
Revista de la 
U n ion Matemlltica Argentina 
Volumen 4 1 ,  2, 1 998. 
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IN M A B B-CO N I CET- U N S  y ])pp ar LalllCnto de l\1 aLem[l tica (UNS)  
A BSTRACT 

In th is work the cOllcep t of free mon(ulil.' eXI(�n8i()n of a three-valued Lllka

siewicz algebra is defined alld 11sed to ohtain the free monadie th ree-valued 

Lukasiewicz algebra wit h Cl finite spt. o f free generators G 11p from the free 

th re('- vallled Lukasiewic7, algehra wi l h  1 1 1 "  s a l llf' sel of frep gPl l eraLors ,  follow

ing Cl method ill t. roduced hy P. llalrnos in 1 :3 1 . This method also allows I1S to 
kn o'iv the coordinates of the generat.ors on each axis.  As part.icular cases , free 
Tn onadi(: hoolelln and t. l I rp( ·-val!H'd Post. al/-,phras wi t .h Cl fi l i i ! .!' SI ' I, o f  gl'l I l'l'lI
t.ors are dPl ,pr m i l l Pd,  as wd l as I ,h p ('.O ITl'S 1 } ( ) l l<i i l lg  fH'P lIIonadic  alg<'hras ( )vpr 

a gi ven fini te posei . .  
P. H al mos' ! .C'd m i qnp h as 1 )('('11 JlsC'd hy n. C igll o l i i l l  1,11 1' casc' of Q-dist. r ihnt. ivC' 

lat t ices \:21 awl by A. Pe t.rov i el l i l l  the  c ast' of lIlo1ll-Hlie De l'vlorgall algebras 

[ 1 5] ,  o f which th e Inonadic th ree-valued Lllkasi('wicz algebras can b(' seen as 

a part icular case. 

1 I N T RO D U CTION 

109 

. D e fi n i t ion 1 . 1  1\ 'l Iwnati-i.c l.i/.ln�- 'I ' (dllcd 1, 1I1.:lIsi.e'/l!i.c,� IIlqdn"(f., 1 1 1 1  is ill I al gebra 

( A , A , V , \7 , rv , 3 , 1 )  of Lype ( 2 , 2 ,  I ,  1 , 1 , 0 ) sl Idl t .hat. ( J\ , A , v , \7 , rv , I )  is CL Lhree
val ued Lukasi('w icz algehra, i . e. LtI<' roJ]owi l l g  a.xio l l ls  are veri f ie(l :  

1 ,0 )  :1.: V I .c· · 1 1, 1 )  ;f A ( .c V u ) :/: 
1 ,2 )  :/; A (y V .:: ) (: A :r: ) V (Y A :r )  L:\ ) rv rv :r :r 
I A )  rv ( :/: A y ) rv :f V rv !J LS ) rv :1: V \7:r 
L6) a;A rv :r = rv :i� A \7:r: 1,7) \7 ( :t: 1\ y )  c= \7;): 1\ \7y 

and 3 is  a uIlary operator on /1 ,  called e:ri.s in!.lilll Ijl/.(/.'f/.lijier sati s rying:  
30 ) :30 == 0 :3 t l  :1.: :::; :3 :i' 
3�) 3 ( :1: 1\ :3y) =cc 3:[; 1\ :3y :3:>. ) \7 3:1' =' 3\7 .1' 
:34 ) rv \7 rv :3:r: cc= :3 rv \7 rv :r . 

A derived operator 6. is ddilled on A hy 6.:f 'cc rv \7 rv :f , and we h ave the following 

properties: (see [8 \ , [ 1 1 ] )  
1,8) \7 ( :1: V y) = \7.'/: V \7 11 I /l ) 6. ( :/: V y )  6. :r V -6.y 
3,, )  ::1 ( :10 V !J ) :ch: V ]y =Jd :J rv =:1:10 rv ] ": .  

LeL T denote Lhe t .h ree- value,l I ,nkasiewicz algehra: T = { O , c ,  I }  wlwr(' 0 < c < 
I ,  rv 0 1 , rv c c' , cv I 0 ,  \7 0  0, \7 "  \7 1  1 .  W i Ll !  B w{' w i l l  i l l d i C ' a l ( :  t l i p  
subalgebra of  T formed b y  0 a l l d  ] .  
Let. 13 ( A )  clenote the set o f  hoolean elenwnts· o r  it t hree-val ued Lukasiewicz algehra 
A .  It is easy to prove, [Gj that : B (A )  = { :r E A :  \7:1: = :r } == { :r E A :  6.:( ,= :d . 
Let A (B )  be the se t. of atom s o f  11. 1l0!;- Lri vial fin i t .c hoolean algehra n .  

. 
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A n  element. c of a t.hree-valued Lukasiewicz algebra i\ is Itll a:ris o f  A if L'-.c c', 0 awl 
'Vx ::; L'-.x V 'Vc ,  for all x E A ,  [7 1 .  We will call consta.nts the elements of a monadic 
three-valued Lukasiewicz algebra A such that 3x = :r . The set of all the con stants 

is a Lukasiewicz suhalgehra o f  A aIld i f'  A has an axis c ,  then 3e cc ,  c ,  [ 1 1 1 .  The 
rn onadic 8ubalgebm generated by a subset X o f  A ,  S' M  (X ) is  t.he intersection o f  all 

the rnonadic subalgebras of A containillg X .  

