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dedicated to the  memory of our friend Julio Bouillet 

Abstract : We eonsider t.he Dil'iehlet. problem for t.he mean eurvat1lre equat,ion . (Dir) here below . If t.he bOllIHhll'Y dat.a g is eomlt,al1t. and II = 1111 is also It 
w:nstallt , it is known t.hat X = g is the only solut.ion (d [W]) .  OIl one hand we 
prove t.hat if 9 = o and II is even and real analytie then X = 0 is the only 
solution . On the other hand,  we obtain results which imply that for any constcUlt 
9 there are H' S of dass C I  sueh that (Dir) has at least two solutions in the 
Sobolev space H2 whieh are continuous up to the boundary. 

INTRODUCTION.  We consider the Dirichlet problem in the unit disc B = 
{ (  u ,  v )  E R2 ; u2 + v2 < I }  for a vector function X : B � R3 which satisfies 
the equation of prescribed mean curvature 

{ ( l )�X 
(Dil') , 
, , (2 )X 

= 2H(X)Xu 1\ Xv 

= 9 on DB 
in B 

where X = aaX , Xv = DaX , " 1\ "  denotes the exterior product m R3 ' and 
u. v 

H : R3 � R is a given continuous function. When H is bounded and 9 is in the 
Sobolev space HI (B ,  R3 ) we call X E Ht (B, R3 ) a weak solution of (D ir) if for 
every c.p E CJ (B ,  R3 )  

(Sol ) { JIl ( V  X '· Vc.p + 2H(X)X" 1\ Xv � c.p) = 0 
X E T == 9 + HJ (B ,  R3 ) 

where HJ (ll ,  R3 ) = adhI1 1  CJ (B ,  R3 ) .  It is known that for certain functions H 

and boundary values g ,  we can obtain weak solutions of (DirJ as cri tical points of 
the funct ional 

DJJ (X) = D(X) + 2V(X) 



[H] and [S] , with D(X) 

� f Q(X) · Xu 3 . JJ 
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� ( IV'  X I 2  the. Dirichlet integral , and VeX) = 2 J8 . 

I\X v t.he Hildebrandt volume, where for � = (6 , 6 , 6 ) E .n3 the associated 
function Q to H is 

which sat.isfies div Q = 3H . 

·For Q = Ho� and 9 == flo = const . in .n3 , there is only one weak solut,ion X == 90 
[W] . 

We denote Wl ,P (B ,  R3 ) the usual Sobolev spaces [A] and Hl (B , R3 ) . = 

W l ,2 (B , R3 ) . For X E HI (B , R3 ) , I IX I I £ 2 ( 8B,lP)  
Y E LOO ( U, Rn ) we  denote l l Y l l oo  = sup I Y( w ) l . 

w E U  

. 1 

= (lall ITTX I 2) 2 and for 

Concerning D H (  resp . V) we denote 

dD ( ) 1 ·  [Dll (X + t<p) - Dll(X) ] H <P = nn 
/ -+ 0  t 

whenever this limit. exists (resp . DV(X)(<p) ) .  
We prove the uniqueness for 9 = 0 �lnd H analytic and even i n  1 .  In 2 . we give 
conditions on H to have multiple solu tions for 9 = c , an arbitrary constant with 
explicit examples of such H'S . Finally a few technical lemmas are stated in 3. 

1. THE ANALYTIC CASE. 

In a similar way t.o [vV] w e  have 

T II I · O I·ll' M 1 S r." R3 R l l t '  d 1'1' X E Gl (B,  R3 ) :, � : 'II,P]lO.H� L' : , -t  TefL fL n a  y �c (J,n e v e n .  J M 

a 'U} (�(J,k .wl'ldion of (DiT), with 9 = 0 on DB . Then X == 0 in B .  

Proof: First we remark that X is real analytic because 2H(X)Xu 1\ Xv E 
G(B,  R:I ) ,  hence X E W2 ,P (B ,  R3 ) for p � 1 ,  so X E GI , a (B ,  R3 ) and /s'X E 
GO,a(  B,  R3 ) . gives X E G2 ,a(B,  R3 ) and by hypoellipticity [M] of this system, X 
is real analytic .  

Secolld w e  extend X to R'l. by refiectioll on DB 
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{ X
(
U , V) 

Y U v -
( 

, ) 
- -X (uj1'2 , vj1'2 ) 

1Il B 

elsewhere 

where r·2 = u 2  + 1)2 . Even if H is non constant , we claim that this odd extension 
satisfieR weakly (1) in (Dir) .  Procceding as in [W] we take 'P E C(f'(R2 - { ( O ,  O) } )  
and des compose 

£p = £p + rj>
+ £p - rj> 

. 2 2 

with rj>( u ,  v ) = £P( �2 '  1)2 ) '  The even part £Pc = £P + rj> 
with respect to oB satisfies 

l' l' 2 

because Y is odd,  so Yu 1\ Yv and H is ev en, so is H(Y) , everything with resped 
to oB . 

£P - rj> 
The odd part £Po  = -2- is 0 in oB , so £PO I Oll E HJ (B, R3 ) and 

by changing variables ( u , v ) � ( u j1'2 , v ,'1' 2 ) ill the last two terms and since X is 

solution of (Dir) in B ,  2D�I (X) (£po )  = O .  Hence D�i (Y)(£P) = O .  The Courant 
eonforlnal rncassure function 

is then holomorphic in all R2 and 

so F == 0 ,  i . e .  ( u ,  v ) are isothermal coordinates for Y .  From [G] or [H-W] we 

know that Y has only isolated branching poiuts ,  since H is analytic . But Y has 
oB as branching points ,  a e0ntradidion exeept if Y = 0 ,  so X = O .  D.  

