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NATURALLY REDUCTIVE HOMOGENEOUS STRUCTURES ON
2-STEP NILPOTENT LIE GROUPS

JORGE LAURET

FAMAT, UNIV. NAC. DE CORDOBA, ARGENTINA

ABsTRACT.  We give an allernative prool of the description of the naturally re-
ductive 2-step nilpotent Lic groups endowed with a left-invariant metric, as an
application of the characterization of naturally reductive spaces by homogeneous
structures of class 73. We also prove that if (N, (,)) has no euclidean factor, then
there exists at most one naturally reductive homogeneous structure (or of class 73)

on (N,(,)):

L. INTRODUCTION

In [AS], Ambrose and Singer gave a characterization ol the homogeneous Rieman-
nian manifolds by a local condition which is to be satisfied at all points. They proved
that a connected, simply connected and complete Riemannian manifold (M, g) is
homogeneous if and only if there exists a tensor field 7" of type (1,2) such. that
Vg = VR =VT = 0, where V =V =T and V, R denote the Levi-Civita conec-
tion and the curvature tensor of (M, g) respectively. Such 1" is called a homogencouns
structure.

Afterwards, F. Tricerri and .. Vanhecke characterized the naturally reductive ho-
mogeneous spaces as above adding the condition 1,2 = 0 for all vector field 2 on M
(see [TV1]). In this case 7" is called a naturally reductive homogencous struclure or a
homogeneous structure of class Ty.

In [K2], A. Kaplan showed that the only naturally reductive H-type groups are the
Heisenberg group and its quaternionic analogue. I'. Tricerri-and L. Vanhecke give
in [I'V2], as an application ol the characterization of naturally reductive spaces by
homogeneous structures stated in [T'V1], an alternative prool of Kaplan’s result. In
[Co] C. Gordon studies naturally reductive metrics on homogeneous manifolds. It is
proved that if the manifold admits a transitive nilpotent group ol isometries then the
group is at most 2-step nilpotent. Moreover a necessary and sulficient condition for
a 2-step homogeneous nilmanilold is given 1o be naturally reductive,

[n this work we start giving in 3 an altemative prool of the description ol naturally
reductive 2-step nilpolent Lie gronps given in [Gol, as another application of the
theory of homogeneous structures. We also study in §4 the set of all homogeneous
structures of class 73 in any nilpotent Lie group endowed with a left-invariant metric
(N,(.)). We shall prove that if (N, (,)) has no cuclidean factor then there is at most
one homogeneous structure of class 7 on (V, (,)).
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2. GEOMETRIC PRELIMINARIES

We consider simply connected real nilpotent Lie groups N endowed with a left-
invariant metric, denoted by (N, (,)), where (,) is the inner product on the Lie algebra
nof NV determined by the metric. _

The [ull group of isometries of a nilpotent Lie group (N, (,)) is given by

- (1) I(N,(,)) =K xN (semidirect product),

where K = Aut(n)NO(n, (,)) is the isotropy subgroup and N acts by left translations
(see [W]). Thus the structure of I(N, (,)) is completely determined by K. Note that,
since IV is simply connected, we make no distinction between automorphlsms of N
and n .

Let N be a 2-step nllpotent Lie group and let {,) be an inner product on n. Denote
by 3 the center of n and set v = 31, For each « € 3 we define J, : v — v by

(2) - (amy) = (e [z,y]),  myew

Note that J, is skew-symmetric for all ¢ € 3 and J : ;3 — End(v) is linear. The maps
{J.}ae, give the relationship between the Lie bracket of n and the metric (,) and thus
carry a lot of geometric information about the Riemannian manifold (N, (,)) (see for
example [K1], [E1], [E2]). Tt is easy to prove that the isotropy group is given by

(3) K={(T,¢6)€ O(w) xO(3) - TJT™" = Jpa, a€3}. .
Let ¢ be the Lie algebra of /. Thus ¢ = Der(n) Nso(n, (,)) and
(4) t= {(A,B) € s0(v) x 50(3) : AJy — JoA = Jga, a €3}

If [n,n] # 3 then N o~ Ny x ¥, where Ny = exp (v @ [n,n]) and R* = exp ([n,n]* N3)
(exp : n — N is the usual Lie exponential map), thus (N, (,)) is isometric to
(N1, ()] xm ) x RE. In this case, we will say that (N,{,)) has euclidean factor. Tt
is easy to see that (N, (,)) has Euclidean factor if and only if there exists a nonzero
a € 3 such that J, =0. ‘ '

