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NATURALLY RED U CTIVE H O M O GENEOUS STRU CTURES O N  

2-STEP NIL P O TENT LIE GRO U P S  

.f O RG E  LA U RET 

FAM A F ,  U N I V .  NAC. DE CORDOBA,  A RG ENTI N A  

A RSTIli\CT.  VI/,o g i w  all a l l " l' n ;l. t i w p roof o f  t i l <' d " scr i p t i o ll  of  the na l. l l ra l l y  I'e
duct i ve 2-sLep n i lpo t.e l l t. L ie  g l'OllPH endowed wiLh a le fl- i n var i a. l l t  l I } ( � t. r j (' ,  as a l l  
appli cation of the characterization of naturally redllctive s p aces by homogeneolls 
struc tures of class '73 . We also prove I. ha.t if (N, ( , ) has no eud idean facto r ,  then 
there ex ist.s at most one n at u ra l l y  J'eci ll c t ive homogeneous str u c t u re (or of cl ass '73)  
on ( N , ( , } ) ,  

I .  I N T llO DlJCTION 
In [AS] , Ambrose and S i n ge r  gave a characterizat.ion of the homogeneous Rieman

n ian man ifolds by a local cond i t ion which i s  to be sat i sfied at al l  poi nts .  They proved 
t h a.t et con nected , s imp ly cOl l l l ected and complete Riema.nn ian m an i fold  ( lH, g )  i s  
h omogeneous i f  a n d  on ly  i f  t. \ w]'(' ex i sts  iL t .eflso]' fi e l d  l' or t.y pe ( I ,L )  such t. h at 
Vq = VR = VI' = 0 , whe]'e V = V' - T' an d V ,  l? denol.(' the' L('v i - C i v i ta: CO II (�C 
l i o ll and t l i e' (" 1 1  I ' V<1. 1 . 1 1 1"< ' 1 , (, I I SO I' o /" ( A/ , .If ) n ·s l ) ( 'c L i v( · l y. S l I l ' h 'I ' i s  ( 'a l l , ' < I <I, /t o/ l IO.'JCU (,O Il.'i  
8/ 'I "Uci 'll l'c. 

A fterwards ,  F. Tricerri a.nd L .  Va.ll hecke characteri zed the natu ra.l I y  redl.l et i ve ho
mogeneous spaces as above ad d i ng ti l e  con d i t i o n  T,,;l' = 0 fo r al l vector' field ;1:  o n  11,1 
( see [1'V 1 ] ) .  In t h i s  ca.s� T is cal l ed a natul'ally 1 'ecilt r:tive h O Tl lo!J c n co 'll.S 8/1' 11(:/:11.1'1' or a. 
hom.o.fJenC()U8 structure of clas,'; 'lJ . 

In [K2] , A .  K aplan showed t hat the  only natu rally recluctive H-type groups are the 
l[ e i sen berg group and its qlHI.(.erllion ic  analogue.  F. Tri cerri and L. Vanhecke gi ve 
i l l  ['I' V2] , a,s an appl i cation o r  Llw dl a.ra,cter i :r,atio [l ' o r  natu l'a. l l y  red ll c t i ve s p aces by 
homogeneous structures Rtnted i n  [T V 1 ] , an al ternat.ive p roo[' of Kaplan 's  resul t .  In 
[Co] C. C ordon studies nat u ra l ly recl u ct ive met rics on homogeneous ma.nifo l d s .  It i s  

proved that i f  t h e  manifold ad m i ts a transi t ive n i lpotent grou p o f  i sometri es then the 
group i s  at most 2-step n i lpotent. Moreover a necessary and su ffi c i ent cond i t i on for 
a. 2-step hO I llOg,<' I II'O I I S n i l ll l al l i /"o l d  is g i v( ' 1I to be n at l l rnl ly l " C 'ci u c L i vC ' .  

