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ABSTRACT. A non-classical initial boundary value problem for the non-homogeneous one

dimensional heat equation for a semi-infinite inaterial x > 0, with temperature or heat flux 

boundary conditions 011 the race x = 0 is studied. It is not an standard heat conduction problem 

because a heat source cI>(x) 'J(t) [ . , . j is considered, where <f> is a real function and 'J(t) is a 

functiona.l on the heat flux ux(O ,  . ) , for all t > O. Exist.ence and uniqueness 
,
of solution is proved 

under Ruitable assumptions on data. A priori estimates, continuous and monotone dependence 

upon the data alld the asymptotic behavior of the solution are also analized for the particular 

case 'J( t iV( . ) , . ) = F(V(t. ) , t ). 

I. INTRODUCTION 
In this paper, the following nonlinear one-dimensi.onal initial boundary-value problem for the 
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heat couduCtion equation for a. semi-infinite material is considered 

(P) 

( 1 )  
(2) 

Ut(x,t) - uxx(x,t) = <1>(x) (<J( ux(O, . ) , . ») (t) , x > 0 , t > 0 

u(O, t) = g(t) , for t > O 

(3) u(x, 0) = h (x) , for x > 0 . 

In problem ( 1' ) ,  <1>, h and g are real functions defined on JR+. <J is a functional ,  that is for any 

t > 0 and ux(O, .) , <J(t) is a given function of t given uy <J(t)( ux(O, . ) , . ) = (<J( nx(O , . ) , . ») (t) .  
Some particular and interesting cases are the following 
(4)  <J( t) (V( . ) , .) = F(V( t) , t) , t > O , 

t 

(5) <J(t) (V(. ) , .)= I? ( J VCr) dr , t) , t > 0 ,  
o 

where I? is a given function of two real variables. 

SllCh problemfl can be thought as motivated by the modelling of a system of temperature 
regulation in isotropic mediums, with the non-uniform source term <1> (x) <J (t)( ux(O, .  ) , .) 
which provides a cooling or heating effect depending uppon the properties of <J (or F) related to 

the course of the heat nux ux(O, t).  For example , in cases such as (4) is supposed, when 

(6) <1>(x) > 0 and lix(O , t ) F (ux(O , l ) , t) > 0 if ux(O, t) # 0 .  

the source term is a cooler if ux(O,  t) < 0 and a heather if ux(O,  t) > O .  
For the case of a bounded domain,  a dass of problems when the heat source is uniform and 

belongs to a given ll1ultivalued function from IR into itself, was studied in [Ke Prj regarding 

existence, uniquenees and asymptotic behavior. Other references on the subject are [GlSpl ,  

GlSp2, KeJ . Some resul ts cOllceruing the  particular situation in which <l>(x) = const > . 0, get) = 0 ,  
<Jet) given by (4), were obt.ained in [Vi , TaVij . 
In Section II ,  existence and uniqueness of solution for (1') is proved. The solu tion u of problem 

(P) has an integral representation given by (II- 10)  where Vet) = ux(O,t ) must satisfy a 

functional integral equation of Volterra type given by (Il-I2) .  We give sufficient conditions on 

data in order to obtain the existence and uniqueness for the corresponding integral equation ; this 
result is obtained by a generalization of the theory on integral equation developed in chapter 8 

and 20 of [Cal . 
A priori estimates, continuons and monotone dependence upon the data and an asymptotic 

behavior of the solution are explicited in f:::ctioh III for the case (4). 

In Secti on IV, we also consider the following ini tial-boundary value problem for the 

one-dimensional heat equation 
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(i) Vt - vxx = tfJ(x) '!f(tlv(O, . ) , . ) , x > o , t > o , 
(1" )  (8) vex, 0) = ho(x) , x  > 0 , 

(9) vx(O, t) = go(t) , t . >  0 .  

We recall that problem (1" ) can be reduced to the problem (I') by using the transformation (IV-
1) or (IV-3) .  

