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Abstract: We consider the Dirichlet problem for the mean curvature equation
. (Dir) here below. If the boundary data ¢ is constant and H = Hy is also a
constant, it is known that X = ¢ is the only solution (¢f [W]). On one hand we
prove that if ¢ = 0 and H is even and real analytic then X = 0 is the only
solution. On the other hand, we obtain results which imply that for any constant

g there are H's of class C! such that (Dir) has at least two solutions in the
Sobolev space H? which are continuous up to the boundary.

INTRODUCTION. We. consider the Dirichlet problem in the unit disc B =
{(u,v) € R* W* +4% < 1} for a vector function X : B — R® which satisfies
the equation of prescribed mean curvature '

(HAX =2H(X)X.AX, inDB
(Dir) : : .
: (2)X =¢ ondB
. ox X " 5
where X = 5o (, = %—— , “A” denotes the exterior product in R® and
. v
H : R® - R is a given continuous function. When H is bounded and ¢ is in the
Sobolev space H'(B,R*) we call X € H (B, R*) a weak solution of (Dir) if for
every ¢ € C{(B, R?)

(S [y (VX Vo + 2H(X)Xu A X, + ) =0
0]
X €T =g+ HYB,R?)

where H{(B,R*) = adhihCY(B,R?). 1t is known that for certain functions H
and boundary values g, we can obtain weak solutions of (Dir) as critical points of

the functional

" Dy(X) = D(X) + 2V(X)
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1 ]
[H] and [S], with D(X) = 5/ |[VX|?* the. Dirichlet integral, and V(X) =
B :

1 'd ‘e
5 [ e x,
Jni :
AX, the Hildebrandt volume, where for & = (£1,£€2,€3) € IR® the associated
function @ to H is '

& &2 &3
Q@)=<A H(s, o, )ds, [ H@hmawaﬁ H@h@»wg

which satisfies div Q =3H.

For Q = Hy¢ and g = gy = const. in R3, there is only one weak solution X = g

W)
We denote WU'P(B,RR*) the usual Sobolev spaces [A] and HY(B,R}) =

- WY3(B,R*). For X € H(B,R®), || X|120m,r%) = (/ |TrX|2> and for
. : oB
Y € L°(U, R™) we denote ||Y]|eo = sup |V (w)].
weU

Concerning Dpy( resp. V) we denote

dDi(y) = lim Dy(X +tp) — Du(X)]

t
whenever this limit exists (resp. DV (X)(y) ).

We prove the uniqueness for ¢ = 0 and H analytic and even in 1. In 2. we give
conditions on H to have multiple solutions for ¢ = ¢, an arbitrary constant with
“explicit examples of such H's. Finally a few technical lernmas are stated in 3.

1. THE ANALYTIC CASE.

In a similar way to [W] we have

THEOREM 1: Suppose K : R® — R real analytic and even. If X € C'(B, R®) is
« weak solution of (Dir), with ¢ =0 on OB . Then X =0 in D.

Proof: ~ First we remark that X is real analytic because 2H(X)X. N X, €
C(B, R®*), hence X € W*P(B,R®) for p > 1,s0 X € CY*(B,R®) and AX €
C%*(B, R®) gives X € C*»*(DB, R*) and by hypoellipticity [M] of this system, X

is real analytic.

Second we extend X to R? by reflection on 0B
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X (u,v) in B
Y(u,v) =

—X(u/r*,v/r?) elsewhere
where 7?2 = u? +v%. Even if H is non constant, we claim that this odd extension
satisfies weakly (1) in (Dir). Procceding as in [W] we take ¢ € C§(R* — {(0,0)})

and descompose

_pto  p—@
L
with ¢(u,v) = bcp(%, %) The even part ¢, = £ ; ? with respect to OB satisfics
re’ 2’ ‘

(Y )pe) = / Y'<'9‘3+2/ HY )Yy AYy-pe=0
J 2 JR2
because Y is odd, so Y, AY, and H iseven, sois H(Y), everything with respect
to @B :

The odd part ¢, = 99;(,9 is 0 in @B, s0 polop € H} (B, R®) and

W(Vpo) = Dy (XNt [ Yootz HOOViNYiego = 2D5(X)(00)

by changing variables (u,v) — (u/r%,v,'7?) in the last two terms and since X is
solution of (Dir) in B, 2D}, (X)(¢o) = 0. Hence D(Y)(¢) = 0. The Courant

conformal meassure function
F(u,v) = |Yu]? = |V, |? — 2iY,.Y,

is then holomorphic in all R? and

[l [ WP +P < [ X < 4o
R? s R? B c

so F=0,ie (u,v) are isothermal coordinates for Y. From [G] or [H-W] we
know that Y has only isolated branching points, since H is analytic. But Y has
OB as branching points, a contradiction except if Y =0,s0 X =0. 0.

