C-O 
(al so denoted (a,b) where a:A-B and b: B-"C) of l eft modul es over a ring R.  The l ifting 

property must hold on the l eft and right of the sequence since R need not be an Art in algebra 
[ 1  ] . /1 and r are quotient rings of End(RC) and End(RA) respectively [2] . 

Throughout the paper we adopt standard notation. Thus A,B,C,X,Y ,Z, . . .  denote left R-modules 

over the ring R. Moreover, following [ 1 ,2] , we denote: 
P(X,Y)={f E HomR(X,Y) I f factors over a projective R-module} 

I(X,Y)= {f E HomR(X,Y) I f factors over an injective R-module} 

HomR(X,Y) = HomR(X,Y) / P(X,Y) ;  HomR(X,Y) = HomR(X,Y)/I(X,Y) 

D = End(RC) ; G = End(RA); /j. = End(RC); r = End(RA) . 

2- RESULTS 

The following theorem generalizes a result proven for Artin algebras by Auslander and Reiten 

( [ 1 ] ,  theorem 3 .3) .  The result is a preliminary step to assert the structural properties of the 
bimodule /j.ExtR(C,A)p as shown below . By contrast with ref. [ 1 ] ,  our proof is elementary 

since it does llOt make use of funetor eategories: 
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Theorem 1 :  
For every module RX, the map HomR(X,A) 3 g -- Ext (C,g) E Hom¿\(ExtR(C,x), 

ExtR(C,A» i s  a monomorphism of right f-modules. (The reader should be reminded that A and 

C are connected via an almost split sequence.) 

Proof: Obviously the map is a homomorphism of right f-modules. Let Ext(C,g) be zero. We 

have to show that g factors over an injective module. Choosing injective extensions, I(X) and 

leA) of X and A respectively and extending g to h and j we obtain a commutatíve diagram 

(standard notation has been adopted throughout): 

}l 
O ->o X ->- I(X) -- Coker(X) - O 

g �  

O --+ A - I(A) - Coker(A) - O 
i "  }l It 

Let the following diagram be a pullback: 

Ji' 
M -- Coker(X) 

leA) -- Coker(A) 
Ji" 

( 1 )  

(2) 

Exploiting the properties of a pullback, we get a commutative diagram with the left upper 

square being a pushout: 

i }l 
O - X - I(X) - Coker(X) - O 

g �  1 1  
}l' 

M - Coker(X) - O (3) 

g' � H 

O - A  -- leA) - Coker(A) - O 
i "  }l It 
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To elarify notation, we have denoted Coker(i) by Coker(X) and Coker( i " )  by Coker(A).  We 

elaim that the sequence: 

Ext(C,g) 
ExtR(C,X) --

Ext(C,i') 
ExtR(C,A) -- ExtR(C,M) 

is exact. This follows from the commutativity of the diagram: 

o Ext(C, i) 
HomR(C,Coker(A» -- ExtR(C,X) -- ExtR(C, I(X» =0 

� Ext(C,g) � 

o' Ext(C,i ') 
HomR(C,Coker(A» -- ExtR(C,A) - - ExtR(C,M) , 

(4) 

(5) 
where the rows are part of the long exact sequen ces of Ext, and 0,0' denote the connecting 

homomorphisms from ExtO to Ext l . By assumption Ext(C,g) i s  zero, therefore Ext(C, i ' )  is  a 

monomorphism and j ' (a ,b);.:O. Since (a ,b)  i s  almost spl i t ,  j '  turns  out to be a spl i tti n g  
monomorphism, and from the three-rows diagram i t  follows that g factors over the injective 

module I(X). QED. 

The map dealt with in this theorem is actually an isomorphism under the relatively mild 
additional assumptions R sekiperfect and RC finitely presented ( cf. l2] ) .  Remarkably ,  no 
conditions need to be imposed upon RX,  in contrast with the results of Auslander and Reiten 

l I l for Artin algebras. 

3- DUALIZATION OF THE RESULTS 
Let us fix the setting of reference [21 : R semiperfect; RC finitely presented and End(RC) local 

ring ,  Within this  context, we intend to explore the con sequen ces of the fact that if TEcJ defines 

a Morita duality , then a Morita dual ity is induced via the bimodule AExtR(C,A)r' Let us 

introduce further notation : TrCR= transpose of RC;  T=End(TrCR) ;  TE=injective hull of 

T /Ra(T). AH the notation is standard (cf. [ 1 )) ,  

There are a number of instances in which TEG defines a Morita duality [2] : 
a) RA is finitely presented and TrCR i s  purely injective (each pure exact sequence 

0 -- TrCR -- MR splits) , 

b) T is a left Artin ring and TE is finitely generated. 

c) TrCR is simple. 

d) R is an Artin algebra. 

e) R is a ring of finite module type. 
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We have already shown [2] that if  TEa defines a Morita duality, then L\ExtR(C,A)r i s  the 

induced Morita duality . This result is paramount to introduce a dualization of the context 

presented in the previous section. Accordingly, we shall prove the following results: 

Proposition 1: 
Let TEa be a Morita duality. For nEN, let R Y be a direct summand of RCn, or let RC be self-

projective and R Y be an epimorphic image of RCn. Then, THomR(C,Y) is reflexive with respect 
to TEa, and AHoffiR(C ,Y) is reflexive with respect to L\ExtR(C,A)r' 

�: Under the given assumptions, there is an epimorphism 

TTn ::;:; THomR(C ,Cn) -->- THomR(C ,Y) --O which yields the first statement. The second 

statement follows from well-known properties of the induced Morita duality which one obtains 
from TEG by passing over from D and G to A and r. 

