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PROPERTIES OF KLOOSTERMAN SUMS ON
NUMBER FIELDS OF CLASS NUMBER ONE

INES PACHARONI

ABSTRACT. We study Kloosterman sums on number fields of class number one.
In particular, we extend to Kloosterman sums over such fields, a decomposition
formula due to Selberg in the classical case.

1. INTRODUCTION

Let F' be a number field with ring of integers O. If I is an ideal in O, and ¥, ¢
are unitary characters of the finite abelian group O / I, one defines the generahzed
Kloosterman sum (see [BM], §5) as

S[, 0, 1) = Z P(@)p(z ™
ze(O/I)*
This includes in particular sums of the form
. ratr'a=l
"S(r,r’,c) = Z 2miTr (P —) (1)
ag(0/(e))*

where ¢ € O,c # 0, Tr = Trpjq, 7,7 € F\{0} satisfy Tr(rz), Tr(r z) € Z,Vz € O.

So S(r,r’,¢) = S[Prjcs Pr /e, (€)], Where pq(y) = e2™Tr(ay) | In the case F' = Q,
r, 7, c € Z, equation (1) defines a classical Kloosterman sum (see [HW]).

The purpose of this note is to study these sums and extend many properties,
satisfied by classical Kloosterman sums, to the context of number fields of class
number one. As a main result we will extend to this case the following identity:

Theorem. Ifr,7” € @ ,c € O and § is a generator of the different ideal of O,

then ’
Srr'ye)= > |IN(d)| S(3 %9
(d)|(ré,r'6,c)

In the case of classical Kloosterman sums (i.e. F' = Q) this identity was stated
(without proof) by Selberg ([Se]). Kuznetsov ([K]) gives a proof which uses his
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sum formula and the multiplicative properties of the Hecke operators. Also, R.
Matthes ([Ma]) gives an elementary proof of this theorem.

The restriction to number fields of class number one, is essential in the proof
of the main theorem, because only in this situation, we may reduce the proof to
the case in which c is a power of a prime in O. On the other hand, the identity
in the theorem makes sense in any number field, but it does not hold as stated,
if O is not principal ideal domain. (For example, in Q[v=5], withr =7 =0
and ¢ = 2 — v/—5.) However, there is a possible attempt of generalization of the
‘theorem to arbitrary number fields, if we sum over the ideals dividing the ideal
(ré,7'6, ¢) (not only principal ideals), and we take suitables characters. The general
case is quite more complicated, and it will be the subject of a future publication.

2. PRELIMINARIES

Since we are assuming that the class number of F' is one, any ¢ € U decomposes
uniquely (up to order and unit factors) as a product of irreducible elements in 0.

. Notation. We shall recall some standard notation. Let ¢,d € O we shall denote
N(c) the norm of ¢. Then N((c)) = |N(c)|. As usual, the greatest common divisor
of ¢ and d will be denoted by (c,d). If T is a fractionary ideal of F’, we write c=d
(mod I) if c—d €.

Different ideal. The ideal 0" = {q € F|Tr(qz) € Z, Vz € O} is a fractionary
ideal of F', which coincides with the inverse of the different D /q- The different is
an integral ideal, hence there exists 6 € O such that Dpjg = 60. Thus o = %—(9,
therefore any r € O’ can be written uniquely r = 1, with 7 € o.

" Remark 2.1. We note that if ¢ € O,c # 0, and 7,7 € O, then érr’' € O
Moreovet, ¢|6 if and only if £ € O'.

Characters of O/(c). The characters of O/(c) form a finite group, isomorphic
to @/ (e), hence of order |N(c)|. ,

lfceO,re0 ¢z e2mTr(“F) | defines a character on the abelian group
O/(c), which depends on the class of 7 mod cO’. We note that ¢y, is the trivial
character if and only if 7 € ¢@'. Tt is easy to prove that all characters of 0/(c)
are of this form.