I II t l l is  work we start g i v i n g  i l l  �i :l a l l al l , ( ' rl l ill. i v(' proo/" o /" the descr i p t i o l l  or l l <ll. l I I'al l y  
I ' ( ·d l l c l. i v( '  L· s 1 . ( · p  l I i l po t < ' l l t  L i ( '  g ro l l pS g i V" 1 1  i l l  [Co] , H,S 1I . 1 I o l . I w r  < lp p l i ca l. i u l I  U /" t h e  
t h eory o f  homogen eous s t ruc tures . \Ve also s tudy i n  3,1 the  set o f  al l homogeneous 
s l.rnctu rps of class '73 i n  any n i l poten t L i e  gr01lp endowed with a l eft- i u var iant met r i c  

( N, ( , ) ) . \-\le shall p rove t b at i f  ( ,V, ( , ) )  has  no eucl i clean factor t l l eI l  t h e re i s  (1.1. most 
one homogeneous structure of class '13 o n  ( N, ( , ) ) . 

S u p por (.ed by a fel lowsh ip  f'l'Orn CONTC r-:T a l l d  research g;ran1.s fl'OlIl CON TCO R and SeCy'f U N C  
( A� ['gen t i na) . 
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2. GEOMETRIC PRELIMINARIES 
We consider simply connected real nilpotent Lie groups N endowed with a left

i n vari a.nt metri c ,  denot.ed by ( N, ( , ) ) ,  where ( , )  is the inner product on the Lie algebra 
n of N determined by the metr i c .  

' l' i l e  ru l l  g ro u p  o r  i so l l \!' t. r i ( 's o r  a. lI i l p o t. ( ' I I t. L i p  gro u j l  (N ,  ( , ) ) i s  g i v( ! 1 1  by 

( 1 )  I (N, ( , ) ) = ]( � N  (semidirect product ) ,  

where ]( = Aut ( n) n O(n, ( , ) ) i s  the isotropy subgroup and N acts by left translations 
( see [W]) . Thus the st ructure of  I (N, ( , ) )  is completely determined by ](. Note that ,  
s ince N is s imply connected, we make no distinct ion between automorphisms of N 
and n .  

Let N be a 2-step niJpotent Lie group an d let ( , ) be an inner product on n. Denote 
by 3 the center of n and set. tl = 31. . For each Cl E 3 we define la : tl --+ \1 by 

(2 )  (lax ,  y )  = (a , [.T ,  yD , x , y E tl .  

Note that la i s  skew-symmetri c for all et E 3 and 1 : 3 --+ End ( l1 ) is linear . The maps 
{ l,, } aE J  g ive the rel ationship between the Lie bracket of n an d the metr ic  ( , ) and thus 
carry a lot of geometric information about the Riemannian manifold (N,  ( , ) ) ( see for 
example [K l ] , [El] , [E2] ) .  It is easy to prove that the i sotropy group is given by 

( 3 )  

Let � be the L ie  algebra of  ](.  Thus e = Der( n) n 50 ( n, ( , ) )  and 

( 4 )  
If rn ,  11] i- 3 then N � NI X Hk , where NI = exp ( ll FB rn, n] ) an d Rk = exp ( [n , n] 1. n 3 ) 

( ex)) : n --+ N is the usual Lie exponential map ) ,  thus ( N, ( , ) )  is i sometric to 
( Nl , ( , ) l n l x n l ) x Rk . In this case , we wil l  say that (N, ( , ) )  has c 1Lclidean facto 1'. It 
is easy to see that (N,  ( , ) ) bas Euclidean factor if and only if there exists a non zero 
a.  E 3 sl Ich tha.t. l" = n .  