The Levi-Civita conection has been computed in [E1]. We have

Y.y = Lfa,d]
Ver = Vea = —%J(,_:L'
V. =0,
where 2,y € v and a,b € 3 are regarded as left-invariant vector fields on N. [or
arbitrary z,y € n we Lecall that the Ricci tensor of (N, (,)) is defined by p(x,y) =
tr(z = R(z,2)y, z € n), where R denotes the curvature tensor defined by R(r y) =
[Vz, Vy] = Vg, For the Ricci tensor we obtain (see [E1])
(i) p(z,a) =0 Va€v,acs
(i) If {aj, ..., &} is an orthonormal basis of (3,(,)) then

m

Z.]z Jr,y) Va,y € o

(iii) p(a,b) = ——__%tr(Jan) Ya,be;.



17

In particular p is negative definite on v x v and p is positive semidefinite on 3 x 3. If
(N, (,)) has no euclidean factor then pis positive definite on 3 x 3. -

3. NATURALLY REDUCTIVE 2-STEP NILPOTENT LIE GROUPS

Let M be a connected homogeneous manifold. Further let G' be a Lie group acting
transitively and effectively on the left on M as a group of isometries and denate by
K the isotropy subgroup at some point p € M. Let g and t denote the Lic algebras
of G and K respectively. Supjpose m is a vector space complement of ¢ in g such that
Ad(K)m C m (i.e. g =t® m i a reductive decomposition). Thus we may identily m
with TpM via the map X — ad;|0 exp tX.p and we denote by (,) the inner product
on m induced by the Riemannian metric of M.

Definition 3.1. The manifold M is said to be naturally reductive if there exists a
Lie group G and a subspace m with the properties described above and such that

(5) (X,Y]m, Z) + (Y, [X, Z)0) =0, VX, Y,ZEm,

where [X, Y], denotes the projection of [ X, Y] on m with respect to the decomposition
g=tDHm.

An important observation is that a Riemannian homogeneous space M = G/K
might be naturally reductive although for none reductive decomposition g = ¢t @ m
of g the condition (5) holds. It is clear that if we want to find out whether M is
naturally reductive or not we first have to determine all transitive isometry groups
G of M and then consider all the Ad(X)-invariant complements of ¢ in ¢ .

Because of this ambiguity the following result has been proved by I*. Tricerri and

L. Vanhecke in [TV2] (see also [TV1]).

Theorem 3.2. [TV1] Let (M, g) be a connected, simply connected and comblete Rie-
mannian manifold. Then (M,g) is a naturally reductive homogeneous space if and
only if there exists a tensor field T' of type (1,2) such that

(i) 9(Tey, 2) + 9(y, Toz) = 0

(AS){ (i) (VaR)(y, 2) = [T2, R(y, 2)] = R(Tey, z) = Rly, T2z)
(iii) (VoT)y = [T2y T,) — Ty
(iv) Toe = 0

Jor dl z,y,z € x(M), where V denoles the Levi-Civita conection of (M, g) and R is
the Riemann curvature tensor defined by R(z,y) = [V, Vy] = Vizy).

Note that if V := V — T then the conditions (AS) can be writen as follows
(i) Vg=0
(AS){ (i) VR=0

(iii) VT = 0.
The conditions (AS) are the Ambrose-Singer conditions and the existence of a
tensor T satisfying these conditions is equivalent to the homogeneity of the manifold
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(see [AS)). Note that (AS) is a generalization of Cartan’s condition VR = 0 for
symmetric spaces, in this case the tensor 7' = 0 satisfy (AS). -

Definition 3.3. A tensor field T of type (1,2) is said to be a homogeneous structure
if it satisfies (AS) and is said to be a naturally reductive homogeneous structure if T
satisfies (AS) and (iv) ol Theorem 3.2.

