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ABSTRACT. The representations of the symmetric group were stndied initially 
by Frobenius, Sclmr and Young. In more recent work , .Tames ( [3] and [4] ) ckseribes 
the irreducible representat.ions of Sn in terms of Specht. modules, and Farahat-Peel 
( [2] ) in t.erms of ideals in the group algebra. 
In this work we present a realization of the irreducible represent.ations of the 
symmetric group Sn in the ring of polynomials in n indeterminates. 
The objective of these realizations is to deVelop the theory of represent.at.ions of 
the Rymmetric group, taking advantage of the stl'lleture of t.he ring of polynom ials. 

To begin '�ith, we treat. the case where K is a field of eharaderh;t.ie zero. III this 

caRe, the politabloids concepts and Specht modnles in the language of [4J have a 
natural realizution. 

. 

The construet.ions in the ease of charaet.eristic zero , with slight modifications, are 
used later in section 2 ,  to ohtain the ilTedl leihk representations of 8" on a fidd 
of characteristic different from zero. 

1 .  ORDINARY REPRESENTATIONS . 

Let K be Cl field and let · No he the set of de non llegative integers. vVe consider 
the polynomial ring A = K [;I:t , . . .  , xnl in the indetenninates X l ,  . . .  , :T" . 
Given the multi-index a = (aI , . . .  , an) E No , with :1:" we will denote the lIlollornial: 

We have in A a biline[u' form < , > defined 011 the generators by : 

and extended by linearity. 

{ l sl a = fJ  < :/"" T/J > -" , . .  - 0 SI a 0:1 (3 

Let Sn be the symmetric g;:ronp of In = { I ,  2, . . , n} .  There is a. uatlUal uctioll of 
Sn on A and this action preserves the hili near form < , > .  
For a set C,  such that C � In , we denote by S (C) he the sYlIlmetric group of C . 
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Putting C = {Ch " " Ch} ; Cl < C2 < ' , , < Ch , we define: 

6.c = L sg (O') O' ,  UES(C) ec = 6.c ( Mc) 

where sg (O') is the sign of 0", 
For a multi-index a = (a "  " " an ) E No , with ;1:Ci we write: 

From these definitions and nota.tions, the following proposition is clear: 

Proposition 1 . 1 :  'i) For' each monomial M we have: 

ii) If M = X�11 , , , x�: ,  then: 

6.c ' (J\-t) = det ( [XCii ] . . . ) • CJ J �' ,J�II 
Also, with the same notations from above ,  it is possible to' obtain the following 

striking identity, 
Lemma 1.2 ,  If a == (ab . .  : ' ah ) E N� and C = {I ,  2, " ' , h} ,  then: 

det ( [xJCli ] . . ) = det ( [xJi.- 1 ] . .  ) P J �' ,J � h  1::;',J�h 

where P is a symmetric polynom'ial for S( C) , 
Proof: Let rPl , " " cPh be the symmetric element.ary polynomials in XI , " " a!h , that 
is: 

Then, we have: 

cPi (XI , " " x,,) == L . Xkl ' x� , , , Xki 
kl <k:!< · , ·<ki ·  

Xh _ A, " ,11- 1 A, '1,11-2 + ± ,J.. j - 'f'i '''j - 'f'2 " j  , " 'f'h 
and ftom this identity it follows t.hat. for all rn E No t.here are symmetric polyno

mials "pi ! " " "pc such that: 

mid, therefore I.lwre are SYUUIlot;ric polYllom ilils 'I/J;j sueh I.hat, :  

[ ,pCli ] _ [" ,} ] [:J:i- J ]  " 'j - 'Hj 'j 

Now, if we compute determirui.nts OIl both sides of this equality, we get the lemma, 
Of course P = det ["pij] , • 
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Proposition 1.3:  Let C S;;; In be any subset, then: 
'i) For' r E S (C) we have: 

'ii) If M = xa then, 6c (M) = 0, if and only 'if, theTe aTe two elements i, j 
in C such that i =I j with ai = aj . Futhe1mor'e, if dg (MC) = dg (Mc) lhen 
6c (M) =1= 0 ,  if and only if, !;/teTe is an dement a E S (C) such that MC = a Mc. 
iii) For each P in A, 6c (P) = Cc P*where P* is a S(C) -symmetric polyriomial . 