Remark 2.2. 1f ¢ and § are prime to each other, any character of O/(c) has the
form ¢/, with r € O. :

By the orthogonality relations we have

T i) - IN(c)| ifrecO .
0 ifrgcd

z€0/(c)
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3. PROPERTIES OF KLOOSTERMAN SUMS

Basic properties. In this subsection we list several elementary properties of
Kloosterman sums. We will leave their verification to the reader.

Lemma 1. Let r,r' € O', c,u € O, ¢ # 0, u a unit. Then
(i) S(r,r',ec) = S(', 7 ¢).
(ii) If ¢ denotes the Euler function of F, ¢ € O, and r,r’ € c(’)’ then
S(r,',c) = 5(0,0,c) = ¢(c).
(i) Ifr =7 € ¢O, then S(r,r',c) = S(ry,7’,¢).
(iv) S(r,7',c) = S('r'u, r’u; cu). ;
Remark 3.1. Property (iii) says that the (ieﬁnition of S(r,7’, ¢) depends on the class
of r (mod c@’). S(r,7’,c) is not well defined as a function of the ideal generated by
¢, for example, in F' = Q[4], we have S(1,1,3) =5 and S(1,1,3¢) = 5(1,2,3) =2
(see §6).
Remark 8.2. 1f 6 and c are prime to-each other, then all Kloosterman sums are.of
the form S(r,7’,c) with r,7’ € O. Moreover S(%,6rr',c) = S(1,r7,¢c).
Notation. We shall denote e(z) := e2™Tx(#)
Lemma 2. Let r,7’ € O, c,u € O, ¢ # 0, u a unit. Then
(i) If s'€ O is coprime to ¢, then S(rs,r’,c) = S(r,sr’,c).
(ii) S(r,r’,uc) = S(r, r’u“2,c) = S(ru™,r'u"1c). '
(iii) If (ré,c) = 1 then S(r,r’,c) = S(3,6rr’, c).
Proof. (i) S(rs,’,c) = 2 ze(0/() e(ﬁs—zi“”—) If (s,c) = 1, and {z} is a system

of representatives of (O/(c)) , S0 is {.sa:} hence S(rs r,c) = Z (———‘i‘———” Tz ) =
S(r,sr’,c). . |

(ii) and (iii) are direct consequences of (i) and Lemma 1 (iv). O

Remarks 8.3. We note that (iii) does not depend on the choice of the generator
of the ideal Dg/q. Also, as a particular case of Kloosterman sums, we have the
(generalized) Ramanujan sums S(r,0,c). These sums depend on the ideal (c)
and not on c.

Multiplicativity. For fixed r,7’ € O, Kloosterman sums are not multiplicative,
but have a similar important property.

Lemma 3. Let r1,72 € O and a,b € O with (a,b) =1. Then
S(r,71,a)S(r,m9,b) = S(r,m1b? + r9a?, ab).

Proof.
S(r,r,a)S(rrayb) = > Y e((rz+mz)/a+ (ry +ray”t/b))

€(0/(a))* y&(O/(b))*
= Z r(bz + ay) + rbx ! + reay™')/ab)
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If & (resp. y) runs through a coprime system of representatives of O/(a) (resp.
©/(b)), then z = bz + ay runs through a coprime system of representatives of
O/(ab). v T | : : ‘ ALative
Let z~! be the inverse of z (mod abO). That is, zz7} = (bz + ay)z~t =1
(mod abO), hence b2z~ = bz~! (mod ab0). - B

Similarly a227! = ay™! (mod abO), hence ribz~!+ryay~" — (rib*+r0a?)z"t €
ab®’" and the lemma follows easily. = [ a : ‘

Cbroll-ary 1. Let r,r' € O',a,b € O. If (a,b) = 1A, then there exist 1,73 € O’
such that r' =112 + rya® (mod abO') and S(r,r’,ab) = S(r, r1,a)S(r,72,b). .

