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ABSTRACT. We prove that the boundary of the tame dragon is a Jordan curve J whose interior
is a uniform domain. J is the union of six similar Jordan arcs. Each of these arcs is a self
similar set that satisfies the open set condition. J is an s-set with s = 1.21076. Precisely, s=

=2(log v)/log 2 where V= {/ 1+ ,/26/ 27 + Vl - ‘/26/27-. The disk F defined by J is the set of

complex numbers that have a binary represeniation with integer part zero in the base

u=—1/2+iJ7/2.

1. INTRODUCTION. Let peC, |uj>1, D={0,1}. a €C is said representable in base
u with ciphers D if there exists a set of digits, {a; €D ; j=M, M-1, M-2,...}, such that

M
a= Zajuj. We write a =a,,...a,.a_,a,..= (ej).ﬂ and call (e) the integral part of a

ana () the fractional part of «. Denote ‘G the set of all representable numbers and
define the set F of fractional numbers as those numbers in G with a representation such
that (e)=0 and the set W of infegers of the system as those with a representation such
that (,)=0. A number 7 will be called a rational of the numerical system (1,D) if it has a

ite positional representation, i.e., with a,=0 for j < J{r). U will denote the set of
rationﬂs,of the syStem. F will also be dgnoted by F,.
In what follows p :=—1/2+i/7/2. L:=[1,u] is the point-lattice defined by 1 and p. It
holds that W=L and ‘that the Lebesgue measure of F, m(F), equals |Img=+v7/2.

Besides, G=C and Ocint(F), (cf [Z]). u satisfies the equation x’+x+2=0 and
I,Ui =42 Ltis easy to see that
) \d, +d,p+d,p’|<Vil  if-d, eDord, €D.

The present work completes the results of our paper [Z] providing a proof of its Th. 11.
Most of the arguments used are similar to those given in our treatment of the Knuth
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dragon in [BP] except for particular details. Thus, when a result is not followed by a
proof or a reference we understand that an analogous proposition appears in [BP]
and-that its formal proof can be repeated almost verbatim in the present case.

2. GRAPHS OF STATES. Given a representation of the complex number z,
L .
z=Y p,u’, and an integer k, we denote with p(k):= the integral part of zu " and call it

L
the state k of this representation. If z has another representation z = Zq y 4’ then the

successive states verify:

@) plk-1)—q(k=1) = 1 p(k) - q(B)]+ (P, — 41)-

We have p(k—-1)-g(k—1)= idj,u‘f with d, e {0,£1} and by (1),
=

3) S d | <NITY | I,

=] =] V8-1
Therefore p(k—1)—q(k-1) € S:== {O,il,i,u,i(,u+ 1)} , (cf. Fig. 3). But p(k)—q(k)
also belongs to S and p, , and g, , belong to D. These coefficients can be chosen then
in a few definite ways. In Fig. 1, the nodes of the graph I' are the differences
p(k)—q(k) of the states (p(k),q(k)). The nomenclature we use in that diagram is

inspired in that of Gilbert ([G1], [G2]). Specifically, |gp| and g|p mean that p(k)—q(k)=0

——I‘E andi

| that p(k)—q(k)=u+1 and p respectively. According
q q

and 1 respectively and
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9

to {2), the vector beside the arrow yields the transition to the state

(ptk—1),q(k-1)).
THEOREM 1. Each number with two different representations is associated to an
infinite string in the graph I that starts in a node of the graph. Conversely, each such

an infinite string is associated to a number z €F with more than one representation that
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is uniquely determined if p(0)=0, q(0)eS\{0}. Numbers of the form wu™, weW,

m eZ, i.e., the rational numbers, have only one representation m

In particular 0 has only one representation. Let us define F,:= F'+g,g eW = L. Then

FNF,#Q if and only if g €S. In the diagram of the graph T in Fig. 2 we used the

v

following notation: r|7p means p(k)—-qk)=1+p, r(k)—qk)=p, p(k)-r(k)=1 and qu
means p(k)—q(k)=1+y, r(k)-q(k)=1, p(k)-r(k)= p.

