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1 INTRODUCTION 

7 9  

A function u o n  a n  interval [a , bl which satisfies - u" 2: 0 o n  [a , bl achieves its  
minimum at a ot b (because u i s  concave) . If in addition u (a ) = u (b) = 0 ,  then 
u 2: 0 on [a , b] , and in fact either U == 0 s ur [a, b] , or u > 0 on l a ,  b [  with u' ( a ) > 0 
and u' (b) < O .  These observations from calculus represent the most elementary form 
of the maximum principle, which is a fundamental res ult in the theory of elliptic 
partial differential equations . 
Let us consider the Dirichlet problem 

( 1 )  { - t. u  = f(x ) in n ,  
u = 0 s u r  an , 

ou n is a smooth boullded domain in jR N and 6 is the Laplaci an operator . The 
1na:ri'///, /I,1/I, l" I ' i1tciplc for ( 1 . 1 )  s tates t h at is  I E L (X) (n) i s  2: 0 a . e .  i ll n, thclI ti le 
solution u of ( 1 . 1 )  (which belongs to C1 (D ) )  is 2: 0 in n ;  moreover either U == 0 i n  
n ,  or 'U is  > 0  in n with au/an < 0 o n  an (a/an represents t h e  exterior normal 
derivative) . More generally the same conclusion holds for the problem 

(2) 
{ -6u = AU + f(x) in n,  

u = 0 o n  an 

provided the real parameter A s atisfies A < AI ,  where Al > 0 is  the first eigenvalue 
of the problem 

(3 )  { -6u = AU in  n ,  
u = 0 o n  an . 

In other words,  when going from f to the solution u ,  the sign is preserved and even 
reinforced : f 2: 0 , 1= 0 implies u > O. Standard references for the various versions 
of the maximum principle include [Pr-We] ' [Gi-TrJ . 
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I II HJ7!J ,  P. Clcmeut and L .Pelet ier s t. udied prolJlem ( 1 .2)  i n  the case where the pa
ra.meter A s ati sfies X >  A l .They derive for certain values of A a conclusion which is  
totally opposed to the preceding one : f � 0 ,  t 0 implies u < 0 ,  which suggested 
the name of antimaximum principle. In a precise manner : given f E LOO(n) with 
f � 0 a . e .  in 12 , f =1= 0 ,  there Gxists 0 > 0 such that if u is a solution of ( 1.2)  with 
Al < A < Al  + 8 ,  theu ' U  < 0 in n aud D'll /Dn > 0 s u r  an. 
The purpose of this Note is  to present some recent results dealing with this antimax
imum principle.  In §2 a relation is exhibited between this principle and the FuCik 
spectrum of the differential operator . In §3  this principle is  extended to the case of 
the p-Iaplacian operator : 

(4 ) 
where 1 < p < oo . Let us also mention a recent work by P.Takac [TaJ dealing with 
an abstract version of the antimaximut:l principle in the setting of ordered Banach 

spaces . 

2 FUCIK SPECTRU1VI 
Let us denote by u+ = m ax( u ,  0 )  and u- = max( -u,  0) the positive and negative 
parts of u .  The FuCik spectrum is defii:led as the set � of those ( a , fJ )  E ]R2 such 
that the problem 

( 1 )  
{ -�u = au+ - {3u- i n  n,  

u = 0 o n  an 
has a nontrivial solution. The usual spectrum corresponds to the case a = {3 .  
This generalized spectrum was introduc�d in the 70 's by S . FuCik [FuJ and N . D ancer 
[Dad in connexion with the study of semilillear problems of the form 

(2 ) { -�u = f(x , u) in n,  
u = 0 o n  an. 

The description of this set � remains a largely open question. For instance, while 
i t  i s  classical that the usual spectrum ( i .e . the intersection of � with the diagonal 
in ]R2) is made of a sequence going to infinity, it is not known whether � C ]R2 has 
a nonempty interior (cf. [Da2] for a partial result in that direction) . 
The beginning of the FuCik spectrum was studied recently in [Cu-Go] , [DF-Go] . 
It is easily seen that � is contained in { (a,  (3) E ]R2 j a and {3 � A I }  and contains 
the straight lines Al x ]R and ]R X AI . The existence of a first non trivial curve 
in � going through the 8econd eigenvalue ( A2 ' A2 ) and extending to infinity was 
established in [Cu-Go] , [D F-Go] . A variational characterization of this curve in the 
line of the classical Courant-Hilbert formulas was also given . (Another variation 
characterization, using the mountain pa.ss theorem , can also be given, cf. the work 
of M . C uesta, D . De Figueiredo, B . Ruf and J .-P. Gossez described in [Cu) ) .  This first 
nontrivial curve can be wri tten 

C2 = { ( a (t ) , ,6(t ) )  E ]R2 j t E ]R},  
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i t  i s  contained in ( (o: , ,B) E �2 ; o:  and ,B > A d ,  is symmetri c with respect to the 
d i agona.1 , an d the functions o:( l ) , -,B ( l ) are continuo u s ,  strictly i ncreasing and such 
that o:( t )  -t +00 as l -t +00 awl ,B ( l )  -t +00 as l -t - 00 . 
The asymptotic behaviour of this curve C2 is connected with the antimaximum 
principle. In the statement of this principle as given in the introduction, the number 
r5 > 0 depends on f: r5 = o(f) . Let us say that the uniform. antimaximul1l principle 
holds if there exists 0 > 0 su�h that if 'U is a solution of ( 1 .2 )  with A1 < A < A1 + 0 
and f E Loo(fl.) , f 2:: 0 a.e. , f ¢. 0, then 'U < 0 in fl. and fJ'U/fJn > 0 on fJfl. . So here 
o does not depend 011 f. 