Prvof: i) For r E S  (C) , we have: 

r I: sg (a) a uES(C) 
= I: sg (a) ra = 8g (r) I: sg (ra) ra uES(C) tTES(C) 
= sg (r) I: 8g (p) 11 

i,ES(C) 

but r 6c = 8g (r) 6c and 6c r :..= 8g (r) 6c. 
ii) If there are indexes i =I j in C such that ai = aj , it is clear that D.c (.A1) = O .  
Conversely, iEthe images a M of M nnder a in S (C) are all different,  then they 
are linearly indepcudeut,  hCllce h.c (M) = 0 says that t1 1cre is an ckrnml t. (T i n  
S (C) :mch that a M = M , conscqllently, wc. obt.ai n two dmnents 'i" j il l  C sl Idl 
that i =1= j with ai = aj . 
iii) Follows from lemma 1 .2  and the linearity of 6.c . •  

Consider a in S" and 0, ,02 , . .  ,Om the orbits in In of the cyclic gronp gellcrated 
by a . We define 6tT in End (A) and Mu, CtT in A by: 

6.u ::;:: IT 60; , Mu = IT MOi , Cu = IT Co, . l :$i:$m l:$i:$m ' :s;i :9n. 

Let Cu be denote the group S (0 , )  x . . . x S (Om) and if / is a conj ugation dass 
of 8,, , wc wil l dmloJ;e V')' and W,y !.he sl \hspac(�s of A givc�1l hy : 

V')' = ( Mu : a E /) and WI' = ( eu : a E ,,/) 
If "/i is the cardinality of Oi , we have that the degree of MtT is:  

'In .2  
dg ( MtT) = L "/i - /i 

i= 1 2 

and this value is the same for each element ill the conjugation class of a. 
If  a helongs to the class of ,,/, we define the deg1"Ce of "/ a s  dg b) = dg ( Ma) .  
Front now O I l ,  wc will use t.he prceed iug llot.al. iol ls  a w l  COl lv(mt . ioI lS .  

Proposition 1 .4: i) For' each class ,,/,  V')' and W..,. are both 'invariant ltnder 8n 
and W..,. S;;; V')' . 
ii) If"/ =1= "I', then V..,. n VI'f = 0 = (V..,., VI" ) , In consequence the maps "/ --+  VI and 
"/ --+ W..,. are one-to- one mappings. 
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i'ii) r 6." = 6." r = 8g (r) 6." V r E S" . 
iv) If P E A, then 6." (P) = Q eu , wher'e Q is a S,, -symmetl'ic polynomial. 
v) When ,,( "#  11 and dg hi) ::; dg h) we have 6.u (Vy') = O. 
vi) FoT' P E V, and (J E 1 it is valid the 'identity �" (P) = (P, eu) eu . 
Pmof: i) and ii) follow readily from the constructions of V, and W, . Since each 
monomial M ean he written as: 

and the fact that 6." is a linear operator, we obtain iii) and iv) from the propo
sition 1 .3, 
To see v) and vi) consider M = x C>  , and if 6.u (M) -=I 0, t.hen by iv) we mnst. 
have: 

dg (M) ;?: d9 (eu) = dg (M,,) = dg h) 
If dg (M) = dg (1) , then putting .iVi = MO] . . .  MO"" we obt.ain: 

so that 6.oi (MO; ) -=I 0 V i = 1 , 2 ,  " . ,  m. From part hi) of the Proposition 1 . 3  it 
follows that: 

and therefore: 

dg (.iVt) = L dg (MOi ) � L cig (.MoJ = dg (M,,) = dg h) 
i 

that is , MO. and Mo, have t.he RaInC degrce V ,t . Now, by applying part. ii) of 
the Proposition 1 .3 ,  we infer that t.here exist.s Ti E (S(\) sueh that: 

Hence, if r = 11 Ti , then T E eu and: 

M = r Mu 

In particular we see that M E V, .  
Starting from: 

we ohtain: 

6.u (M) = 6ur (Mu) = sg (r) 6u (M,,) = S9 (r) eu 
= (r Mu,  eu) elI = (M, elI) elI 
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hecause t:-.rr is a linear operator. Besides , if T E "/ and t:-.rr (Mr) #- 0, then 
Mr E V" n V" and this implies l' = J. • 
Denoting by p, the representation of Sn 011 W" we can est.ablish the following 
theorem: 

Theorem 1 .5 :  If cltar(K) = 0 o'r char{K) > n, then: 
i) P, is ir'reducible JOT eveTY class 1 .  
'in P, � P,' �f, and only '�f W, = W" 'if, and only if 1 = 1' ·  
iii) The Tepn�sentations P, aTe allthe absolutely i1Teducible l'('p' rcserdatiulls of S" 
up to ·isomorphism. 