THEOREM 2. Let z be a number with three different representations and p(0)=0+

#q(0)#r(0)£0. Then p(0), q(0) and r(0) are related as in one of the nodes of the graph T
and the succesive ciphers of these representations can be read following the graph from
the columns beside the arrows.

Each infinite string of  that starts in one of the nodes defines a unique complex number
zeF if p(0)=0.. The ciphers of the three representations of z are the entries in the

columns beside the arrows. There is no number with four representations.
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If z has three representations then z’=w+z, we W, has also three representations. z and

2z’ are associated to the same infinite string of ©. These numbers are ultimately periodic

with period 100 or 110 =

q
7 1
9 °
1 1
r 1
p[q
p|q q|!‘
ll 0 r 1 p
] H H
0 0
0 1
P 1 Fig. 2

3. THE COMPACT SET F. The contractions ®,(z)=z/u and ® (2)=(z+1)/ u
could be used to define the set F since F'=® (F)u®,(F). F is a disk, as will be
shown, whose boundary is a Jordan curve that looks like the curve exhibited in Fig. 5.
We obtain from (3) that |F|:=diam F <2. The family {Fw:w eW} is a tessellation of the
plane in the sense that R? =U{Fg: g eW} and that any two different sets of the family

have an intersection of Lebesgue measure zero. This fact will be established in §6 but

was already proved i [Z], Th. 10. Fig. 4 shows the set F (=F) and its (exactly) six
neighbors (cf. Th. 1). F* will denote the set of rational numbers of (x,D) in F-
THEOREM 3. i) Let geW and k be a nonnegative integer such that lg] < (V2)F +3.

Then, g has a positional representation with no more than k+8 ciphers.

i) If zeCand |z| < (~2)*® then zeF.
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iii) F¥*< F° = int(F) and F= F * = F° = cl(int (F)).

iv) Let geS\{0}. Then z e F N F, if and only if z is associated to an infinite string of
the; graph I that starts at the node corresponding to the type of the state (0,g).

v) Assume geS/{0} and z € F N F, Then, neither radix representation of z has more
than 3 consecutive equal ciphers after the point.

vi) If 0= ge Withen F°NF,=Q0. u

8 is the maximum number of ciphers necessary to represent the integers of the numerical

system of modulus not greater than 4 (cf. Table 1). As a matter of fact, 4=(11100100) ,

and 4+pu=(11100110) , are the only ones of these that need 8 ciphers to be represented.

L=12+iv92  p-1=111001 x+2=11100 -2=110 -1=111 2=1010
2
L +p+2=0 -u-2=100 -x-1=101" -ux=1110 1-x=1111
[Th. 3, i) implies that O has a unique positional representation in (u,D), (cf[Z].§2), a

fact that we deduced from Th. 1.]
4. THE BOUNDARY OF F. Most of the times in F, we shall replace g by its

representation in the numerical system (u,D). It will be clear from the context the

:PlliF—l—u :le-

p+l

meaning of the subindex. So, F., = F,|,F, = F,,,F , = F,, and F,
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DEFINITION 1. J:=£&F: A, C, B, A", CA B" are the intersections of F with g+F where
g is, respectively, 1, u+1, y, —1, —u—I, —.
We obtain from theorems 1 and 2 that: J=A U B U C U AU C* U B, (cf. Fig. 5).

TABLE 1

Table 1 shows the positional representation in base p of numbers weW of modulus not greater
than four. The integer at the right is the square of the modulus of w.

—-4-2u=101000 16 ~1-2p=1110011 7 1+3p=10111 16
—4-3=101010 14 ~1-p=101 2 2-2§=1010110 16
—4=111100 16 -1=111 1 2-u=1000 8
—-3-2u=101001 11 ~1+p=111001 4 2=1010 4
—3-1=101011 8 ~1+2p=111011 11 2+p=11100 4
-3=111101 9 —2p=1100 g  2+2p=11110 8
—3+p=111111 14 —u=1110 2 2+3p=10000 16
-2-3u=1110000 16 p=10 2 3-p=1001 14
-2-2p=1110010 8 2p=10100 8 3=1011 9
—2-p=100 4 1-2p=1101 11 3+p=11101 8
-2=110 4 1-p=1111 4 3+2p=11111 11
—2+p=111000 8 1=1 1 ,4=l£100100 16
—2+21=111010 16 1+p=11 ) 4+p—11100110 14
~1-3p=1110001 16 1+2p=10101 7 4+2p=11000 16
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THEOREM 4. i) B=®,(C"), i.e., zeB < uzeC