2. NOUNIQUENESS IN THE DIRICHLET PROBLEM WITH CONSTANT
BOUNDARY VALUES.

We will prove that for each ¢ in R® — {(0,0,0)}, there exists a class of H's
verifying that (Dir) has at lcast two weak solutions.

For this purpose we will use the following tiieorem and technical leminas from
section 3.
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For c€ *, H € C'(R*) with 0 < Hy = ||H||oo < +o0 and k >0 in R, we
define

My ={X €c+ H)(B,1*);||X — ¢|loo < l/Ho,HV(X —)leo < I“}
and denote p the slope of Dy in My [LD-M], [S], i.e.

p(X) = YseuAI/; dDp(X) (X -Y).

Finally, we define for 8 € R,
Ky ={X € Mi; Diy(X) = B,p(X) = 0} and
= {X € My; Dyy(X) < B}.
TurorEM 2: Let H e‘L""(R:‘), and @ € L°f(R3,R3). Then R}f Dy(X)=pp €
R and Kg, is nonempty.

Proof: From

Dy(X) 2 DX)(1 = 2/3@lke) = ~1/24BI1 = 2/3] Q] for X € M,
we conclude that me” (X) > —o0.

For € = 1 and for any neighborhood N of the set Kg, in My, there exists a
number ¢ € (0,€) and a deformation ® with the properties stated in Lemma 1. If
Kg, = ¢ we choose N = ¢, and then, (I>(1,M£°+E) C Mf"_e. But Mf"_s =¢
by definition of gy . A contradiction. . a
Let (ci,c2,¢3) € R® —{(0,0,0)}. For € >0 we choose H € C'(R*) such that
H(ﬁ) H() if ff + fgs RZ and C3 S 63 S C3 + é

o i g4E>(R+e)?  or  GE(cs—ccstbte)

with Hy = ||H||eo - Where IR, § and Hy positive will be fixed later.

Consider X;(u,v) = (ci + af(u,v),cz,c3 + ag(u,v)) with f,g € C°(B), Trf =
Trg=0, 920 and « >0in R.

If c; # 0, we fix R? = (]cli + allflI2%)? + 5, 6§ > allglleo, and Hy. =

. Tl
I + s
DII()LJ) = /(f +f1 +gu+Jv)+ 34 “fITja'f' ”9”2 /(gufv Jvfu)

We now take f,g such that c;;,fB(guf,, — gvfu) < 0 and choose « sufﬁciently‘
close to zero to have Dpy(X1) < Dy(c) =0.
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Finally, taking k£ = ||[VXi]||eo , Wwe obtain that ¢ and X; arein M. Hence, from
Theorem 2, there exists X, € My verifying that Dy (X3) = iﬁf Dp(X), X2 #c
k

and from Lemma 2, Xz is a weak solution of (Dir).
REMARK 1. The solutions are continuous up to the boundary: let X be o solution

of (Dir). As H is bounded there exists a positive constant v verifying that
v+ H(X) > 0. Taking U the solution of

a AU =2yX,AX, inD
U =0 ondB

we obtain that X 4+ U — ¢ is a solution. of

A(X +U —¢) _ " 0
@ { G EE) K B

X+U-=-¢ =0 ondB.

But the solutions of equations (1) and (2) are continuous in B [C-L], and we
conclude that X is continuous up to the boundary. ‘

Remark 2. If X, is smooth on B, its image X;(B) seems not to be a surface
with boundary because X,(0B) = {¢}.

3. TECHNICAL LEMMAS.
‘Exactly as [S] Lemma 1.9 p.36 we obtain the following result:

LEMMA 1: Let 8 € R, > 0, and s'y.ppoéc that N is a neighborhood of Kg wn
My .

Then there czists a number ¢ € (0,€) and a continuous one parameter family
®:[0,1] x My — My of homeomorphisms ¢(t,.) of My having the propertics

i) ®(t,X)=X if t=0, orif |[Du(X)— P =& orif p(X)=0.
i) Dy(P(t,X)) is non increasing in t.

i) ®(1, MIT\N) C ME™ and ®(1, M) c MPTCUN.

LEMMA 2: Any X € M with slope p(X) =0 is a weak solution of (Dir).

Proof: If p(X) = 0, it is known that dDpy(X)(X —¢) < 0 or X is a wecak
solution of (Dir) (Lemuna 1, [LD-M]). '
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But

dD (X)X = ¢) > / VX[ = 2Hy|X — ]| Xu A Xo[] 2 0.
. B
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