PmoJ: i) Let W, be an Sn-invariant sl1bspace . For the assumption on the charac
teristic of K, W, is completely reducible , t.hat is , there is an Su-invariant subspaee 
'T of de W, , such t.hat.: 

W, = S EJ:) T  
For (J' E 1,  we piek ,'; and t in S and T respectively verifYing err = .'3 + t ,  and we 

obtain: 

By the hypothesis l err l i- 0, and t.his implies that t:-.rr (s) or t:-.(J (t) can not he both 
zero, that is to say (err , s) or (e(J ' t) are nonzero, hence e(J is in S uT, so that. S = 
W, or T = W, . .  
i i )  Let. (} : W, -j. W,' b e  a n  Sn-isomorphisrn. We ean supposo dg ("() ::::: dy ("(I) . 
For (J' E 'Y,  we have: 

but now, from v) of Proposition 1 .3 ,  it follows that 1 = 1'. iii) In t.he hypot.h(�sis of the theorm n, t.lw tlI lTnhm of nOIl isomorph ic  i rl'<�d l l c : i h le 
representat.ions is equal t.o the number of conjugat.e daSHes of S" . •  

In what follows, we will do a short analysis of the characters of Sri assuming t.haf. 
the field K has zero characteristic. 

Let us consider the partitions 11 , 12 ,  . . .  , 11t of Tt ordered such that: 

and denote with Vi and Wi t.he subspaces V,; and W,; respectively. Let 4'1 ,  . . .  , '//J!, 
and Xl , • • •  , Xl� be t.he characters of Sn over the spaces Vb . . . , V" and W1 ,  . . .  , W" 
respectively. If tij is the multiplicity of Wi in Vj ' we have, from Proposition 1 .4 :  

tii = 1 and t;j = 0 i f  i > j 
. 

Let T = [tij] , ·then T is a lower triangular matrix with 1 's in the principal 
diagonal, and: 
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and x =  

Then we may establish: 

Theorem 1 .6 :  i) 

('lj)j-l , 'IPz) 
1/)2 

, Here < ,  > stands for' the scalaT p'rod'Uct for characters. 
ii) The m'Ultiplicity of Wi in Vj ,is given by: 

(1/) j _ 1 ,  1p2) 
(1Pi , l/J2)  

Proof: i) The family o f  functions 'P k  defined by: 

is an orthononnal system , heCI11 1se: 

(-IPk- l ,  'l/J2) 
'tP2 

('V)t , 'V)k) ] 
('l/Ik-,: , 1h) 

1Pk 

where t,T,., is the transpose matrix of the 4 ,  and 4 = [tijb�i,j�k ' In addition 
'Pl = 1/h = Xl aud 'Pk belong to the subspace generated by Xl , . . .  , Xk . Then we 

.conclude that Xk = 'Pk for k = 1 ,  . . .  , h .  
ii) It is clear from 'i) 
ii'i) Since 'tP,, (cr) = 0 when (J 7= 1 ,  and 1/JJ. ( 1 )  = 11.1 ,  for each index j we have 
(1/)" , 'l/-Ij ) = '\fjj (1) , and now, from 'i) and ii) follows that: 

Remark: Part ii'i), ill Theorem 1 .6,  is a consequence from the general f}l.ct that 
the multiplicit.y of a simple module in ,the ldt n,gular reprc�:iCJ\tatioll i s  I)[c("i�,;dy 
this dimension. In our ease, it is easy to see that the representation over V" is 
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equivalent to the left regular representation. 
Notice that 'l/Jj (a) is the number of the mOllOInials ;D" in Vj which arc fixed by a. 
Moreover, Sn acts naturally in the tensor product Vi ® Vj by: 

a (P @ Q) = a (P) 0 a ( Q) 
Then, SII decomposes the . canonical b�ise of Vi 0 Vj in a. certain number of orbits, 
and due the Burw3ide's identity, we can infer that tIus number is: 

2. MODULAR REPRESENTATIONS . 

Now, let K be a field of characteristic p > O. Let "I be any conjugation class of 

Sn . Given a in "I , let Oh02 , o o ,Orn be the orhits of the C'Jclic group generated hy 
ir in I,, ,  enumerated sitch that 1 0i l  ::::: 1 c:.\ ' I I . Consider )Vt = Mll and e = ell 
as before and denote by R = Rll the isotropy gTOllp of M .  Also, at, . . .  , Ok will 
denote the orbits of R ia I,, ,  enumerated such that 1 0i l ::::: 1 0H- I I .  
Notice that 'R n e = { I }  because 10i n Oj l ::; l .  
Associated to "I we have the numbers: 