11. EXISTENCE A N D  UNIQUENF..sS 
Let K be the fundamental solution of the one-dimensional heat equation, G and N the Green 

and Neumann fl}nctions for x > 0, given by 

( 1 ) 

(2) 

(3) 

. J (- ( x '- 02) K(x, t j �, r) = 2 J1r( t - r ) exp 4 ( t - r ) , 
G (x, tj e, r) = K(x, t j e , r) - K(� x, t; e, r) ,  

N (x, tj e, r) = K(x, tj e, r) + K( - x, t j � , r) , 

x ,  e > 0, t > r ,  
x ,  e > 0, t > r ,  
x ,  e > 0, t > r ,  

For data h = h(x) , g = g(t) and '!f = '!f(t) in problem (I') we shall consider the following 
assumptions : 

(HI)  h and g are continuously differentiable functions on IR+ with 

(4) h(U) =g(O) , I h(x) l ::; cO exp(c1x2 - f) , co > 0 , c1 > 0 , f > 0 ,  for all x >  O J  

(H2) <I> is uniformly HOlder continuous in x for each compact subset of IR+ j 

(H3) There exists 

(5) 

M = M (w, t) > 0 / \ '!f(t2) (V( . ) , . ) - '!f(tJV(, ) , , )  \ ::; M I t2 - td , 'r/ V E Sw(O , t) 

for all 0 < tl , t2 < t , 

where Sw(O,t) is the set of piecewise continuous functions OIl the interval [O,t] such that 

(6) I I V ll t = sup I V(r) l ::; w . r E [O, t] 

Roughly speaking, we say that '!f(t) is uniformly Lipschitz continuous for any subset of 

Sw(O, t) x [0, t] for each t > 0 j 

(H4) There exists a positive and locally bounded function L = L(t) , deli ned for t > 0, such that 
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(7) 

(H5) 

(H6) Function � is such that there exists a positive monotone increasing function A == A( t) , 
defined for t > 0, which verifies 

( 8 )  

with 

(9) 

t2 J R(t2 - r) L(r) dr  :5 A(t,2 - t l )  

t1 

lim A(t) = O t ..... O +  

where R is defined, in function of 4>, i?y ( 14) (see below) . 

Under the preceding assumptions the theory developed in chapter 20 of [Cal can be generalized 

to obtain the following representation for the solution of problem (P) 

t +00 
( 10) u(x, t) = - 2 J Kx(x , t j O , r) g(r) dr + J G(x, tj e, O)  hW d� + 

0 0 · 
t (+oo \ + J J G(x, tj e, r) �W de) GJ(r) (V( ,) , , ) dr 
o ° 

where the function V = V(t) defined by 

( 1 1 )  Vet)  = ux(O, t ) , t > 0 

must satisfy the following functional integral equation of Volterra type 

( 1 2) 

where 

( 1 3) 

( 14) 

t 
Vet) = f(t) + J R(t - r) GJ( r)(V(,) , , )  dr· 

° 

( +00 t · )  f(t) = _1_ J _1_ ex.J- e) h'W de - J g(r) dr .fir .fi l'\: 4 t ../t - r ° 0 
+00 

R(z) = 1 / J l; erf-4e) �W de . 
2 r.;- 3 2 I\ Z V 11" z 0 
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T I I EOREM l . �  Assllme (HI )  to (H6) ,  then there exists a unique piecewise function V sol u tion 
of the functional in tegral equation ( 12) .  Therefore, u given by ( 1 0) is the unique solution of the 

problem (P) in the class of functions which satisfies a growth condition of the form 

( H i) 
where (;2 and C3 are positive constan t,s. 

Before to prove the theorem 1 we shaH give some sufficient condi tions on data in order to clarify 

the above hypothese. 

Remark 1 .- (H4) and ( Il5) imply that ':f(t) is bounded for bounded t and V E Sw(U,  t) , that is 

( 16) 3 C = C(w, t) / I "J(t) (V(.) ' .) 1 =5 C ,  for al l V such that I I V l l t =5 w , with w > U , 

wi t.h 
( 1 7) C = L(t) w . 

Remark 2.- If function oI> verifies the inequality 

then 

(i ) R(t) 

( 1 9) 
t2 

=5 4 Co 1 .Ji .  Vi' ( 1 - 4 C1 t) 

2 Co 

if 1 t <
4 C  1 

o 

(i i) J R(t2 - T) dT =5 /1I" C1 fo(t2 - t 1) if C < I 1 4 (t:,! - t1 ) 

where fo = fo(t) , defined by 

(2U) 

t1 

( 1 + 2vc;t) 
fo(t) = log 

1 - 2 JC1t 

is a monotone increasing function over the domain [0, 4 � ) with lim fo(t) = 0 . 1 t-+ O+ 
Remark 3 . - If oI> verifies condition ( 18) and 

(2 1 )  L(t) =5 Lo tn 

then 

t2 

(22) f R(t2 - T) L(T) dT 
tl 

=5 

n= O, I ,  . . .  

