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Abstract

The Picard’s method for solving ¥ = f(z,y) , y(z0) = o, is
considered here for |f (z,y1) — f (z,y2)| < ¢ (Jy1 —y2|). It is shown
that for rather general Osgood’s functions ¢ , the difference of two
successive approximations converges at exponentially decreasing rate.
An application to parabolic partial differential equations is given as
well.
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1 Introduction

In alandmark paper W. Osgood (1898) introduced a condition weaker than
the well known Cauchy-Lipschitz one that guarantees the uniqueness of the
solution of the initial value problem for a first order equation. Later, A.
Wintner (1946) showed that Osgood’s uniqueness condition implies the con-
vergence of the successive approximation on a sufficiently small interval.
Later on, J. Lasalle (1949) extended Wintner’s method to the case of the
uniqueness condition for the solution given by P. Montel and M. Nagumo
in 1926. Lasalle’s method is essentially Wintner’s but adapted to a different
condition. One of the improvements introduced by Lasalle is the fact that the
zero approximation can be chosen to be any one but sufficiently small in L™

01991 Mathematics Subject Classification: Primary 34A45 Secondary 35K05



74

norm. Lasalle and Wintner’s papers raise questions concerning the speed of
the convergence of the successive approximations. It is the aim of this paper
to answer these questions for the cases of rather general Osgood’s functions.
In fact, we show that in cases such as ¢ (t) = ¢ |logt|ﬂ 0 < B < 1, the differ-
ence of two successive approximations |y,41 — Yn| converges at exponentially
decreasing speed.

The result in this paper can be easily extended to the case of first order
systems very much in the same way as Lasalle (1949). For such a generaliza-
tion we refer the reader to the paper by Lasalle.

‘We will deal with the equation

Y = f(x,y)

with initial condition y (zo) = . f is a continuous function which verifies
that |f (z,y1) — f(z,92)| < ¢(|ly1 — 12]), wherea < x < band c <y < d.
¢ satisfies the modified Osgood’s conditions below in 2.1. For the sake of
simplicity we may assume that —a <z <a, —c<y <cand o =0, yo = 0.
We consider the successive approximations

gor (8) = [ £ (tym (1) @t

and study the modality of convergence of
Wn (%) = [Yns1 (T) — Y ()]
for j| < 6 and 6 > 0 suitably small. Within that raﬁge we will have
0<w, <Cr, (1)

for n > nyg, for some ng, r,0 < r < 1, and C a positive constant. Consider
the auxiliary iteration

tnsa (@) = [0 (e (1)

in general w, < z,. We study the speed of convergence to zero of z, (x),
which automatically will imply the result.

In the final section we briefly indicate some other applications to parabolic
partial differential equations. '
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2 Osgood’s functions

A real valued function ¢ is an Osgood’s function if the following conditions
are met:

1)  is non-negative continuous and monotone on (0, 8), for some § > 0.
2) (f:(tt) = 00, foranye 0<e<é.

Remark 1 1) and 2) above imply immediately that hm,,,_,0+ ¢(z) =0 and
that o is non-decreasing. We will define ¢ (0) = 0.

2.1 Modified Osgood’s condition

Throughout this paper we shall be concerned with Osgood’s functions of the

type
b

o (t) =

t
where b > 0 is a given constant. w is a non-negative continuous non-
decreasing function on [0, 5], such that

/”w(s)

b
Notice that ¢ (0¥) = 0. Occasionally we use the notation o (t) = [ Egﬂds.
. t

From now on we will assume b < 1.

Lemma 1 The function ¢ satisfies the following properties:

(i) There is some a,a > 0, such that ¢ (a) = a.
e g
(11)tl_1’r(1)qr ¢ (t) > 1.
There is some 6,0 < § < a, such that for t,0 < t < §, it holds
that
(ii)¢’ and o are decreasing,
(iv) o (t") < no (b"v_» t) foralln=1,2,.

(v) the quotient —((—35 t%((—% is bounded, and

(vi)“"—i(—2 = to? (t) is increasing.
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Proof. (i) holds because ¢ (0) = 0, (b) = 0 and ¢ is concave. (i) and (iii)
follow from the representation o

cp'(t)=0(t)——w(t)=ftb£§£)—ds—-w(t).