, "Iij = H {hhh = 't + j - 1 }  , 1 ::;  't , j  ::; 'TrI, 

It is clear that "Ii ' "Ii and "Iij depend only on "I, but not on the election of a in "I.  
In particular, we have "Ij = # {i : "Ii ::::: j}  and, by the definition o f  M , Oi n OJ 
is non empty if, and only if, "Ii ::::: j .  Therefore, Oin Of is non empty if, and only 
if 1 ::; 'I ::; "I) . 
We eau writ.e: 

Consider 01 defined by: 
O{ = U (Oi n Ok) 

'Yk="(i 
The class "I will be called p*'-regular if "Iij < p for all pairs i ,  j .  The class "I will 
be rrregular if p does not divide "Ii for i = 1 ,  . .  , k. 
It is known t.hat - the number of naIl isomorphic irreducible represent.at.ions of S.1l 
is the number of p-regular classes. It is possible to est.ablish that the number of 

p-regular classes and the riumber of p*-regular classes are the same. 
Let N be the group formed by the elements of e whlch exchange the R-orbits in 
In . 
For K E n we put: 
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that is to say, I\,ij is the number of elements in 0; which I\, sends in OJ . 
vVith the preceding notations wc have: 
Lema 2.1 :  'i) N is the no'rmalizer' o/ R, in C. 
ii) The N-orbits aTe the sets 01 wlt-ich ar'e n o n  empty and 1N l  = n blj ) ! .  j 
iii) FaT I\, E R, it holds that IC  n CK I = n (I\,ij ) ! .  -i ,j 
Pmof: 'i) If 1] E N , th(�n wc write '(, Oi = O,/(i) and we have: 

On the other hand, if It normalizes R one has: 

so that /L Hhollld exchange thCH{) R-orhi ts .  
ii) Given oj and Ok such that 'Y j = 'Yk 1 there exists a unique 1r E C verifYing: 

so that N operates as a symmetric group on those R- orbits of the same cardi
nality. Therefore: 

1Nl = II bls ) ! .  
j 

iii) From the identities: 

it follows that: 
X iJS ( ,,, Oi n OJ) <;:;; C n CK 

Conversely, for v E C n C" we have: 

then: 
V (I\, V; n OJ) = 1\, 0i n Vj 

so that v E X i,jS (I\, Oi n OJ) .  From this we iufer that IC  n C"' I = n (I\,ij ) ! .  • 
iJ 

Given i ,  j , such that 1 � i ,  j � 'rn, consider Oij defined by: 

vij = U Ok 
,k=i I j-'1 
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Therefore, the collection {Oh n Oij : Vh n vij i- 0} is the set of the N-orhits in 
'In. 
Let T E 'R. he the transformatioll that. exchanges the N-orbihi: 

Notice that T is well defined, because if I E 0i n Ok , then putting j = 'Y k - 't + 1 ,  
wc have that OJ n O k  i s  non empt.y, hence T ( I )  i s  the unique element in Vj n V k  • 

. In addition, we have Tij = 'Yij .\Vit.h this notation we have: 

Lema 2.2: i) Let 7r E Sn be. If < eu , 7r eu >i- 0, then 7r E cnc. 
ii) < el-" ev >E Z 1Nl 'if p, v E 'Y .  
iii) If '" E n 'Uer-ifies f'i,ij = 'Yij 'if i ,  j , then f'i, = T .  
ivY < eu , T eu > = n bij ) ! .  i,j 

Proof: i) The monomials that appear in e(J' are in fact J1. M with J1. E C, where 
M = Mu, which implies that the monowjals i n  7r e(J' are 7rll M ,  If < e(J', 7r e(J' >i- 0, 
then there are f.L and v in C such that 7r IL  M = v NI ,i .e .  V - l 7r  11, E n and therefore, 
wo luwc 7r E C'R.C .  
'ii) If (Y = cJU:- 1 = Av>.-- I , then e a  = C e,l = A Cv , and hellce: 

If < e' n 7r eu >i- 0, then by i) we must have 7r E cnc and, writing 1r = 0:ryj3 with 
0:,j3 E C and 7} E 'R., we have: 

Because N is the normalizer of 'R. in C, for e in N and 19 in n it holds that: 

Let liS write 

hence: 