2 Co Lo t.� . -;; C fO(t2 - t1) · 
;r 1 

o 

0 
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Remark 4.- If function <l> is given by 

(23) <l>o= const. > 0, 

then 

(24) 
<l> n - 1  

R(t) = .J; an t-
2-

where 

(25) 
Moreover 

(2�) 

_ .} lU - l  (2 1 )"  a2 11l - 1 - - lll - . .  , . 

Proof of Theorem 1 ..- From (7) we deduce 

(27) 

n = I , 2 , . . . . 

m= 1, 2, . . .  

o 

where VI ' V 2 E Sw(O,t) and 0 < r < t .  Taking into account (U5), (8) ,  (9) and (27), the 

conclusion of the Theorem follows applying Th.8.2 . 1  of [Cal . 0 

Remark 5.- (i ) If the functional '!f (t) is given by (1-4) then (5) and (7) must be replaced 

respecti vely by 

(28) 

(29) 

I F (V, t2) - F(V, t1 ) 1 � M(V) l t2 - t1 1 , for aIl 0 < t1 , t2 < t , ·  

I F(V2 j t) - F(V1 , t) 1 � L(t) ! V2 - Vt ! ' for all t > O 

for all V, VI and V 2 in compact sets into IR, and similarly condition (H5) must be replaced by 

(30) F(O, t) = O ,  V t > O . 

(ii) If the functional '!f(t) is given by (1-5) then (5) and (7) are verified whenever 

(3 1) 

(32) 

(33) 

with 

( 34) 

. (35) 

I F(V2 , t) - F(Vl ' t) 1 � LO(t) ! V2 - V1 ! 

I F (V, t2) - F(V, t1 ) 1  � L1 (V) ! t2 - tt ! 

Ll ( j VCr) dr) � L2(t) I I V lI t  
o 

M = [ Lo(t1 ) + L2(t?) ] . I I V Il . ( t t ) in (5) 
� I URX l ' 2 

L{t) = t to(t)  in (7) . o 
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LEM M A  2 .- Under t .he assumptiolls ( H I ) ,  (H2 ) ,  4> E LOO( IR+) and 

(1I7) 

t t 
There exist I L(r) dr and J� dr for each t > 0 .;t::::r 

o 0 

h, g, h' and g E L CO( IR+) 

the following estimates for the solution V = V(t) of the integral equation ( 12)  and the function 

u = u(x, t), given by ( 10) ,  are obtained 

(36) 

(37) 

where 

(38) 

n V II ,  $ 11 1 1 ,  �peV'r 1 J'
(
�r dr) 

l u(x, t) 1 :5 II g li t + I I ldloo + I I 4> l l oo( j t(r) dr) I I V l l t  
o . 

Proof. Taking into account (H7) , (38) follows from ( 13) .  On the other hand, by (7) ,  (H5) and 
(H7),  from ( 12)  we find 

(39) 
t 

n v il < WI + I I <I> II � J� lI v n r dr t - t ..(ii .;t::::r 
o 

and (36) follows fl'om (39) by using a Gronwall's inequality . The inequality (37) follows from 

( 10 ) ,  taking into account ( 1 17) am} the fact that 

where 

(42) 

is the error function. 

x 

erf(x) = J; I exp( - u2) du " 

o 

III. QUALITATIVE ANALYSIS 
In this section we shall consider the case (1-4), that is 

<J(t) (V( .) ; .) � F(V(t) ,  t) , 

o 

t > O  
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where F satisfies the aditional condition 

(2) 

V . F(V, t) > 0  v V ",  0 , V t > 0 ,  

F(O, t )  = 0 ,  V t > 0 . 

Moreover we suppose the following hypothese for data in problem (P) 

( H8) h'(x) � 0 , V x > 0 , 

(II!) g( t) ::; 0 , V t > 0 , 

(11 1 0) <I>'(x) � 0 . '  V x > 0 . 