ii) C=®,(4"), i.e., zeC < uzed”

iii) A=®,(BUC U (B+1)) = @ (BUC)UD,(B), ie. zed <> pze BUC(B+1)

iv) C=®,(4), i.e., C*=C—(1+p)

v) BA=® (C), i.e., B>=B—u

vi) Call H=F, N F,,,, where 1—- u=(1111) ,. Then, zeA" < pzeB" UHU(CM1), de,
AN=® (B UH U (CM 1)) = © (BAOH)U D, (CM) .

PROOF. We prove iii) and vi). The statements i) and ii) are easier to prove than iii) and
they imply iv) and v).

iii) Assume z=0.p_,...=1.q_, ... €A. Then, following one step the three branches that
start in the node p ’ q in the graph I" we have the following possibilities: z= 0.0...=1.0...,
z=00..=11...,z=0.1..=1.1... .Therefore, uz=0....=10. ... eBorpyz=0. ...=
=11. ... eCorpz=1...=11. .., ,ie,pz-1=0. .. = 10.‘... €B. Assume now that
weBUCU(B+1). If w €B then w/u=0.0...=1.0... €A, if weC then w/p=0.0... =
=1.1...eAandifweB+l,w=1. .. =11, .. thatis, w/pn=0...=1.1... €A

vi)z eAN S z= O.pb_I ...=111.q , ... corresponds to the state q | p. Thus, using the
graph I, ifz=0.0...=111.0... then pz=0. ... =1110..... €B* ifz=0.1...=111.1... then
uz=1...=1111. ... eHandifz= 0.1..= 111.0..., uz= 1. .= 1110. ... eC+1.

It can be shown as before that w e BANOUHU(C™+1) = w/n € A”, QED.

5. CONSPICUOUS POINTS OF F AND J. The next theorem provides the positional
representations and values of some distinguished points of F and J=0F. For example:
1/ p=(-1-i7)/4 =0.1.

THEOREM 5. A4 period will be represented by .... It holds that
- {x}=F,nF,NF,, x=0.001=1.010=11100 = (3+iV7)/8

}=F,nFnF, y=0101=1.110=1110.011 = (1-iN7)/4

{z}=F,nF ,nF_, . 2=0.100=1110.010=101.001 = (-1-i3V7)/8
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{uy=F,nF,nF,_, u=0110=111101=101.011 = (-3-iN7)/4

(}=F,nF,NF, v=0.010=111.001=10.100 = (-5+iV7)/8

wy=F,nF,nF,, w=0011=11110=10.101 = (-1+iN7)/4

c:=x/2=-(3+VT)/16 € F 2c=01
P=(x+y)2=xy=—pu/2(1-p)c 4 2P=11m

PROOF. If a point y=0.r ,...=1.p_,...=1110.q_, ... then its set of states correspbnds to

r|p

the node —= in the graph T (cf. Fig. 2). In consequence, the p-representation is periodic
q

of period 110 beginning immediately after the point, the r-representatidn has peribd 101
and the g-representation has period 011. Such a point is unique. The positional

representations of x, z, u, v and w are obtained in an analogous way.

We have: 0.1 = 1/(u-1)= —(3+iN7)/8 and 0.1+0.001=0.112, 0.1-0.001=0.110. Since
p? +ut2 =0 we get (1 12) ,=0. Therefore, 01+x=0and 0.1-x = u. That is, 0.1 =2¢ =
= —x = x+u and from this the values of x and u are bbtained and also that x=1/(1-p). The
calculations of the values of y, z, v and w are easier. Finally we observe that —u/2 =

= (1—i\/7)/4 =y. In consequence, P = (x+y)/2 = 1/2(1-p) — /4 = p/2(u-1) = (W2). 01=
= (1.1)/2. Recall that x = 1/(1-p). Since p> +1+2=0 we get y = -2 = 1/(1+n). Then,
Q)] P = [-w2][1/(1-w)] = V(- p) = (P-1)/ p*.