As an application of Theorem 3.2,'there is in [TV2] an alternative proof of the
classification of naturally reductive H-type groups (see [K2]). Nilpotent Lie groups
endowed with left-invariant metrics (N, (,)) which are naturally reductive have been
studied by C. Gordon. It is proved in [Go] that any naturally reductive nilpotent
Lie group (N, (,)) is at most 2-step nilpotent. Moreover a characterization of the
naturally reductive 2-step nilpotent Lie groups is given (see Theorem 3.4). We next
give an alternative proof of this theorem applying naturally reductive homogeneous
structures. ' '

Theorem 3.4. [Go] Let (N,(,)) be a 2-step nilpotent Lie group without Euclidean
factor. Then (N, {(,)) is naturally reductive if and only if

(1) J, = {Ju}ue, ts a Lie subalgebra of so(v, (,)).
(i) 7o € s0(3,(,)) for any a € 3, where 7, is given by J.Jy, — JoJo .= Jrp for all
a,b € 3.

We note that (ii) is equivalent to (J,,7,) € ¥, i.e. is a skew symmetric derivation
of n (see (4)).

Alternative proof of Theorem 3.4. Let (N,(,)) be a 2-step nilpotent Lie group
without euclidean factor. Lel p denote the Ricci tensor of (N,(,)) . If z,y € v-and
a,b € 3 then (see Section 2)

Vey = 2, 9] plz,y) = (5 'Y)
Vir = Vea = —1J,2 (e, iL)
Vab=0 \ pla,b) =< a,b)

where Sy, S; are negative and positive definite symmetric transformations on v and 3
respectively.

Suppose first that (V,(,)) is naturally reductive. By Theorem 3.2 there exists a
tensor field T of type (1,2) satisfying (AS) and T, = 0 for any vector field z.

By (AS),(ii) we have that VR = TR, it is clear then that Vp = Tp. If z € v and
a,b € 3 with S,b = Ab we obtain

(Vap)(z,0) = (Tup)(=,b)
p(Vaz,b) + p(x,Vab) = p(Tez,b) + p(z, Tub)
0 = MToz,b) + (Sia, Tub)
0 ==Xz, Tub) + (Siz, T,b)

0 = ((Sy — A)z, Tub).



19

Since S, is positive definite and S; is negative definite we have that (S; — AJ) is
non-singular, thus T,b € 3 for any a € 3 and any eigenvector b € 3 of S;. We choose
a basis of 3 of eigenvectors of Sy, and by linearity we obtain

(6) Tobe; Va,be;
It follows from (AS),(i) that T, € so(n,(,)), thus
(7) T.r € Va€sjz a€n

Note that (6) and (7) hold for any homogencous structure on (N, (,)) , since we have
not used (iv) of Theorem 3.2 yet. '

Now, by another application of Vp = T'p and using (iv) of Theorem 3.2, for 2,y € v
and a € 3 with Sa = Aa we have

(Vap)(y,a) = (Tep)(y,a)
p(Vay,a) + ply, Vea) = p(Tey,a) + ply, Tea)
Hle ], S20) = HSy, Jux) = (Toy, Saa) + (S1y, Tra)
${se02,y) = 3(S1daz,y) = —(TeS2a,y) + (51730, y)

(3Mez — 381 Jaz,y) = (Muz — 51Tz, y),

hence ,
é—(/\] - S = (A/ - )Tz Va€n, a€;iwith Sya = Aa.
Since (A — 5Y) is non-singular, we obtain as befove (6) 1‘)]1&1,.1,
(8) Tox = %Jaz' VYa€s x€En
.It follows from (AS),(iii) that for all z,y € v, a € 3, we have
(VaT)oy = (TuT)zy

vu.,l:uy - ,I‘V
Now, using (6),(7),(8) and (iv) of Theorem 3.2, we obtain for all b € 3 that
%(TJGJ;?/, b) + %(Tz-]aya b) = <Tasza b) - %(TJazy’ b) - ';'(Txt]ayv b)

i/ ’jl‘xvu'/ = ’I‘(L,I‘JU - ,I"]'“:uy - ,/;tl'u!/

il

%(y, TbJa:t> + %(Ja?/va:") = (Uv Tlr[—lub) - %(l’/yTanﬂ:> - %(Jutlv Tb:”)

}T(-][,JQIL‘,?]) - %(Jﬂbe’ y) = _712'<J'1’abl'a .U) - i(JbJa:E) ?/) + }T(Ja']bmv y)
This implies that
1 1 1 1 1
- a — TJa = -3z - = Ja _Ja ‘v’,b )
4JbJ 4.] Jy 2J71,b 4Jb + 1 Jy a,bej
therefore