. . 
The Lev i - C i v i t a.  .conect. ion h a.s been computed i n  [El ] .  We have 

{ \l xy = H:v , y] 
\la;r = \l"a  = - � la .r 
\la b = 0 ,  

where x ,  y E tl and (£ ,  b E 3 (tre regarded as left- invariant vector fi e ld s  o n  N. For 
arbitrary X , y E n we recall that the Ricci tensor of (N, ( , ) )  is definecl by p( ;r , 1/ )  = 
tr (z -7 R(z , x )y ,  z E n) ,  where R denotes the curvature tensor defined by R(x , y )  = 
[\lx ,  \lyJ - \l[x ,y] ' For the Ricci tensor we obtain (see [El ] ) 

( i )  p(x , a)  = 0 V X E 11 , (£ E 3 .  
( i i )  I f  { (£ 1 , . . . , a m } is an orthonormal basis of  ( 3 ,  ( , ) )  then 

1 In pCr ,  y ) = ( ( :) L l,;Jr, y) V ;1: , 1/ E tl .  
- i = 1  
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In  particular p is negative definite on 11 x 11 and p i s  posit ive semi definite o n  3 x 3 .  If 
( N, ( , ) ) has no euclidean factor then P' i� pos i t ive definite on 3 x 3 .  

3 .  NATURAI-I-Y REDUCTIV E 2-STEP NII-POTENT LIE G RO U P S  

Let 'M be a connected homogeneous manifold .  Further let  G be a Lie group acting 
transitively and effectively on the left on IvI as a group of isornetries and denote by . 
f( the i sotropy su bgroup at some poi n t  p E .M . Let 0 and e denote t h e  L ie  a,lgebras 
of G and ]( respect i vely. SUPI ' ose m i s  (1 vector space comp l emellt o f' e i n  0 suc l t  t ha.t 
Ad(]()m C nt ( i . e .  0 = r El) m i� a reductive decomposition ) .  Thus we ma.y ident ify m 
wi th TpA1 via the map X --7 & 10 exp tX.p and we denote by ( , ) the i nner product 
on m induced by the Riemannian metric of M. 
Definition 3 . 1 .  The manifold M is  said to be naturally reduct'ive if there exists a 
Lie group G and a subspace m with the properties described above and such that 

( 5 )  ( [X, Y]nl l Z) + (Y, [X, Z]m )  = 0 v X, Y, Z E nt, 

where [X, Y)m denotes the proj ection of [X, Y) on nt with respect to the decompos i t ion 
9 = t El) m. 

An important observation i s  that a Uiemannian homogeneous space M = G IK 
might be naturally reductive although for none reductive decomposition 9 = r El) m 
of 9 the condit ion ( 5 )  holds . It is clear that if we want to find out whether M is 
naturally reductive or not we first have to determine al l  transi t ive isometry groups 
G of M and then consi der all the Ad (K ) - invariant complements of e in 0 . 

Because of this ambigui ty the following result has been proved by F. Tricerri an d 
L. Vanhecke in [TV2] (see also [TVl ] ) ,  

Theorem 3 . 2 .  [TV1 )  Let (111, g )  b e  a connected, simply connected and complete Rie
mannian manifold. Then (111, g)  is a nahlrally reductive homogeneous space if and 
only if there exists a tensor' field T of type ( 1 ,2 )  such that { (i) g(TxY ,  z )  + g(y , Txz)  = 0 

( AS)  ( : : � ('Vx .�) ( Y ' Z ) r= [:,�" R( Y , z ) ] - R( TxY , z )  - R(y , Txz ) 

( l l l ) ('VxT)y  = [Tx , 'l y] - TTzy 

( iv )  Txx = 0 
for all x ,  y ,  Z E x(  M) ,  where 'V denotes the Levi-Civita conee/ion of (M, g) and R 'is 
the Ri�mann curvature tens01' defined by R( x ,  y) = ['V x , 'V y) - 'V [x,yj ' 

Note that if V : = 'V - T then the conditions (AS)  can be wri ten as fol lows ! ( i) Vg = 0 

(AS) ( i i )  �R = 0 

( i i i ) 'VT = O .  

The condit ions (AS)  are t h e  Ambrose-Singer conditions and the existence of a 
tensor T satisfying these conditions is equ i valent to the homogeneity of the manifold 
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( see [AS] ) .  Note . that ( A S )  i s  a generali zation o f  Cartan 's  condition 9 R = 0 for 
symmetric spaces , in this case the tensor T == 0 satisfy ( A S )  . .  