(iv) We show the case b = 1, the others follow by éohsidering the function
& (1) = o (br) and the change of variable { = b . Let a,B,0<a,B<1,
then : ,

B8
— o(@)+0(h).

0 _ ¢
(v)%=#ﬂ%—>l,ast—>0+.

(vi) £ (to (®)*) =0 (1) (0 (8) — 2w (1)) > 0.

2.2 Most common modified Osgood’s functions

. It is straightforward to show that the following functions satisfy the modified
Osgood’s conditions: . :

o1 (&) = t (1o (1/2))™ (loglog (1/1)) ... (ogloglog (1/1))°*

forsome 0< B; <1,i=1,...,k—1,0< 3 <1,k =1,2,.... These are the
most common modified Osgood’s functions. Observe that for all of them, the
constant b satisfies that b < 1.

3 Auxiliary lemmata

From now on we will assume b < 1. The following lemmata are the technical
tools for proving that ||wy| < Cr® for some r , 0 < r < 1, C' a positive
constant. Assume that 0 < t < 6, where § > 0 is as in Lemma 1.

"
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- Lemma 2 ¢ (Ap(2)") < n%ﬁ(%’ii, forany A>1n=12,...
Proof. From ¢ (t) = to (t) and Lemma 1 ( iii), (iv) it follows that

@ (A (z)") Ap ()" o (Mp (2)")
/\cp ()" o (Az"o (z)")

( )" o (")
( )" o (x)
e (@)™

x)'n+1

IA I

IA

b

n+1 n+1
Lemma 3 [§ o (t)" dt < v’%z) “"rﬁl < “’(ﬂl ,n=12 ..

Proof. Lemma 1 (iii) and (ii) imply that

/ " dt</ ""’,()dt 1($)‘075?1 3@75321 .

n

Lemma 4 There exists a positive constant C such that [y gg(%L" dt < S ()",
.m=12 ...

Proof. Lemma 1 (v)-(vi) and Lemma 3 give
/w(t) dt / sot) " dt
o

< ) / n 2dt
(w) 1 o )"’"1
z ¢(x) n—1

c n
< ao1? ()"

<

Lemma 5 Let zy be a non-negative function defined for |z| < 6, 20 (x) < n,

6 and 1 small enough. Suppose zpy; (x) = fcp (zn (t)) dt, then,
~ 0
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0<2z(z) <=z,

0 < z,(x) < C"2%(z)", n = 23,...,C > 1 a suitable
constant.

Proof. ¢ is a continuous function with ¢ (0) = 0, so for 7 > 0 sufficiently
small,

0< () < / ¢ (l2l) dt < .

* Put C = <, where (" is as in Lemma 4 and such that C" > b. Forn =2,
we use Lemma 3 to get

T T 1
0< 5@ < [eEr@)d< [o®) d <06 <e@
0 0
Now, by induction on n, for n > 2,
0 < Zopi(e)= f ¢ (za (1)) dt < / o (C"p(t)") dt
0

< Cn—2/(p (t)

Cn—?

ﬂ+l

S n —(P( )n+1

— Cm,—1<p (x)‘n+1 )

because of Lemmas 2 and 4.

4 Rate of convergence of the successive ap-
proximations

In order to analyze the rate of convergence of wy,, observe that

wnia (@) < 15 (vma () = £ (3 @)t < [0 (wn () b
0 0
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We will consider a different iteration. If we begin with small initial values,
namely:

wp (z) <7, for |z| <4,

we study the auxiliary iteration

i1 (@) = [0 () b,

where zg = 7. It is clear that w; < z; and, in general w, < 2z, which is a
consequence of the monotonicity of ¢. Then it will be enough to prove the
estimate (1) for z,,. It will be worth to notice that

| (2n+1) = @ (2a)] < @ (I2n41 — 2nl)

because of the concavity of ¢, plus ¢ (0) = 0. The next step will be to study
the speed of convergence to zero of z, (z), |z| < § and to show that for 2, (z)
the estimate (1) is valid. Indeed, from Lemma 5, there exists a constant
C > 1 such that 0 < 2, (z) < C"2p(z)". By the continuity of ¢ and the
fact that ¢ (0) = 0, for any 7, 0 < r < 1, there is some §,0 < § < §, for
which Cy (z) <r, for |z| < §'.