6.N = L sg (e) e 
f.EN 

19 6.N (M) = 6.N (M) 'if 19 E R. 
If 4Jl , . . .  , 4Js are the representatives of the right eosets of N in C,  onc has: 

hence: 
< eu , 7reu > = L sg (CPiCPj) {CPi 6.N (M) , 1rCPj 6.N (M)) 

'i ,j 
If (CPi 6.N (M) , 1rCPj 6.N (M)) i- 0, then there exists c and 8 E N  and � E n  sllch 
that: 
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and from this follows that: 

and then: 

that is, < e/1 ' ev > E Z i.Ali V IL, v E 'Y .  
iii) Let u s  suppose that /'1, E 'R verifies: 

Let 0 be an .AI-orhit. sueh that 'R 0 = 01 U . . .  U O'Yk , let 'i, j he indexes with 
i < j , i + j == 'Y k + 1 and write: 

Oi = 'R O n Oi , Oj = 'R o n oj 

T l' /. (0.,)  / OJ , then 1 1 : 1. i l K  c()I I K i t ier t .he pai r 'i , :i K l l t :! 1  that .J -- i is m<tx i r r l l l l l l  with  
th h;  condition. Because h:i,i = Tij � ;:.:  I O J ,  there is  h cc: Vi - - 0 Knell that I .. (h) E Vj • 
Let 0' be the .AI-orbit of h, hence: 

with T] (OD n Vj =1= 0 .  

O� = 'R O' n Oi , o.� = 'R O' n Oj 

Let s = 'Y r - i + 1 , if ''/' > '/ ,  t.hen : 

B - i = 2i - 'Y " - 1 > 2'i - 'Yk - 1 = j - 'i 

and from this Wf) infer that: 

/'1, (0') = 0' " s 

but. this eontradiets I\. (O�) nOj =1= 0 because j =1= s .  
If 'YI' < 'Yk , t.hen let t = 'Y ',. - j + 1 ,  hence: 

. t ') ' 'r 1 ') . k 1 . , .1 - , = -.1 - 'Y - > -J - 'Y - = .1 - 'l 

so that H (OD = 0.1 , bu t. again,  this contradicts fi, (h) E 0.1 . We conclude that 
/'1, = 1' .  
'iv) From iii) it follows that C 7' e n  'R = {1'} .  Indeed, let T] E 1<., v , IL E C be 
Ruch that T] = v1' IL, then we havo: 
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'f/ij ::::: 1 17 0i n Oj l = I VTJ.l Oi n Oj l = I VT Oi n Oj l 
= IT Oi n V- I 0.1 1 = IT Oi n Oj l = Ti.1 

Let U = cn CT, since: 

we infer that: 

< T eu , eu > :;:::< b.u (T eu) , Mu > = <  b." T b.u Mu, Mu > 
= LV,,'EC! 8g ('UP') <- VTfJ Mu ,  Mu > 

but < VTfJ Mu ,  Mu ># 0 if, and only if VTIL E 1<, , that is to say VTIL = T, and 
this means that v and J.l are both in U and 11 = TV-IT-I . It follow that : 

< T eu , eu > = IUI = IT Tij ! = IT 'ij ! . i,j i,j 

If , is any conjugation class of Sn and er E 1 ,  we define the linear map: 

Let 

be the subspace of the dual space W; generated by the maps fu . Let. p"( denote 

the natural representation of Sn on WT With this notations we have: 

Theorem 2.3: i) W-y # 0 if, and only �f, , is p* -r·egular·. 
ii) If 'Y is p'" -reg'ular then, p-y is irredudble. 
iii) If , and ,' are p* -r'fgu[ar', , # ,' , then p"( et P"(' .  
iv) Ever·y ir'1Y';duci/IZe l'elrresenl:uf'ion of S" is eq'uivale'nt to /i"( f01 '  same p* -Teg'ltiu1' 
class , .  

Proof i) is a consequence o f  lemma 2 ,  ivY. 
ii) Let S <;;;; W-y be an S,,-invariant subspace. We have: 

where To denotes the annihilator space of T. If S # W-y, there are x E SO and 
er E , such that: 

Since So is S,,-invariant, we have: 

then ea E So. It follows that So = W-y, and so, S = O. 
iii) Given er, T E 'Y  we have: 
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(,6,u fr) ( er) = (en ,6,u (et ) )  == (eu , er) 2 = fu (er i 
then ,6,u (Wl') = 0 if, and only if, fu = O. The proof of iii) is now similar to the 
proof of theorem 1 .5 ,  ii). 
-iv) Because the number of p-reglllar dasses and the number of p*-regular dasses 
are the same, iv) follows, • .  
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