At this point, we shall prove the following 

Theorem]: 
Let TEG be a Morita dual ity. then the following statements are equivalent: 

1 )  THof!lR(C,Y) is reflexive with respect to TEG . 
2) HomR(C,y) 3 d - Ext (dA) E Homr(ExtR(Y,A),ExtR(C,A )) is an isomorphism of left T
modules. In this case , AHomR(C ,Y) and ExtR(y A)r are reflexive with respect to AExtR(C,A)r' 

�: Le t Q denote the c omposi t i on of the G- i somorp h i s m s  ExtR( Y , A )  = 

ExtR(Y .  HomT(TrC,E» � Hom�To�(TrC,y),  E) ::;:; HomT( HomR(C ,Y ) , E) .  Then the 

following diagram commutes , where L: is the evaluation map : 

Ext(- ,A) 

� I  
HomdHomT( HomR(C,Y), E), E) 

Hom(Q, E) 

and thus our assertion follows. QED 

Proposition 2: 

� ::;:; 
HomdExtR(Y,A), E) (6) 

Let RA be finitely presented and TrCR be a purely injective module. Let RX be any finitely 

presented module. Then, the following statements hold: 
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1 )  HomR(X,A)G and TExtR(C,x) are reflexive with respect to TEG ' 

2) HomR(X,A)G '" HOffiT(ExtR(C,x), E)G and 

T TrC�X '" THomdHomR(X,A),E) 
3) HomR(X,A)r and AExtR(C,X) are reflexive with respect to AExtR(C,A)r' 

Proof: Under the aboye assumptions TEa ís a Morita duality [2],  the module TrCR i s  ret1exive 

with respect to TEG and there exists an isomorphism HomG(A, E)R '" TrCR. Let w:THomdA, 

E)�X � THomdHomR(X,A), E) denote the natural isomorphi sm , and let 2: and 2:' be the 

evaluation maps from T TrC and HomR(X,A)G into their biduals with respect to TEG ' Then, ( 1  ) 
follows from the commutativity of the diagram: 

2: 
HomR(X, HomT(TrC, E) = HomR(X,A) � 

¡ adj 
HomT( TrC�X, E) 

¡ Hom( Q, E) 
HomT(HomdA, E) �X, E) 

Hom(2: '®X, E) (7) 

As we have the epimorphism HomR(X,A)G --+ HomT(ExtR(C,X), E)G ' the module 

HomT(ExtR(C,X), E)G i s  reflexive and, consequently,  T(ExtR(C,X) is also reflexive. 

(2) We have the isomorphisms: 
HomR(X,A)G '" HomT(ExtR(C,X), ExtR(C,A» G ::::: HomT(ExtR(C,X), E)G 
The second statement follows from THomdHomR(X,A), E) '" 

'" THomdA, E)�X '" T TrC®RX , 

(3) is a consequence of ( 1 ) .  QED 

4- UNDER WHAT CONDITIONS DO WE FIND AN ALMOST SPLIT SEQUENCE? 

At this point we are in a position to prove a plausible reciprocal of the results expounded 

previously. 

Tbeorem 3: 

Assume the following conditions are satisfied (standard notation i s  followed): 

8ExtR(C' ,A') i s  injective;  Soc(8ExtR(C '  ,A' »  is simple and essential in  8ExtR(C',A'); 
Soc(ExtR(C',A')r') S Soc(8ExtR(C" A'» ; D' and G' are local rings, and for every RX, the map 

Ext(C,-): HomR(X,A') 3 g � Ext (C',g) E HomA,(ExtR(C' ,X), ExtR(C',A'» is sUljective. Then 

every nonzero element (a' ,b') E SOc(A,ExtR( C' ,A'» is almost split. 
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f!:2!!f: Let g E HomR(A' ,X) b e  a homomorphism which has n o  factorization over a'. As : 

Ext(C' , g) operates nonzero on a simple essential submodule of ExtR(C',A'), i t  i s  a 

monomorphism. From the injectivity of A'F.xtR(C',A'), it follows that Ext(C', g) splits, and, from 

the assumption that Ext(C',-) is an epimorphism, we obtain g' E HomR(X,A') such that Ext(C', 

gg')=id. Thus, the composition gg' is an isomorphism, since, otherwise it would follow that gg' 

E Ra(G') and gg'(a' ,b')=O, which is a contradiction. Hence g is a splitting monomorphism and 

we have shown that (a',b') is almost split on the left side. The lifting property on the right side of 

the sequence also holds since we have assumed that D' is a local ringo QED 
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