(9) Jody — Dpda = J1e Vabes.
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So we have that J, is a Lie subalgebra of so(v, (,)) and since 74b = T,b, it follows from

(AS),(i) that 7, € so(3, (,))-

Converselly, suppose that (i) and (ii) of the theorem hold. It is not hard to cheék
that the tensor field of type (1,2) defined or: left-invariant fields by

Tf'—'T = %["L‘ay]
(10) T,z = -T,a= %Jaa: Vz,y€v, abes

Tob = 1,0
is a naturally reductive homogeneous structure. Thus (N, (,)) is naturally reductive

by Theorem 3.2. [

- We show in the following theorem that in naturally reductive 2-step nilpotent Lie
groups we have no ambiguity problem with respect to the different transitive groups
and decompositions as observed after Definition 3.1.

Theorem 3.5. Let (N, (,)) be a 2-step nilpotent Lie group without euclidean factor.
Then (N, (,)) is naturally reductive if and only if it is so with respect to the full
isometry group G = I(N,{(,)) and the decomposition g =t @ m, where

m={z+a+D,:TEv,a € 3}
and D, is the element in t given by D,|, = Jo, Daly = 7a.

Proof. Suppose that (N, (,)) is naturally reductive. Using that g = e @ n (see (1)), it
is easy to see that g = ¢ @ m is a direct sum of vector spaces. We note that if D € ¢
then [D,z] = Dz for all z € n, and thus Ad(p)z = gz for all x € n, p € K.
We first prove that m is Ad(K)-invariant. If » € K and = + a + D, € m then
Ad(p) (@ + a + D,) = hx +tha + hpDarp ™.

Since 1hJup~t = Jya (see (3)) we also have that prep~ = 7y, thus ¥ Dap™! = Dy,
and hence Ad(K)m C m. .

We now prove (5) for the decomposition g = ¢t @ m. Let (,). denote the inner
product on m determined by the Riemannian metric of (N, (,)) . It is easy to see
that (x + D,y + D')e = (x,y) for all 2,y € n, D, D’ € v. Thus, for any z,y,z € v,
a,b,c € 3, we have ‘

([ + a4+ Dy + b+ Dyl z 4+ ¢+ Deye =
= (([#,y] = Jox = e + Juy + Tab+ [Da, Dil)mr 2 + € + Do)
= ([z,y] = Jox + Juy + 27ab, z + ©)
= (Jez,y) — (Jox, 2) + (Joy, 2) + 2(7eb, ¢)
= (y, Jox) — (y, Juz) — (Jyz, z) — 2(b, TyC)

—(y + b, [z, 2] = Jex + Juz + 274¢)

= —(y+b+ Dy, ([x,2) = Jex + Jaz 4+ 270c + [DQ,DC])“‘),?,

=—(y+ b+ Dy, [t +a+ Do,z + ¢+ D).
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This proves (5), concluding the proof, since the converse is obvious. O

4. HOMOGENEOUS STRUCTURES OF CLASS 73 ON 2-STEP NILPOTENT LIE
GROUPS

The naturally reductive homogeneous structures (see Definition 3.3) are also called
homogeneous structures of class Ty (see [TV1],[P],[ChG1],[ChG2] for further informa-
tion about the classes of homogeneous structures).

I*. Tricerri and L. Vanhecke determined in [TV1] all the homogeneous structures
on the 3-dimensional Heisenlierg group, obtaining that they are parametrized by
{T(k) : ¢ € R}. Further, T(p) is of class 75 if and only if u = 3.

In [ChG2] the homogeneous structures on the (2p + 1)-dimensional Heisenberg
group H, are characterized. They gave a large class of explicit examples

{T(r,s,t1,...0tp) i 7y 8,8 € R},

Analogously to the case p =1 one has that T'(r,s,t1,...,1,) is of class 73 if and only
ifr=s=0andt;=..=t,=1.

The homogeneous structures on the generalized Heisenberg group H(1,r) are also
characterized (see [ChG1]), and this group does not admit any homegeneous structure
of class 73. ¢

In this section we study the set of all homogeneous structures of class 73 in any
nilpotent Lie group endowed with a left-invariant metric (N, (,)) . We shall prove that
if (N, (,)) has no euclidean factor then there is at most one homogeneous structure
of class 73. )

[t follows from Theorem 3.2 that (N, (,)) is naturally reductive if and only if there
is on (N,(,)) a homogeneous structure of class 73. Thus, il a nilpotent Lie group
(N, (,)) has a homogeneous structure of class T3 then N is at most 2-step nilpotent.