It will be shown later using this formula that Pe ACJ, QED.

THEOREM 6. ¢ is the center of symmetry of I'm

PROOF. Define s = W(z):=2c—z Ifz=0p ,p,... thens=0.(1-p_ )(I-p ,)... and
zeF < s eF, QED. |

It is easy to check that

) AM=W(A) B”=W(B) Cr=W(C).

(For example, ifb=10.p_,p_, ... then 0. 1-b=1110.(1-p_ )(1-p , ), i.e., beB =
2c-beB™). The proof of Th. 6 uses essentially the graph T and shows also, since there is

no point with four representations (Th. 2), that the following relations hold:



133 ’

{©) AANBUANUCH) = C(ANUCNUBN) = BN(CNUBMUA) = I

(7) ANC={x}, CnB={w}, BnA*={v}, AAC"={u}, C"nB"={z}, B"nA={y}.

We denote with dim K the Hausdorff dimension of the set K.

THEOREM 7. J is a closed simple curve and dim J = dim A.m

PROOF. We prove in paragraph 8 that A is a simple arc. Because of formulae (5) and
Th. 4, A is similar to B, C, B~, A", and C*. Thus, the thesis follows from (6), (7) and the
fact, proved in § 4, that J=A UB U CuU A* L C* U BA, QED.

6. THE SET A. The object of this section is to prove the next result:

THEOREM 8. i) A is the invariant set of the following family of similarities

z+1 z—1 z+1+4°
® o= o, (2)="5 oy (2) =5
. 7 )7 7
.. 1
o,@=x o,P=P 00)=y o0)=0,0)=; G®=0©=7
L , log(v) .
iii) Let a be the similarity dimension of A. Then a = 21—(—2—5 where v is the real root

, og

of v —v—2=0 and v=31+J26/27 + {1~ 26/27. @ =1.21076 and v =1.52135.

iv) o,(4)no,(4A)=0

) o (d)noy(d)={o,}=1{c, ()} o,(A oy () ={o,(x)}={os(x)} =

PROOF. i) implies iii) since v is the only real root of x* —x—2 = 0. The precise

expression for v is obtained from Cardano’s formula. ii) exhibits the fixed points of the

contractions and follows from (4) and easy calculations. Let us see i).

Because of Theorem 4 we have, B=® , (C")=® ; (C-1-p)=® , (C)-1-1/u=

=@ (@, (AN))-1-1/p=0 , (@, (A)-1/p)~1-1/p=@% (A)-(1+p+p? Yp’ =@F (A)+1/p”

Taking into account formulae (8), we obtain,

©) ®,(B)= ;(A)+1/n° =0, (A) D,(C)= D (A) -/’ =0, (A)
@, (B+1)= @}(A) + (1+u’ Yu’ =0, (A)

It follows from Th. 4 iii) that A equals the union of the three sets in (8). Therefore,

A= Uj'aj(A).
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To prove iv), we must know the action of the 6’s on the positional representation of a
number z. This is shown in (10). There ~ means a sequence of binary digits that does not

change after the transformation.

[+
02 3

1~ — 1.110~

0.~ —> 0.001~ 0~ — L11~ 0~ — 0.101~
1~ —> 0.00~

N1~ —= 1010~

Assume a, beA and 6, (a)=c, (b)=z. Then, z must be equal to 0.001 ...and to 1.010 ...
because of the action of o, on a and also z must be equéil t00.101... and to 1.110...
because of the acﬁoh of o, onb. Multiplying by pé one obtains a number that shoWs
clearly four representations, a contradiction. .

Let us prove the first formula in v). If zec, (A)"G, (A) thenz=0.001...=1.010...=

1.11... and 4*z=0.1...=101...=111. .... . Therefore, u’z € FnF ,~F , .

Because of Th. 5, z=u/g?. Thus, z= 0, (y) =0, (y), QED.