D efinition 3 . 3 .  A te'nsor field T of type ( 1 ,2 )  is sai d  to be a homogeneous structure 
if i t  sati sfies ( A S )  and is said to be a naturally redu ctive homogen eous structure if T 
sat isfies (AS )  and ( iv)  of Theorem 3 . 2 .  

As  a n  app l i cat ion of Theorem 3 . 2 ,  ' there i s  i n  [T\12J an al ternative proof o f  the 
c lassification of n aturally feductive H-type groups ( see [K2] ) . Nilpotent Lie groups 
endowed with left-invariant metrics (N, ( , ) ) which are naturally reductive have b een 
studied by C. Cordon. It is proved in [Co] t hat any naturally reductive nilpotent 
Lie group ( N, ( , ) ) is at most 2-step nilpotent . Moreover a characterization of the 
naturally reductive 2-step ni lpotent Lie groups is given (see Theorem 3 .4) . We next 
give an aiternat ive proof of th is  theorem apply ing naturally reductive homogeneous 
structures . 

Theorem 3 . 4 .  [Co] Let (N, ( , ) ) be a 2-step nilpote nt Lie group without Euclidean 
factor. Then (N, ( , )) is natu1Yllly j'eductive if and only .if 

( i )  J.\ = { J" LEJ is a Lie subalgebm of 5 0 ( 0 ,  ( , ) ) . 
( i i ) T" E 5 0 ( 3 , ( , ) )  fm' any ({. E 3 , wh e re Ta is g£ven by J"Jb - JbJa ·= JTab for all 

a, b E 3 .  

We note that ( i i ) i s  equivalent t o  (Ja , Ta )  E e ,  i .e . i s  a skew symmetric derivaiion 
of n (see (4) ) .  

Alternat ive pro of o f  Theorem 3 . 4 .  Let ( N ,  ( , ) ) b e  a 2-step n i l  potent Lie group 
w i thout ellcl idean factor. LeL p denot.e the lli cci tensor of (N, ( , ) )  . If x ,  y E 0 ·an d 
a ,  b E  3 then ( see Section 2 )  

{ p(:r ,  y ) = (SI X ,  y) 
p(a , x )  = 0 

. p(a ,  b) = (S2 a , b) 
where 81 , S2 are. negat ive an d pos i t i ve defin i te symmetric transforma.t i on s  on 0 an d 3 
r('spcct. i vc ly. 

Suppose fi rst  that (N, ( , ) )  i s  nat urally red uct. i ve. By Theorem :1 . 2  there exists  a 
tensor Held T o[ type ( 1 ,2 )  sat . i sfyi ng ( A S )  and 7',..;r = 0 for any vector field :/: . 

By ( A S ) , ( i i )  we have that 9 R  = TR, it i s  clear then that 9p = Tp. If x E tJ and 
a, b E 3 wi th S2b  = Ab we obtain 

o = ,\ (Ta .c , b) + (SI X ,  Tab) 
o = -A (X ,  Ta b) + (S\ :r ,  l'ab) 
o = ( ( .5\ - ,\I )x ,  Tab) .  
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S i nce 82 i s  positive definite and 81 i s  negative definite w e  have that ( 51 - )..1) i s  
non-singular, thus Tab E 3 for any Cl E 3 and any eigenvector b E 3 of 52 . We choose 
a bas is  oh of eigenvectors of 52 , and by l inearity we ob.tain  

( 6)  V Cl ,  b E  3 

It follows from (AS ) , ( i )  that X, E so { n, ( , ) ) , thus 

( 7 )  7�, ;1' E t1 v (f. E .h ;1: E t1 . 

Note t hat ( 6 )  an d ( 7 )  hol d for ;LllY homogetleous struct ure OIl ( N, ( , ) )  , s i nce we have 
not used ( iv)  of Theorem 3 . 2  yet . 