PItOPOSITION 2 . 1 .  (cf. (DF- Go}) The unifonn anlimaxim um principle holds 
if and only if 
( 3 )  l im ,B(t )  > A 1 . t-++oo I 

Moreover, in this case, the laTgest numbel' J admissible 
uniform principle is equal to 
(4) lim ,B( t ) - A1 '  t-++oo 

m the statement of lhis 

The si tu at ion described in this  proposition is in fact rather exceptional .  Indeed 
the strict inequality holds in (2 .3 )  when the dimension N = 1 and the D irichlet 
boundary condit ipn 'U = 0 is replaced in ( 1.2 ) , (2 . 1 )  by the Neumann boundary 
condition fJ·u/ fJn = O. On the contrary equality holds in ( 2 . 3) (and so the uniform 
version of the antimaximum principle does not hold ) in the case of the Dirichlet 
boundary condition (with N arbitrary) ,  the Neumann boundary condition with 
N 2:: 2 (cf. [DF-GoJ ) and the mixed bot,ndary condition (with N arbitrary) (cf. 
[Go-Maj ) . 

3 P-LAPLACIEN 

The p-Iaplaciall operator ( 1 .4)  is a quasiJillear generalization of the classical laplacian 
(which corresponds to p = 2 in ( 1 .4» ) .  It appears e .g .  in some questions from flu id 
mechanics . Its interest comes also from the fact that it is the derivative of the 
Sobolev Horm In \grad 'U \ p .  
The problem analogous to  ( 1 .2 )  is now wri tten 

( 1 ) { - l:!.p'U = A \ n \p-2n + f(x) dans fl. , 
n =; O  on fJfl. , 

and the corresponding eigenvalue problem is 

(2 )  

The study o f  the spectrum o f  t h e  p-laplacian , i .e .  t h e  values o f  A E � for which 
( 3 . 2 )  has a nontriv ial solution , is also a question which remains largely open. Several 
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works i ll  the 80 's  ( in par t i c uictr those of A . Auaue [Au) ) contri b uted to show that the 
fi rst  eigcllvalue >'1 of ( 3 . 2 )  enjoys properties which a r e  rather simi lar to thosc in the 
linear case p = 2 (simplicity, strictly posit ive eigenfunction , . . .  ) . Let us mention that 
recently A .Anane and N.Tsouli studied ' the nodal domains of the eigenfunctions and 
derived a variational charactei'ization of the second eigenvalue >" l (d. [An-TaJ ) . Let 

us also observe that , as in the case of the Fucik spectrum, it is  not known whether 
the spectrum of the p-laplacian has nonempty interior . 
A maximulTl pr inciple was derived for ( 3 . 1 )  when >. < >' 1 : if I E LOO (n)  is 2: 0 a.e .  
aud ¥= 0,  then the solution u of (3 . 1 )  (wh ich exists ,  is unique and of class G1 (n) )  
i s > 0 in n and satisfies au/an < 0 on an (cf. [Va] , [Fl-I;Ie-dTJ ) .  And recently the 
antimaximum principle was also extended to the p-laplacian : given I E LOO (n) ,  2: 0 
M! . ,  ¥= 0 ,  there exists J > 0 such that if u is a solution of (3 . 1 )  with Al  < A < A l + J ,  

then u < 0 in n and au/an > 0 on an (d. [FI-Go-Ta-d'I\ J ) .  
The proof o f  this antimaximum principle for ( 3 . 1 )  i s  very different from that of [Cl
Pel relative to the linear case p = 2 .  It is based on the following nonexi stence res ult 

of independant interest .  

PRO P O S ITION 3 . 1 .  (ci. [FI-Go- Ta-dTtJ) Let I E LOO (n) ,  ;::: 0 a. e .  a nd  ¢ O .  
Then (3. 1) with >' = >'1 has no solution .  

Let us recall here the clatisical result of Fredholm alternative when p = 2 .  Let I E 
LOO (n) ; then problem (1 . 2) w ith >. = Al has a solution if and only if In I(x )'P l  (x) = 0 ,  
where 'P I  i s  the eigenfunction (> 0 in 11 ) C:\ssociated t o  >' 1 ' I n  particular ( 1 .2) with 
A = >' 1  has no solution if I ¥= 0 does not change sign. Proposit ion 3 . 1  appears in 
this respect as a first s tep towards an extension of this Fredholm alternative to the 
quasilinear case p i= 2 .  The characterization of those funct ions I for which ( 3 . 1 )  
wi th A = >' 1  i s  solvable remains an open question. 
Let us observe finally t h at th is aut imaxi rnlllll princi ple as well as the above nonexis
tence result have been extended recently to some strictly cooperative elliptic systems 
involving the p-laplaci an (cf. [FI-Go-Ta-dT2 ) ) . 
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