We note here that it follows from (10) that

(11) o,(F,uF)CFUF vje{123}.

7. THE HAUSDORFF DIMENSION OF A. The aim of this paragraph is to prove that
A is a self-similar s-set, s=dim(4)=the Hausdorff dimension of A. In view of
Hutchinson’s theorem it suffices to show that the family of similarities (8) satisfies the
open set condition.

We extend our earlier notation as follows: F . , ={z: z=C..D.E..K~} where ~ is

any sequence of binary digits. Besides, if y =(i,....i,), we write o, instead of
0, °..°0, .

DEFINITION 2. f:=F? ,,,= int{z: z=0.01111~} and

V.= OU{ G, °..°0, (N:i;el23}}= UO’,(f)

THEOREM 9. i) 4 is a self-similar set and 0<H’ (4)< o, s=similarity dimension of A
i) V=V°c F,UF o)V o,(V)no,(V)=0 ifi=jn
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PROOF. ii) implies i). Let us prove ii). (11) yields the first inclusion. It is obvious that V
is open and that the second inclusion holds. To prove the third statement in ii) we need

some auxiliary propositions.

Proposition 1. Assume that o, (f) = F . Then, o. = 0,(0.01111). =

Proof. It is an immediate consequence of formulae (10), ged.

Proposition 2. Let y =(i,,...i,) and o,(F,,,)=F’ where a=a,a.,. .a_ 01111

then a, € {0,1} and {a_,,...,a_, } does not contain four consecutive ciphers 1.a

Proof. We use repeatedly (10) for the proof by induction on.r. For r=1 it is true. Suppose
the statement is true for o, but not for o,°0, with some de{1,2,3}. That is, if

o, (0.1111)=a,.a ¥1av2..;a‘k01111 and 0,(a,.a,..a ,01111)=b,.b,...b ;01111 then
{a_,...,a_,} does not contain four consecutives 1’s, but {b_l,...,b_].} does. The only

way for this to happen is that a,.a_a_,... = 0.11~ (cf. (10)). However, neither f nor any
outcome of the applications o ; have such a beginning, a contradiction, qed.

Proposition 3. Assume a = aya..a_;,B=bb,.b, k>jand F]nF; #O. Then
a;,=b, fori=0,-1,...,—j. Moreover, k > j= F; > Fy properly.n

Proof. It follows immediately from vi) of Theorem 3, qed.

Proposition 4. Assume that 7=(i,,...,i,)and 6:(j1,...,js). If o5(f) = o,(f) =F]
theny = 0,ie,s=rand Vk: i,=j, = |
Proof. Suppose that s>randlet y =(j,,...,7,) where k<rissuchthat i = j,,...i, = j,
and 0,(001111) =¢,.c,...c_,, (if y is empty then o = identity map).

Assume that o,(c,.c,...c,)=...cdc,..c fort=i,,, and o,(c, .cﬁl...c{m)= ,
=..CDc,...c, fort=j,,. Ifik+1¥ 2andj,, =1 or 3, then, because of (10), cd=00 or

11 and CD=01 or 10. This is a contradiction, since o is uniquely determined (Prop. 3).

Assume next that i,,,=1 and j,,,=3. If 0,(¢,.c,..c,) = ..bedc,...c, in the first

m

case and o,(c,.c,..c)=..BCDc,...c, in the second case then bcd=001 or 010

-m

and BCD=101 or 110, again a contradiction. In consequence, i,,,= j,,,. This implies
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that y = (j,,...,j, ). Taking into account that the applications ¢ ; are contractions, we
conclude that s =r and then, y = &, qed.

Proposition 5. Assume o = a,.a_,..a_;, B = b.b,..b, k>j &=(j,....J,) and
¥ :(il,...,i,). Ifo,(f)=F;, o;,()=F; and o5(/)n o, (f)#Dthen 5 =ym=

Proof. From proposition 3 we obtain a,=b, fori=0,-1,...,-. Taking into account that
the last ciphers of o and B are 01111, k > j leads to a contradiction with Proposition 2.