Now, by another appl ication of \7 p = T p and using ( iv)  of Theorem 3 . 2 ,  for x ,  y E 0 
and a E 3 with 52Ct = Aa we have 

hence 

(\7 xp) ( y ,  et ) = (Txp ) (y , et ) 

Si nce (,\1 - S'd i s  non-si ngular , we obta i n as bdore (G )  t h at. 

(8 )  V a E  3 ,  x E 0 .  

I t  follows from (AS ) , ( i i i )  that for all x ,  y E 0 ,  a E 3 ,  we have 

( \7  aT),,;y = ('J�T)xy 

Now ,  using ( 6 ) , ( 7 ) , (8)  and ( i v )  of Theorem a .2 ,  we obtain for all b E 3  that 
� (TJaxY ,  b) + � (TxJaY ,  b) = (TaTxY , b) - � (TJaxY ,  b) - � (1'xJaY ,  b) 
� (y ,  TbJa x)  + � (J"y , n;l- )  = (y ,  T,,7�,b) - � (y ,  Td., ;r ) - � (JaY ,  nx) 
� (JbJaX ,  y )  - i ( JaJbX ,  y) = - � (1rab;l� ,  y) - i (JbJax ,  y ) + � ( JaJb ;r , V ) ·  

This implies that 

therefore 
( 9 ) 

1 1 1 1 1 
-JbJ - -J Jb = - - Jr b - -Jb J + -J  Jb 4 a 4 a 2 «  <1 a 4 a 

V a, b E  3 .  

V a ,  b E 3 ,  
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So we have that J, i s  a Lie subalgebra of .5'0 ( tJ ,  ( , ) ) and since Ta b  = Ta b, it follows from 
(AS ) , ( i ) that Ta E  .5'0(3 , ( ' ) ) . 

Converselly, suppose that ( i )  and ( i i ) of the theorem hold .  It i s  not hard to check 
that the tensor field of type ( 1 ,2)  defined' on left-invariant fields by 

{ TxY = � [x , y] 
( 1 0 )  l�x = - Tx a  = �Jax V x ,  y E 0 ,  a ,  b E  3 

Tab = Ta b  

is a naturally reductive homogeneous structure. Thus (N, ( , ) ) i s  naturally reductive 
by Theorem 3 .2 .  0 

We show i n  the fol lowing theorem that in naturally reductive 2-step nilpotent Lie 
groups we have no ambiguity problem with respect to the different transi t ive groups 
and decompositions as observed after Definit ion 3 . 1 . 
Theorem 3 . 5 .  Let (N, ( , ) ) be a 2-st ep nilpotent Lie group without e l1cl1:dean factor. 
Then (N, ( , ) ) is n atumlly reducl-ive if and only if it is so with respect to the full 
iso m e h'y group G = I(  N, ( , ) )  and the decomposition B = t EEl m ,  wh e're 

m =  { :r + Cl + Da : x E tJ ,  a E 3 }  

and Da, i s  lhe element in e given by Du l l' = Ju , Da L, = Ta •  

P7'oof. Suppose that (N, ( , ) ) i s  naturally reductive. Using that B = H£l n  ( see ( 1 ) ) ,  i t  
i s  easy to see that B = t Efl m is a direct s n m  of vector spaces . We note that if D E e 
then [D , x] = Dx for all x E n, and thus Ad(ip)x = ipX for all x E n, ip E K .  

We first prove that m i s  Ad(K)-invariant .  If 'lp E K and x + a + Da  E m then 

A d Clp ) ( :!: + (/. + Dn )  = 'Iin: + II'a + 1/)Da4, - 1 . 

Si nce If.Jaif, - 1 = J'/Ja ( see ( 3 ) )  we also have that 1/'TaIP - 1  = T'I'a , thus  4,D"if)- 1  = D"'a 
and hence Ad(K)m C m. 