Thus, we have proven the following theorem:

Theorem 6 Let f be a continuous functions on the rectangle R = [—c,c| X
[—d,d]. Suppose that

I-f (x7y1) --f(l',y2)l < @(Iyl - y2|) ’
for |z| < c,|yi| < d,i =1,2, where ¢ verifies the modified Osgood’s condi-

tions stated in section 2.1. Then, the successive approzimations
z
v (@) = [ £t (0) dt,
0
lvol < 1,1 > 0 sufficiently small, satisfy

[Yn+1 () — wn ()] < CT",

for some r,0 < r < 1, some C large enough and |z| < 6, for some positive
é.



5 An apphcatlon to partial differential equa-
tlons

Consider the following parabolic partial differential equation
= Au+ F (u,z,t), u(z,0) =
Assume that F is a continuous function that satisfies
IF (w1, 2,t) = F (u2, 2, )|, < ¢ (lur — wall,)

where |||, is an ad-hoc norm in the space variables and ¢ is a modified
Osgood’s function as in section 2.1.

Let K (z,t) be the usual L' fundamental solution! and implement the
iterations

t N
unﬂ(a:,t):://nm (x—y,t—7)F (un(y,7),y,7 )dydT
)

ug is chosen to be C° in R™ with small L® norm. Then |lup 1 — tn ||, which
is a function of ¢, satisfies that

dr

t I
I =uall <[] KD ) )

IA

/HF tny o 7) — F (tn_y, -, 7|, dT

t
< [ o (lun = wamall,) dr
0 :

With a similar procedure as the one employed before, by choosing ug
suitably small in the appropriate ad-hoc norm, it follows that

"un—)—l - uﬂ”m S Crna

for 0 <t < 6, some é >0 and somer, 0 <7 <1.

1As it is well known, B. Frank Jénes has constructed fundamental solutions that are
not of the usual type. .



81

References

[1] Iyanaga, S., Uber die Unitéatsbedingungen der Losung der Differentialgle-
ichung, Jap. J. Math. 5 (1928), 253-257.

[2] LaSalle, J. Uniqueness theorems and successive approximations, Annals
of Mathematics 50 (1949), 722-730.

[3] Montel, P., Sur 1 ’intégrale supérieure et 1 ’intégrale inférieure d 'une
équation différentielle, Bull. Sci. Math. (2) 50 (1926), 205-217.

[4] Muller, M., Uber ‘das Fundamentaltheorem in der Theorie der
gewdhnlichen Differentialgleichungen, Math. Zeit. 26 (1927), 619-645.

[5] Nagumo, M., Eine hinreichende Bedingung fiir die Unitat der Losung von
Differentialgleichungen erster Ordnung, Jap. J. Math. 3 (1926), 107-112.

[6] Osgood, W., Beweise der Existenz einer Losung der Differentialgleichun-
gen dy/dx = f(z,y) ohne Hinzunahme der Cauchy-Lipschitzschen Be-
dingung, Monatshefte fiir Math. und Physik 9 (1898), 331-345. ’

[7] Perron, O., Eine hinreichende Bedingung fiir die Unitat der Losung von
Differentialgleichungen erster Ordnung, Math. Zeit. 28 (1928), 216-219.

[8] Wintner, A., On the convergence of successive approximations, Amer. J.
Math. 68 (1946),13-19.

Instituto de Ciencias Basicas, Universidad Nacional de Cuyo
Department of Mathematics, Statistics and Computer Sciences,
University of Illinois at Chicago \

Facultad de Ciencias Econémicas, Universidad Nacional de Cuyo
Centro Universitario

5500 Mendoza Argentina

E-mail address: vvera@raiz.uncu.edu.ar

Recibido en Agosto de 1996