Therefore, o = . Because of proposition 4, § =, qed.

To finish the proof observe that if i# then o, (V)=UU{ 0,(0,°.°0,(f))} and
r=1

O'j(V)=UU{ 0,(0,°.00,(f))} are unions of sets pairwise ‘disjoint in view of

r=1 .

proposition 5. Therefore, o,(V)no (V) =3, QED.

Corollary. For any pcA and any ball B(p; ¢), it holds that H’ (B(p; &) n A) > 0.

8. THE SIMPLE ARC A. The application S(z):=2P — z = 1.1 — z s such that S(A)cA
and since S* (A)=S(A), S(A)=A. In fact, if z=0.p ,p_,...=1.q ,q, ... then S(z) =

=L.(1-p_)(1-p)..=0.(1-q_, )(i-q_, )‘. .. €A. P is the center of symmeiry of A.

(oeee

The set A and the first five steps of its construction.
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z+1
3

DEFINITION 3. 7,(2)=0,(2)= z'l‘(z) =0,(8(z)) = —i2+%
Y7

z+1+ 4’
7,(2)=0,(2) :T,u =

Let B=B(0;2)={z: | z] <2}. We obtain i) of the following auxiliary result from Theorem
8. ii) is easy to check (recall that |F|<2andthat 0 e int(F)).

Lemma 1.9) A=7,(A)o 7, (A 7,(4), 7, 7,(A=D, 7,(A) 7,(d)={7,()}=
{70}, 1D, @={7,)}={7,(*)}.

i) Vi: v,(B)cBoF =

We use in the next lemma the same notation for composition of applications that was
introduced in section 7 before the proof of Th. 9.

Lemma 2. If z, and z, belong to B, a =(ay,...,a,), a, €{0,1,2} and N is a positive
integer, then

Do a5 (D™ <l r,() -1, | <22, ()™
i) Jrel () - eor )| < 8(42) 070 (@) -1ty (2)] < 8(W2)

iiiy forh=01, 7, 70" (x)=17,7)"'(y) .=

Proof. The pfoofs of i) and ii) are completely similar to those of i) and ii), respectively, of
Proposition 4, [BP]. iii) follows from Theorem 8 and Definition 3, qed.

THEOREM 10. 4 is a simple arc with initial point x and terminal point y.m

PROOF. Assume te[0,1]. Let us define f: [0,1]—>A by

(12)  t=>a3’ - f()=lim,,7,(0) where z=(a,,..,a,).
1

/s a well defined, injective and continuous application. The proof of an analogous fact in
§ 3.2 [BP], precisely the proof of Th. 4 of that paper, can be repeated verbatim, QED.

9. FIS A QUASI-DISK. Theorem 10 is the result we needed to assure that J, the
boundary of F, is a Jordan curve. However, more can be said about this homeomorphic
copy of a circle. It is a quasi-circle or what is the same, F ° is a uniform domain (in

relation with this notion we refer to [L]). To see that J is a quasi-circle it is enough to
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prove the next theorem. Its statement is called the Ahifors’ condition and it can be taken
as a.definition of quasi-circle.

THEOREM 11. There exists K > 0 such that for any pair z, w €J, it holds that
- (13) inf{lzw|,wd} <Klz-wl

where zw is the arc in J, positively oriented, with initial point z and terminal point w.u
PROOF. This property is shared with the Knuth’s dragon. So, to show that the diameter
of the arc zw is bounded by K | z-w | one can repeat the demonstration of an analogous
result in [BP]. That proof requires the next two Lemmas.