Proof. Since (a,b) =1, there exist 71,72 € O such that 6 = 7b? (mod aO) and

™6 = 7ya? (mod bO), hence 71b% + 7902 = r'6 (mod abO) . Put r; = 71/6 and
ry = 79/8, then r1,7g € O and r' = r1b% + m2a? (mod ab©0') O

Local properties. In this subsection we consider the Kloosterman sums
S(r,r’,p™), where p is a prime element in O, and r,7’ € O'.

Lemma 4. In the above notation we have
(i) Ifr,r' € pO, then S(r,r’,p) = |N(p)| — 1.
(i) Ifr & pO', r' € pO, then S(r,7’,p) = —1.
(iii) Ifr € pO’, then S(r,7’,p) = S(3,6r',p). -
Proof. If ' € p®, S(r,v';p) = S(r,0,p) = Ze(-’f—) where the sum is over
(O/(p))*. Thus, (i) and (ii) follow from the ortogonality relations. Part (iii)
is a consequence of Lemma 2 (iii). O

Lemma 5. Let p be a prime in O, 7,7’ € @ and m,n € N,ym > n. Then
S(T, ,’./’pm) = |

- rs+7's L\ | rt+r’(2’a7‘= (_1)j+1§jtj'—1)
) R ()

se(@/pmm)" PP teosom

Proof. If s (resp. t) runs through a system of representatives of O /(p™™) (resp.

(p™™)/(p™) ), then s+t runs through a system of representatives of O/(p™) and

s+te (0/(p™))* if and only if s € (O/(p™™))*. Furthermore, if (s,p) =1 and
"s5=1(p™), thus : , , ‘

(s+t)7t =) (-1 (mod pTO).
Jj=1
Moreover (p™™)/(p™) = O/(p").Then S(r, /,p™) = ¥, 3, e FHEH) =
Z e(rs+r’§1 ) Z e(rt+r’ (Z;":l(_l)iﬂgjta’—l)) 0
s ¢ . O

p™ pn ;
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Corollary 2. Let p be a prime in O, m > 2, r,v’ € O’ such that r ¢ p’, and
" € pO’, then S(r,7’,p™) = 0.

Proof. Applying the previous lemma with n = 1, we have

/ o—1

o
S(ryr',p™) = > e(r-s%) > e(~k)e(—s2k).
5€(0/(pm-1))* P keo/m PP

By the orthogonality relations, we have that each inner sum is equal to zero. [

Corollary 3. Ifr,r’" € pO’, and m > 2, then S(r,7’,p™) = |N(p IS5, 2 = pmly,
Proof. For any t,s € O, e(ﬂgiz—tl) = 1, since f, € O'. Then, by Lemma
5 with n = 1, S(r,v',p™) = Z e(m

)IN(p)|, and the corollary
sy P

follows. O

4. PROOF OF THE MAIN THEOREM

Remark 4.1. The theorem can be seen as a generalization of the property stated
in Lemma 2, (iii).

Remark 4.2. The right hand side of the identity in the theorem is well defined,
that is, it does not depend on the choice of the generator of (d). Indeed, if u € O
is a unit, by Lemma 2 (ii), S(3, j;‘;z, £) = S(%,'%, <)

We shall first give the statement and proof in the case when c is a power of a
prime.

Proposition. Let r,7/,€ ¢/, and p prime in O. If (ré,7'5, p™) = p™, then

S(r,r',p™) Z IN(P)F S(}, %55, p™7) 2)

Proof. (i) If n = m, we have == p’—,; € O, then S(r,r’',p™) = ¢(p™) = |N(p)|™ —
IN(p)i™!. 1t follows from Corollary 2 that the summands with m — j > 2 equal
.zero, since ';’;’;I € p@. Hence the expression in the right hand side reduces to

IN(2)I™S(3, 85, 1) + IN(2)["1S(}, 3555, p) = IN(p)™ — [N (p)|™ .