LEMMA 3. - Under assumptions (H I ) ,  (H2) ,  (H6) ,  (II-28), (Il-29), (11-30) , (2) ,  (H8), ( 119) and 

(HI0) we have that 

(3) 

(4) 

Vet) > 0 , t  > 0 

IIX(X, I.) � 0 x � 0 , t � 0 . 

Proof.- We have V(O) = h'(O+) > o . all the other hand, the function v = v(x, t) defined by 

(5) vex, t) = ux(x, t )  

satisfies the following heat conduction problem 
I Vt - vxx = <I>'(x) F [ v(O, t) , t ) , x > 0 , t > 0 

(6) vx(O, t) = g(t) - <I>(O) F(v(O, I ) , t) , t > 0 

vex, 0) = 1I'(x) . ,  x > 0 . 

'theil, we suppose that there exists a time 1.1 > 0 such that 
(7) V(t1 ) = v(O ,  t1 ) = 0 , Vet) = yeO, t )  > 0 , 0 < t < tl . 

Therefore, we have 

(8) Vt(x, t) - vxx(x, t) = <I>'(x) F(v(O, t) , t) � O , x > O ,  0 < t < t1 

and, from the maximum principle it follows 

(9) vex, t) � 0 , x � 0 , 0 ::;  t ::; tl . 
Taking into account (7) , the maximum principle implies that vx(O, t1 ) > 0 which is 

contradictory with 
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( 1 0) 
Hence, we conclude that (3) and (4) hold. o 

Now , we shall consider the continuous dependence of the functions V = V(t) and u = u(x, t) 

given by (1I- 12) and (II-10) respectively upon the data h, g, <(I and F. 
Let us denote by Vi= Viet)  ( i= 1 ,  2) the solution of (II-12)  and Uj=ui(x, t) given by (II-10)  

respectively for data hi' gi' <{Ii and F (i = 1 , 2) ill problem (P) .  Then we obtain the following 
results. 

THEOREM 4.- Let us cOllsider the problem (P)  under assumptions (Hl) , (H2), (H6), (II-

28) - (1I-3U), (2) and (H7) for L = L(t) and furthermore hi ' <I1i , 8i E V"'(R+) (i = 1, 2) . Then, 
we obtain 

where 

+ ! �1 <{I1 + <I>z II L''''( R+) I I V2 - V1 1l t + 11 <112 - <111 I I LOO( R+) ( I I V1 Il t + I I V2 1I t)} j L(r) dr . 
o 

We recall that estimates for I I V2 - V1 1I t , I I Vdl t , I I V2 11 t can be obtained from ( 1 1 )  and (II-36) 

to be inserted in (13) .  

Proof. - From (1I-12)-(1I- 14) we can write 

t 
( 14) V2(t) - V1 (t) = f2 (t) - f1 (t) + J (R2(t - r) F(V2(r) , r) - R1 (t - r) F(V1 (r) , r») dr 

o 
and using the equality given by 
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R2(t � r) F(V2(r) , r) - R1(t - r) F(V1 (r) ,'r) = ! { R2(t - r) (F(V2(r), r) - F(V1(r) , r») + 

(15) + Rt(t - r) (F(V2(r) , r) - F(Vt(r), r»)+ F(V2(r), r) (R2(t - r) - Rt(t - r»)+ 

and the fact that 

( 16) 

, . 
+ l'(Vl (r), r) (R2(t - r) - Rt(t - r»)} , O < r < t , 

from (14) we find 

Then, ( 1 1 )  follows from (17)  using a Gronwall's inequality. To obtain (13) we note that frolll 
(1l- 10) we can write 

t +00 
( 18) u2(x, t) - ut (x, t) = - 2 I Kx(x, t; 0, r) (g2(r) - gt (r»)dr + f G(x, t; �, 0) (h2({) - h1W)d{ + 

t +00 
o 0 

' .  + J J G(x, t; { , r) (eII2({) F(V2(r) , r) - eII1({) F(V1(r) , r»)d{ dr . 
o 0 

Using the inequality 

( 1 9) l eII2({) F(V2(r), r) - eII1 ({) F(Vt(r), r) 1 $ t �ellt (e) + eII2W I I F(V2(r) , r) - F(Vt(-z:-) , r) I  + 

+ I F(V2(r) , r) + F(Vt (r), r) l l eII2W - eIIIW I) 
and equalities, (11-40) and (1l-41) ,  ( 13) follows from ( 18) .  This complete the proof of Theorem . 3D 

Now, we shall consider a monotone property of the functions Vi= Viet) and ui:dui(x, t) for data 
hi' gi' eIIi (i = 1 , 2) and F in problem (P) .  Then, we obtain the following results. 
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THEORKM 5. - Let us suppose the a.ssumptions of Lemma 3 for data hi' gi' �i (i= l ,  2) and F. 
Moreover, if  ( "  is  au i u neasi ug  flJ uct iou i u  t .he lirH t, variable, i .e .  