2 .  NOUNIQUENESS IN THE DIRICHLET PROBLEM WITH CONSTANT 

BOUNDARY VALUES . 

We will prove that for each C 1Il R3 - { (O ,  0 ,  O) } , there exists a class of H i s 
verifying that (D irJ has at least two weak solutions . 

For this purpose we will usc the follov'ing theorem and technical lemmas from 
section 3 .  



88 

For C E R3 , H E C 1 (R3 ) with 0 < Ho = I IH l l oo < +00 and k > 0 in R ,  we 

define 

1vh = { X  E e + I·n (E ,  R:l ) j  IIX - e l loo  :::; 1 /  Ho , 1 I\7(X - e) l I oo  :::; k }  
and denote p the �lope of D H i n  Mk [LD-M] , [S] , i . e .  

p(X) = sup dDu (X)(X - Y). 
Y E Mk 

Finally, we define for (3 E R ,  
J(fj = {X E Mk j Du (X) = (3,  p(X)  = O} and 

Me = {X E Mk j DH (X) < (3} . 

THEO REM 2 : Let H E Loo(R:l ) , and q E Loo (R3 , R3 ) . Then inf DH (X)  = (30 E . Mk R and J({3o is nonempty. 
Proof: From 

DH (X)  2: D(X)( l - 2/3 I 1 Q I l (0 )  2: - 1 /2 I E l k2 1 1  - 2/3 1 1Q 1 l 00 1  for X E Nh , 
we conclude that inf D fl (X)  > - 00 . Mk 
For K = 1 and for any neighborhood N of the set J( {3o in 1vh , there exists a 
number c E (0 ,  K) and a deformation <I> with the properties stated in Lemma 1 .  If 

J({3o = ¢ we choose N = ¢ ,  and then, <I>(l , Mfo+e )  C Mfo-e . But lvlfo-e  = ¢ 
by defini tion of l3o . A contradiction . 0 

{ HO 
H(O = 

0 

if 

if 

�i + �r :::; R,2 and 

�f + �� > (R + c)2 
C3 :::; 6 :::; C3 + 8 

or 6 � (C3 - C ,  C3 +8 + c )  

with Ho = I I H l l oo . Where R ,  8 and Ho positive will be fixed later. 

Consider X1 (1.l , v ) = (Cl + a}(1.l , v ) , C2 , C3 +· Cl'g (l.l , v) )  with f, g E Coo(B) , Trf = 

T'I'g = 0 ,  g 2: 0 and Cl' > 0 in R .  
If Cz ·  oF 0 , we fix R2 = ( l e I  I + Cl' l l f l l�Y + e� , 8 > Cl' l l g l l oo , and Ho • 

1 
. . Then 

n v'l l f l l � + I I g l l �  

We now take f ,  g such that C z  J�3 (gufv -. gv fu ) < 0 and choose Cl' sufficiently 

close to zero to have Du (Xd < Dn (e) = o .  
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Finally, taking k = 1 1 \7 Xl 1 1 00 , we obtain that c and Xl are in Mk . Hence , from 

Theorem 2, there exists Xz E Mk verifying t.hat DH (XZ )  = inf DIl(X)  , Xz i= c 
Mk 

and from Lemma 2 ,  Xz is a: weak solution of (Dir) .  

REMAJU( 1 .  The solutions are continuous up to the boundary: let X be 1 1  solution 
of (Dir ) .  As H is bounded there exists a positive constant "/ verifying that 
"/ + H(X) > O .  Taking U the solution of 

{ 6.U 
( 1 )  U 

= 2"/X,, 1\ XI} in B 
= 0 011 DB 

we obtain that X + U � c is a solution of 

{ 6.(X + U - C) 
(2) 2("f + H(X))  

X + U - c  

= Xu 1\ XI} in B 

= 0 on an. 

But the solut.ions of equations ( 1 )  and (2) are continuous in B [C-L] ,  and we 

conclude that X is continuous up to the boundary. 

Remark 2. If " Xz is smooth on n ,  its image Xz (B) seems not to be a surface 

with boundary because X2 (DB) = { c } . 

3 .  TECHNICAL LEMMAS .  

Exactly as [SJ Lemma 1 . !)  p . 36 w e  obtain the following result :  

LEM MA 1 :  Let fi E fl, e > 0 ,  and S "ltJlPos e that N i s  a neighborhood of 1{f3 m 

Ivh . 

Then there exist.� a number € E (0 ,  e) and a continuous one  parameter family 
Ii> : [0 , 1 J  x lvh � Mk of homeomorphisms ¢Y(t , . )  of Nh having the propcrtics 

i) Ii>(t , X) = X if t = 0 ,  or if IDll (X)  - PI 2: e or if p(X)  = o . 

ii) DI/ ( Cp (t , X ) ) is non in(;rca..� in!J in t .  

LEM MA 2 :  Any X E lvh with slope p(X) = ° is a weak solution of (Dir) . 

Proof: If p(X) = 0 ,  it is known that dDT/ (X )(X - c) < 0 or X is a weak 

:;olutioll of (Dir) (Lemma 1 , [LD-1'1]). 
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