(11) If n = 0, then (ré,p) = 1 or (r'6,p) = 1. Hence by Lemma 2 (iii),
S(r,r',p™) =S ( 6,67‘7‘ ,P™), and this coincides with the expression in the right
hand side of (2).
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(iii) If 1 < n < m, by Corollary 2 all summands with j < n, are zero. Hence

S IN@)S(E, %, p™ ) = ING)"S (5, o™ (3)
=0

On the other hand, by Corollary 3, we have

ror

S(r,r',p™) = IN@)I"S(—, —.p"7"). -4
" p .

Since (7%9, ;r,lq&, p™ ™) = 1, expressions (3) and (4) coincide by Lema 2 (iii). O

We now give the proof of the main theorem in the general case. Since we are
assuming that the class number of F' is one, any ¢ € O decomposes uniquely (up
to order and unit factors) as a product of prime elements in O. If ¢ is a power of
a prime in O, the identity in the theorem has been already proved. By induction
on the number of distinct primes in the factorization of ¢, we may assume that the
theorem holds for coprime integers a,b € O, and prove the result for ¢ = ab.

By Corollary 1, there exist 71,72 € O such that r1b%2+rga? = (mod cO’) and

S(r,r",c) = S(r,r1,a)S(r,r2,b). We denote M; = (ré,r16,a), My = (r6,7206,b).
Hence

S(ryr'id) = Y IN(dy)IS( %,é;—zl,d%) Y IN(@)ISG, 3 2)

and by the multiplicativity of Kloosterman sums we have

Z Z |N(d1d2)|5(%, %?%i% + 6_;?3_%7 dab' )oe o
(d1)| M1 (d2)| M2

orry & —_ .
It is easy to see that r: Lt e “ = (dld’;)g (mod £5-O").

Furthermore, any d1v1sor of (7‘6 T' 8,c) is of the form didg, with d; a divisor of
M, and dy a divisor of Ms, hence

Cerr ey
S(r,r') Z Z N(d1dp)1S( 6’(d1d2)2’d1d2) g
© (d1)| My (d2)| M2

= > IN@ISG %)
(d)|(r,r’,c)
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5. SOME CONSEQUENCES

In this section we will apply the above results to prove other useful properties
of Kloosterman sums in our context.

Corollary 4. Let r,r" € O, and (6,¢) = 1, then

S('I‘,T,,C)Z Z {N(d)| 5(17%75)
(d)|(r,r,c)

Proof. The identity follows from the theorem and Lemma 2 (i).

On any number field F' the Moebius function is defined as follows. If [ is an
ideal in O, and I = P* - - P.* its factorization into prime ideals, let

0 1f33’r]22

(=D ifry = =7 =1.

un) = {

Proposition. 5(3,0,¢) = u(c).
Proof. By the multiplicativity of Kloosterman sums, if ¢ = ab with (a,b) = 1, then
5(3,0,¢) = S(£,0,a)S(2,0,b).

We have proved that S(%,0,p) = —1 and 5(3,0,p7) =0,if j > 2.
If (¢) = (p1 - - - pr) where the p; are distint primes in O, then

S(%,O, C) = HS(%,O,])]) = (_1)k
J

O

As a consequence we obtain some generalizations of useful identities which hold
for classical Kloosterman sums.

Corollary 5. If ce O, r € O, then

¢(c) = > IN(d)|u(9)
(d)|(c)

S(’I‘,O,C) = Z ‘N(d”:u((_ci)

(d)|(ré,c)
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6. AN EXAMPLE: F= Q1]

In this section we consider Kloosterman sums over the ring of Gaussian integers.
Let F =Qli], O = Z[i]. The different ideal is generated by 2, hence any element
in @ is of the form B%z with r; € Z.