(20) 

and data verify t .he relatious 

(21 )  

0 ::; '1>2(0) ::; �l (O) , O S �2'(x) ::; <l>}'(x) , V x > 0 , 

o < h2'(0) ::; hl'(O) , 0 ::; h2'(x) ::; h/(x) , V x > 0 , 

gl(t )  ::; g2( t.) ::; 0 , V t > 0 

t.he l l  WC'  hav" t. he fol \ o w i l l g  I I IOJ lOt.O l l ic i l.y properties 

(22) o < V2(t ) ::; Vl ( t.) , V t > II  , 
u;! (x, t) < 11 1 (x, t) , V x 2: 0 , V t > (J • x - x 

Proof. - We define 

and we suppose that 

(24) 

W(x, t)  = u2 (x, t) - II I (x, t.) x x 

Then, for x > 0 and 0 < t < t2 , we obtain : 

(25) Wt(x, t) - Wxx(x, t)  = �2'(x) F (V2(t) ,  t) - �/(x) F(Vl (t) ,  t) ::; 

::; (p/(x) (F(V2(t) ,  t ) - F(V 1 (t ) ,  t)] ::; 0 , 

(2<i) W(x, O) = h2'(x) - hl'(x) ::; 0 , 

(27) W(O , t) = V2( t) - VI (t) ::; 0 and W(O, t;!) = 0 , 

(28) Wx(O, t) = g2(t) - gl ( t) + cI>} (O) F(Vl (t) ,  t) - cI>2(0) F(V2(t) ,  t) 2: 
2: <1>1(0) F(V1(t) ,  t) - cI>2(0) F(V2(t) ,  t) 2: [cI>l (O)  - cI>;!(0)] F(V2(t) ,  t.) .  

Therefore W ::; 0 and W(O, t;!) = O. From the inaxil11ulll principle we obtain that 

W x(n , t2) < 0 which is contradictory with 

Then , we have (22) .  o 

COROLLARY 6 . - If the relation 

(30) 
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is also assumed iii Theorem 5 then we obtain the illl!quality 
, " ,  . "  (3 1 ) o 

Now, leL ui = ui(x, t) ,  Vi= Vi(L) ( i = 1 , 2) be the functions given respectively by (11- 10) and 

(II - 12) for data F l and F2• 

THEOREM 7.- If we consider the problem (P) under assumption (HI) ,  (H2) , (H6), (R7), (11-
28) - (Il-30) and furthermore assume ell E VlO(IR+)j then , the following continuous dependence 

for u is obtaincd 

·wiLh E is  a posi t ive constant, wh ich depends on 

(33) 

The number M and the expression I I F 2 - F l i l t , M are defined by 

(34) . 
and 
(35) 

Proof.- From ( I1- 12) we have 

x � o  , O ::; L ::; T 

Taking into account the assumption 011 cI>, (34), (1I-29) and the inequality 

from (3ei) wc obtain 

(38) 

and using a G ronwall's inequality it follows Lhat 



O ::; t ::; T  

Oil the other hand , in vicw of (:�5), (37) and (II-2\) , from ( 11- 1 0) we find 

(41l) 

t 

l u2(x, t) - uj (x, t) I ::; I I <I> I I LOO(IR+) I I F 2 - Fdl t , M  t + J L(r) I V2(r) - VI (r) I dr 
o 

lI ::; t ::; T 

and ( :J2)  follows frolJl  (:3\) and (40) .  o 

Now , we shall give a resul t 011 the asymptotic behavior of the solution u(x, t) whcn t goes to 
infinity. 

THEOREM 8. - Let us suppose the assumptions of Lemma 3 and 

(1 1 ) hex) > 0 ,  <I>(x) ::; 0 in IR+ . 