Lemma 3. There exists K > 0 such that if 0<t, <t <t, <1 then

(14) F@O-F@)<KIf@5)- (1) =
Proof. From the definitions of the f’s we get

.y 1

(15) 7170(2)27071(2)+77 n= ﬂ+6:? 7072(2)273(2)”7

Assume te[O,%+51; ]. Then, t=(0.00~), and t + 2/9=(0.02~), or t=(0.010~), and

t +2/9=(0.100~), . In the second case, t=1/9 + s/9, t + 2/9=1/3 + /9. Here, s= 0.0~ .
We have, by the deﬁnitidn of £, t) = (1, T, YAs)), At+2/9) = (1, o7, )fs)). By (15),

(16) e+ 2)= 2r 9+ n=A +n

The same formula can be obtained from (15) in the first case. (16) implies that the subarc
of A defined by te[%—l 1+—1—

53t 77 ]is a translation of the subarc of A defined by te

[o, ° +-2—1,7 ]. It is possible at this point to follow the same line of proof of the Proposition

5, [BP], § 4, to obtain the desired inequality (14), qed. |

To verify that (14) is satisfied around any of the corners x, y, z, u, v, w of J, it is
convenient to find a similarity transformation that applies a neighborhood of the corner
under consideration into A. Because of the symmetry of the set J, it is sufficient to

examine the points x, w and v.
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DEFINITION 4. 6(z) =— + (1.11), 0@)=0(=)=—+(1.11), =
u u'ou

Lemma 4. o(BuC)c 4 0(4ul)c 4 o(BUAN)C A m

Proof. We check only the third relation. Recall that BUAN =F~\(F ,,UF ). But ¢(0.~)=
=1.110~ belongs to F , , ¢(10.~)= 0.010~ + 1.11= 0.000~ €F and (p(lll 1.~)=
=0.111~+1.11=0.101~ €F. That is, o(BUA") c F , nF | =A, qed.

Now we are able to prove our present Theorem 11 repeating verbatim the proof of
Theorem 7, [BP], § 4.2, QED.
COROLLARY. i) there exists a § >0 such that given ¢ ,t, €[0,1], 1,>1,, there isa

similarity u such that u( f(t.t, ]) c A and |u( f@)-u(f()|=6.

ii) there exist a, b and r>0 such that for any set ¥ C J with 0< !ZI <r there is a
similarity A: Z—A such that |A(Z)| > 6 andfor X, Y € X, it holds that

(17) aX -V <[Z A -AD)|<b|X-Y| =

(Cf. [BP], pgs. 27 and 28.)

10. ON THE SELF-SIMILARITY OF A. Let us introduce property P.

DEFINITION 5. A has property P if there exists A > 0 such that for any xeA and any
ball B(x;r) with r < A there exist ye A and a similarity Y with contraction ratio equal to
one such that B(y;)nA C © ; (A) for some je{0,1,2} and Y(B(y;)NA) = B(x;r)nA.=
That is, the affine isometry Y ~ sends B(x;r)»A onto a copy completely included in one
of the sets r  (A).

THEOREM 12. A has property P.=

We shall not enter into the details because the proof is the same as that given in [BP] § 6.
There is a misprint in that proof; the definition of § should read:

&= () inf{dist(f(1/9), f([1/9+1 /27,1]),dist(f(l/3),A \f(1/3-1/9,1/3+1/27])).
Theorem 12 implies that A is a 2** -quasi-self-similar set of standard size A/2 in the

sense of McLaughlin. This is shown in [BPP], § 6.2, where a discussion of these

concepts is included.



140

11. THE CONVEX HULL OF OF. J shares many properties with the boundary of the
" Knuth dragon, JK, though has a smaller Hausdorﬁ dimension. It seems not so wild as 0K
but its convex hull is much more complex We proved in [BP] that co(K) is an octogon.

THEOREM 13. The convex set co(J) = co(F) is not a polygon.m

PROOF. We observe first that arg(w)=ym,  irrational. In fact, p*> =—p—2 and by
induction one can prove that u”* =au+b with a = a(k) an odd integer and b = b(k) an
- even integer. So, u* is not real for any positive integer k. Therefore, v is not a rationql
number. Thus, { W\ EZ} is a family of pairwise different unit vectors.

Let L be a support line to F at the point u=0.a ,...a_, ..., parallel to 4’ ThenL =

={z:Im(z,,uf) = Im(u.,u’)} If U'=u+§ =0a,a,..(1-a_).., wheree=1if a ;=0

and e=—1if a_,=1, then Im(U. ') =Im(u.p’) and U € L. Therefore, L is a support

line to F also at U and the segment ulU <« &(co(F)) < co(F), QED.
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