(i) We choose ¢ = 1+4; this is a prime in O, with norm 2. A set of representatives
of O/(1+1) is {0,1}, thus '

S(r,r' )1 +1) = 2™ TED) = S(r 47/, 0,1 +4).

Let r = Didirz € O | then Tr(5%;) = (r1 +72)/2 and S(r,0,1 +14) = (—1)"t72,
Thus
5(3,0,1+14) =—1, S(0,0,1+1i) =1

(ii) We now let ¢ = 2. A set of representatives of O/(2) is {0,1,4,1 +¢}. The
units in this ring are {1,i}, and 1.1 =1 (mod 2), 7.7 = 1 (mod 2).

All Kloosterman sums associated with 2, are of the form S(r,0,2), with r € O,
since S(r,r’,2) = e(rj;_’) + e(ﬁ‘;L’i) =S(r+1,0,2).

If r = 11dir2 € O/ then S(r,0,2) = (=1)"* + (—1)". Therefore

2 ifT1 ETQEO (mod 2)
S(r,0,2) =< =2 ifrp=ry =1 (mod 2)

0 ifr; #ry (mod 2)

Since, S(r,r’,c) depends on the class of 7 (mod c '), (see Lemma 1) all possible
values of Kloosterman sums are

S(%,O, 2) =0, S(%,O,Q) =0, S5(0,0,2)=2, S(1—'2"—",0,2) = -2

(iii) 3 is prime in O, with N(3) =9, 0/30 is a field with 9 elements, and a set
of representatives of this field is

R=1{0,1,2,14, 2, 14+1,1+2i, 2 +7, 2+ 2i},
all non zero elements are invertible and
1.1=1 (3), 2.2=1 (38), #2%=1 (3)

(144).2+0)=1 (3), (1+2).2+2)=1 (3.

Remark. Since 3 is coprime with 2 and Dg/q = 20, all Kloosterman sums asso-
ciated with 3, are of the form S(r,r’,3) with r,7” € O, and they depend on the
class of r (mod 30).
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For example if r & 30, 3 is coprime with 27, and S(%,Q’r, 3) = S(2,2r,3)
S(1,4r,3) = S(1,r,3).

It is not difficult to evaluate these sums. If r,7' € 30, then S(r,r/,3)
5(0,0,3) =8 = N(3) — 1. In this case (r,7/,3) = (3) and

S(r,7,3) = 5(1,0,3) +95(1 ,—7, )

If r & 30 and 7' € 30, S(r,7,3) =Y cr_10 €™ /2 = 5(1,0,3), thus we

have
S(1,0,3) = 2+ 3e2™2/3 4 32m4/3 = 1,

If r,7" & 30, we have S(r,7,3) = S(1,rr',3), since 3 is coprime with 7. The
Kloosterman sums of the form S(1,r,3) take the values

5(1,0,3) = —1, 5(1,1,3) =5, $(1,2,3) =2,
5(1,i,3) = -1, S(1,2i,3) = -1,  S(1,1+1,3) = —4,
S(1,14+2,3) = -4, S(1,2+4,3)=2,  S(1,2+2,3) =2

To conclude we will verify the main theorem, with ¢ = 2. Let r = flj;—rz e
we have

)

S(r,0,2)= Y N(d)5(3,0,%)
(@)](2r,2)

2 it is not prime in O, and the decomposition into primes ideals is 2 = (1 + i)2.
If (2r,2) =2 ie. 7 € O, we have
5(3,0,2) + N(1+1) S(%,Q, 1414)+ N(2)S(3,0,1) =2(-1) +4 =2 = 5(r,0,2).
If (2r,2) = (1 +1), that is 7y =72 =1 (mod 2), the theorem gives
N(1)S(3,0,2) + N(1+14)5(5,0,1 +14) = =2 = S(r,0,2).

If (2r,2) =1, ie. 7y #72 (mod 2), then N(1)5(3,0,2) = 0= S(r,0,2)
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