We obtain the fol lowing results : 

(i) If g == 0 in IR+ , theli 
(12) 
where 

o ::; u(x, t) ::; uo(x, t) x � O , t � O  

+00 
uo(x, t) = J G (x, t j �, 0) h(�) d� . 

o 
Moreover, we have 

(14) 

(i i) If 

(45) l i l l l ge t) = 0 , 
t-+oc> 

lim u(x, t ) = O , uniformly for x � O. j.->oc> 

get) > 0 , O ::; - g( t) ::; K exp(- o: t) (wi th K > O, o: > O) , t > O , 

then the aym p(.otic behavior of the sol utioll u is also given by (41) for compact sets ill IR + . 
Proof. - (i) The Lemma 3, conditions (4 1 )  and the maximum principlc imply inequalities (12). 
Theil (44) follows from (42) and (43). 

(ii ) From (11- 10)  we have 

(46) 
t. 

g(t) < u(x , t ) = uo(x, t ) + g( t) - g(O) crf( v;:X ) - J erf( �)g(T) dT + - 2 t 2 t - T  
, 

-
0 
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I. +00 
+ J ( J G (X, t ; � , r) <I>W d�) F(V(r) , r) dr ::::'; 

o 0 
+00 

. X2 J (n x1) + h -y exp( - u t) eXJl 4 �'l 
X 

20 
Taking iut.o account t.h at the following l imit 

(47) 
+00 

lim �2· - exp( - n I . )  exp (U x2 ) 2 J . 1 

1,->+00 . .  4 z x 
20£ 

t.hen w e  ohl,aill (44) for colr1 pad. sets i n  IR + . 

erf(z) 1 � ) ---;}- dz = l i m  - er  _x_ 
z t--+oo 0' 2 .fi 

crf( r. )  d . 
-;;r z . 

0 ,  

o 

R(,mark 6, - Some results concerning the fact that the wntrol process (P) (with the source 
term) is asymptotically faster than the eorrespont:ing heat conduction problem (without the 
source term) for the case g=O, that is 

(8) o , x > 0 , 

are givell i ll [ lle'1'aVi] . o 

Now, we shall present. two examples with eX Jllici t solution for problem (P) in order to il lustrate 

cases in which the source " controls" the difference l u(x, t) - hex) I in time. 

Example 1 . - \Vc COll8id('r 
t 

g(t.) (V(r) , r) =  J V(rr) dO' 

o 
3 

, h (x) = -t- , g = O  , <I>(x) = - x  . 

From ( ll- IO ) ,  (11- 1 2) we lind 
([iO) Vet)  = 2 sclI t x::l u(x, I.) = 3  + 2 x scn I. • 

H ence 

(5 1 )  l u(x, t) - h (x) 1 � 2 x l siu t. 1 � 2 x V t > 0 V x  > () .  

Example 2.- \Ve wnsider 

(52) 3 <J(t) ( V ( r) , r) = d V(t)  , d > 0 , h(x) =  1 ' g = {) 
In this case, we find 

<I>(x) = - x . 

o 
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V(t) =% (  l - exp( - d t» :.1 u(x, t) = "3 + %x ( l - exp( - d t» .  
Hence 

(51) \Ix > O .  

Moreover, we see t.hat there is a lIlonotonicity dependence of u(x, t) upon the parameter d > () 

in the sense 

(55 ) implies t � n . o 

IV. A GENERAL REMARK 
A this point  it, is opport une to note that the procedure out.lined ill previous sections to study 

prohl�m (P) also applies to the analysis of probj,�m ( 1" ) .  
In fact ,  problem (1" ) can be reduced to problem ( P) ,  defining the function Il= u (x, t)  by 

x t 

(1) u(x, t) = f v(z, t) dZ + f go(r) dr , x > O , t > O . 
o 0 

L EMMA 9. --.: If v is a fiolution of problem (pI) then u, defined by ( 1 ) ,  is a sol ution of problcm 
(1') with the fol lowing relations among data 

(2) 
x 

<J>(x) = f 4>(z) dz 

o 

x 
h(x) = f ho(z) dz 

o 
Con versely, if u is a sol ution of problem (P) then v defined by 

(3) v (x,t) = Itx(x,t.) 
is a sol n tion of problem (pI) with the following rclatiolls among data 

(4 )  4>(x)  = <I>'(X) , I lo(x) = h'(x) , 
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