Theorem 4.1. Let (N,(,)) be a naturally reductive 2-step nilpotent Lie group with-
out euclidean factor. The tensor field T' of type (1,2) defined in (10) is the unique
homogeneous structure of class T3 on (N, (,)) . '

Proof. Let T' be a homogeneous structure of class 73 on (N, (,)) . In the proof of
Theorem 3.4 (see (8) and (9)) we have obtained

Tie = 1J.x
Va€n a,b€
Tib = 7,b.
Using that Vp = T'p, for x,y €Ev,a€; with Sya = Aa, we have
(Vep)y,a) .= (T3p)(y, )

p(Vay,a) + p(y, Vaa) = p(Toy,a) + ply, Tia)
.%([x,y],Sga) — 3(S1y, Juz) = (Tz’y,Sga) + (S1y, Tha)
/\(%[a:,y],a) — %(Sly,Ja:c) = MTly,a) — %(S’ly,Janr)
Azlz,yl,a) = MTly, a)

M3z, ), @) = MNThy,a),
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hence

1
(11) (Toy)s = 5ky]  Vayeo

We then obtain that

Ty =Ty +T)y

Tz =T,z Vz,y€nv Va, b€ ;

T!b =T,b, »
where T : b X v —> v is a skew-symmetric bilinear form. Thus, we should prove that
T' = 0.

We can see T! as a field tensor of type (1,2) puttlng Tlz =Tla= T =0 for all
a;b € 3, ¢ € v. So we have " = T + T'. 1t follows from VT’ = T’T’ (soe (AS),(iil))
that ’

VI +VT' =TT +TT' + T'T + T'T".
‘3111ce VT =TT, for all z,y € v, a € 3, we have

(Vle)y = (TT")ya+ (TzT)ya + (T3 T")ya
—T;an = —T; Tea+ T} Tya — Triya

1T e = 1T e — LT Ly + 1.1y,
and this implies that
(12) TiJ, = J, T, Vz€n, acs
Now, for any z,¥y,z € v we obtain ‘
(VoTY)yz = (112 + (I"'I Yoz + (T2

V.Tlz =TTl Tpyz = T,T)z + TT)z — Thy,z — TiT2z

sle T2l = 3le, Tyz) = 3(Thy, 2] — 3ly, Thz) + TiT}z - T,z — TyT;z,
and since all brackets are in 3 then

(13) T}, =TI -T)T}  Vazyeo.

yur

Since T is bilinear and skew-symmetric it follows from (13) that [z,y], := T}y defines
a Lie algebra structure on v . Furthermore, we bave that 7} = ad x, where ad denotes
the adjoint representation of the Lie algebra (v, [,]1).

From (AS),(i) we obtain that adz € sa(v, (,)) for all z € v. This lIIlp]lFS that there
exists an orthogonal decomposition v = v &) ¢ with v a compact semisimple ideal
of (b,[,]1) and ¢ the center of (v,[,];). Denote by v = v @ ... @ v, the orthogonal
decomposition of v’ in simple ideals.

By (12) we have that J,ad v = adaJ, for all z € v, ¢ € 3. Thus J, must preserve
the ideal vy for all a € 3, since it is skew-symmetric and vy @®...0, D ¢ = Nyey, Ker(ad z).

We now consider the complexification of vy, i.e. the complex vector space (vy)e :=
p1 ®r C. The maps adz and J, extend naturally to (v;)e, and clearly they still

 commute with each other. Further, since vy is a compact simple Lie algebra, we have
that (v1)c is a simple complex Lie algebra. Hence the maps {ad 2} ;e,, act irreducibly
on (nl)(;.
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We then obtain by Schur’s Lemma that J, = el with ¢ € C on (n)¢. Since
Jab1 C b7 we have that ¢ € R. Using now that J, is skew-symmetric we obtain that
Jale; =0 for all a € 3 This implies that v, C 3 (see (2)), which is a contradiction.

Therefore v = 0, i.e. (v,[,]1) is an abelian Lie algebra and thus 7' =0. 0O
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