We now prove ( ,5 )  for the decompos i t ion B = e Efl m. Let ( , ) e  denote the inner 
product on m determined by the Riemannian metri c of (N, ( , ) ) . It i s  easy to see 
that (x + D, y + D') e = (x ,  y ) for all :t , y E n, D, D' E t Thus ,  for any x ,  y ,  z E tJ ,  
(I ,  il,  C E 3 ,  we h a.ve 

= (Jcx , y ) - (Jbx , Z ) + (JaY , Z) + 2 (Tab, C) 

= (y , JcX )  - (y , JaZ) - (JbX ,  Z ) - 2 (b, Ta C) 

= - (y + b + Db ,  ( [x , Z] - Jc:r + Jaz + 2TaC + [Da , Dc] )m ) e 

= - (y + b + Db , [x + et + Da , Z + C + Dc] ) e .  
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This  proves (5 ) ,  concluding the proof, si nce the converse i s  obvious . 0 

4 .  HOMOGENEOUS STRU CTU RES OF CLASS '13 ON 2-STEP N ILPOTENT LIE 
GROUPS 

The naturally reductive homogeneous structures (see Definit ion 3 .3 )  are also called 
homogen eous structures of class '13 (see [TVl ] , [P] , [ChG l] , [ChG2] for further informa
tion about the cl asses of homogeneous structures) .  

F .  Tricerri and L .  Van hecke d etermi ned i n  [TV l ] all the homogeneous s tructures 
on the 3-dimension al HeisenL erg group , obtaining that they are p cuametrizecl by 

{ T(f.t )  : f.l' E R} . Further , T(/ t )  i s of class TJ if and only if f.l = � . 
In [ChG2] the homogeneous structures on the (2p + 1 ) -d imension al Heisenberg 

group Hp are characterized.  They gave a la.rge class of expl ic it  examp les 
{T(r, s , t 1 , • . •  , tp ) : r, s , ti E R} . 

An alogously to the case p = l one has that T( l' ,  s ,  t 1 ,  . . .  , tp )  i s  of class 73 if and only 
i f l'  = s = 0 and t 1 = . . . = t1' = � .  

The homogeneous structu res on the gen'eral izec1 He i senberg group JJ (l , r )  are al so 
characterized ( see [C�hG l ] ) ,  an d th i s  group does not ad n1 i t  any hOfi1ogeneous struc ture 
of class '13 .  

I n  this section we  study t h e  set of al l homogeneous structures o f  class '13 in any 
nilpotent Lie group endowed with a left-invari ant metri c (N, ( , ) )  . We shall prove that 
if (N, ( , ) ) 'has no euclidean factor then there is at most one homogeneous structure 
of class '13 .  

I t  follows from Theorem 3 . 2  t h at (N, ( , ) )  i s  na.tural ly recluc (. i ve if  and on ly  if  there 
is on (N, ( , ) )  a homogeneous structure of class '"1:3 . Thus,  if a n i l potent L ie  group 
(N, ( , ) )  has a homogcneolls structure of class 73 then N i s  at most 2-Htep n i lpoten t .  
Theorem 4 . 1 .  L e t  (N ,  ( , ) ) be a rWl1wally l'eductille 2-st e]) nilpotenl Lie gro'up with
out cuclidean factor. The tensor' field T of type ( 1 ,2 )  defined in ( 1 0 ) i8 the unique 
homogeneous structure of class '13 o n  ( N, ( , ) ) . 
Proof. Let T' be a homogeneous structure of class '13 on (N, ( , ) ) . In the proof of 
Theorem 3.4 ( see ( 8 )  an d ( 9 ) )  wC' h ave obtai ned 

{ 'I�x = �J,, :t: -
\j :t: E ll , Cl ,  b E 3 

1::b = r" b. 
Using that 'V p = Tip, for x ,  y E ll , a E 3 with S2a = Aa, we have 

('Vxp) (y , a )  , = (T�p) (y , a )  

p ('V xy , a ) + p(y , 'V,, (£ ) = p(T�y , a) + p(y , l�a )  

,\ (H:r: , V] , a) = >' (T;y ,  a)  

>' ( H:r ,  y] , a) = >' (T�y , a ) , 
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hence 

( 11 )  v x , y E o . 

We then obtain  that 
{ T;y = TxY + T;, y 

T�x = Tax 
T�b = Tah, 

v x, y E  0 ,  Va, b E  3 

where T1 : 0 x 0 --+ t, is a skew�symmetric bil inear form.  Thus , we shou ld pro�e that 
Tl == O .  

. .  

We can see Tl as a field tensor of type ( 1 ,2) putting T�x = T;, a = T;: b = 0 for all 
a ; b E 3 ,  x E 0 .  So we have T' = T + Tl . It follows from 'VT' = T'T' (see (AS ) , ( i ii ) )  
that 

. 
'VT + 'VTl = TT + TTl + TIT + TITl .  

Since 'VT = TT, for all x , y  E 0 ,  a E 3 ,  we have 

('VxTl )ya = (TxT1 )y a + (T;,T)ya + (T;, T1 )ya 

�T�Jax . = �T� Jax - �T; JaY + paT; y , 

and this implies that 

( 1 2) V :/':  E 0 ,  a E 3 . 
Now ,  for any :r: , y , z  E 0 we obtain  

('VJ.Tl ) yZ  = (1�T I ) y Z  + ('f; T)yz  + ( T}, '{'I )yZ  
M Tl - T TI ,. _ fT'  7 _ T 'T'I ,. + T1TI Z - Tl "' _ TITI ,. V x  y Z .  - · x  y - .l T1 Y �  y .• ,. - x y · T1 Y �  Y x -

� [x ,  T�z] = � [x ,  T;z] - � [T;y , z] - � [y , T; z] + T;,T;z  � T:};yz - T;T;, z , 

and since all brackets are in 3 then 
( 1 3 )  To 1  TITl TITI TJy = - x ·  y - y - x· V x , y  E 0 .  

Si nce Tl is bilinear and skew-symmetr ic  i t  fol lows from ( 1 3 ) that  [x , yh : = T;y defines 
a Lie algebra structure on o .  Fl1I'thermore , we have that T;, = ad :1: , w here ad denotes 
the adjoint representation of the Lie algebra ( 0 ,  [ , h ) .  
, From (AS ) , ( i )  w e  obtain that ad x E .!l o ( 0 ,  ( , ) ) for all x E 0 .  This impl ies that there 

ex i sts an orthogonal decomposi t ion \1 = 11' El) c wit.h I,' a compac t. sem is im ple i d eal 
of ( o ; [ , ] d  an d , the center of ( 11 , [ , l d . Denote by I,' = 1'1 EB . . . EB 11 ,. the ol'th ogonaJ 
decom pos i t. ion  of 0' i n  s i mple ideal s .  

By ( 1 2 )  we have that Jaad .1: = ad xJa for all x E 0 ,  a E 3 .  Thus Ja must preserve 
the ideal ol for all a E 3, since it is skew-symmetr�c and 02 $ . . .  Or $ c  = nXEUJ Ker(ad x ) .  

We now consider the complexification o f  11 ] , i . e .  the complex vector  space ( 11 1 )e : =  
0 ]  0R C .  The maps ad x and Ja extend naturally to ( ode , and clearly they stil l 

- commute with each other. Further, si n ce 11 ] i�  a compact sim ple Lie algebra, we have 
that (01 )c  is a simple complex Lie algebra. Hence the maps {ad x }  x E uJ act irreducibly 
on ( 01 )0 .  
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We then obtain by Schur's Lemma th at Ja = cl with c E C on ( l1dc . S i nce 
Ja PI C PI we have that c E R. Using now that Ja is  skew-symmetric we obtain that 
Ja l .! == 0 for all a E 3. This implies that l' l C 3 (see (2) ) ,  which is a contradiction.  

Therefore l1' = 0 ,  i .e .  ( p ,  [ , ] d  is  an abel ian Lie algebra and thus TI == O .  0 
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