Definit ion 1 . 2  A mapping h from a three-valued Lukasiewicz algebra A to it three
valued Lukasiewicz algebra A '  is called an hemimorphism if for all P, q E A :  

lh )  h (O) = 0 ;  [[2 ) h (p V q)  = h (p) V h (q) ; 
113) h ('V:r)  = 'Vh (x) ; H4 ) h { L'-. :I: ) = L'-.h (:r) . 

I f, furthermore 
rh) 11 ( 1 ) = 1 

is verified,  then h is cal led an J -he'lll:imorphism.  

Note that. this defiui tion is di frerent from the o n e  gi ven by L. i'vl on teiro in [ 10] .  
I,emma 1 . 1  Every e:J:is lenlial I[lUlnlifier is a. I - hern:imorph:ism . .  

I I I  w b a t .  fol low s ,  /\ w i l l  ] )(� It  lI o l l - l .r i v i al f i l l i l .e  1 . 1 I rec ,-vahwd Ll lkasi c , w i ( ;z a1 1'., ,] m t .  1 1 . 

is well known an d easy t.o check th at. il ( A ) , 1 .he set o f'  joill i rreducible elelnents of A 
has the fol lowing proper ties: each 'P E n ( A )  is an atom of B (A )  or 'P prec('(les one 
and only one atom i ll 13 ( A )  awl convenlely, every at.om of B (11 )  is  an atom of A 
or is a join i rreducible element. of A preceded hy only one at.om in A .  Therefore, 
7f (A)  = {ai} ] �;�j+ k U { Cj t i } l �i�b where 0i is  an atom of B ( /l ) ,  1 ::; i ::; j -I- k ,  and 
C) -l i is the at.om o f  A prece<l i l l).'; a t l ; for 1 ::; i ::; k .  lL i s  clenr t .hat. " ( 13 (1 1) )  fJ (A ) n 
/1 ( /1 )  {a.;} I <i<.i -I I., amI t .ha l .  i f  I' E ,, ( il ) ,  t .hel l L'-. f!  E '/1 ( il )  U { O }  awl 'V 1J  E 11 ( A ) .  
Then il i s  i somorph ic  t.o (and w i ll  he idel l L i find wit.h ) Ej x '1' 1.' ,  w i th .1 , I;: E N u  { O} 
and llOt. simnlt.aneom;l.y zero , [ 1 1 1 . Not. ice that t.he elemellt  t' = (e t )  1 < I <j I k  wi th 
Ct 0 i f  1 ::; I. ::; .1 and I ' t  c i f' .i I I ::; I ::; .i + );; is t .he ax is o f  Bj x '1' k .  

L e m m a  1. 2 /\ n he1llinl. orphism. h frmJl il Bj x TI' to  the l.hreC- 1 1111ued LlI.A:asiewicz 
algc bra. T is uniquely detennined by the vnlues ihat h t U.A:CS on the j +. k atoms 

of 13 (11 ) . This valucs rnl/sf be in. B (T )  cc B and thereforc , ea.ch applicn/:ion g 
A (B (11 ) )  -> {O ,  l }  � T can lie e:d e'll.ded 10 a unique hem imoT])hism. from. 11 to T .  
P roof: Let. h be an hemirnorphism .  I f  et E A ( B ( A ) )  then L'-. h (a) ,--= h (L'-.a)  "CC h (a. ) ,  
s o  h (a )  E B (T )  = B.  Tt  is  easy (,0 check that if b is an atom o f  A ,  then h(b)  is  
determined by h (a ) ,  heing a. the only aLOIn in /3 ( ;1 )  t.hat . b precedes . Thl1 s ,  h is fixed 
for every element. in '/1 ( ;\ ) . As hern imorph isms preserve joins and every nOIl zero 
d plncl l l .  jn i\ is joill  of' I . l i ( �  d C � II WI J l .S i l l I1 ( �1 )  ) lr<'C(�c l i ll g  i L , h is 11 I 1 i ql l d y  ddennincd 
for every elemen t in A .  0 

I,emma 1 . 3  Ld h bl'. an hem.i. f)l.orpli'isfII from. A lo T ;  11. is an hOrl).o'T/l.orphi.5Tn if 

and only i:f I.here is o n e  a.nd only one atom (i; E A (B (il ) ) ,  1 ::; i ::; j - I- /;; such t.hal. 

h (a i )  = 1. 
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P roof: Let h be an homomorphism . Then, if h (a.i)  = 0 for every i ,  1 :::; i :::; j + k ,  

then h ( l ) = 0 ,  a contradiction ,  so there is an index i such that h (a.d = 1 .  If for 
two different elements a. ,  a' E A(B (A ) ) ,  h (a) = h (ct') = 1 ,  then 1 = h (a )  1\ h (a ' )  = 
h(a 1\ a ' ) = h (O) = 0, so there must. he onc and only one ai E A(B (A ) )  such that 
h (a.i) = 1. 

In the other hand , it is easy to check that an hemimorphism h such that h (ai )  = 1 
for j ust one ai E A(B (A) ) , . (and therefore h (aj ) = 0 f�r j cl- i )  satisfies h (x 1\ y) = 
h (x )  1\ h (y ) for every x ,  y E A . Then , by Theorem 3 in [ 10] , h is an homomorphism. 
o 
By the characterizations of the Lemmas 1 . 2 and 1 . 3 ,  the next two Lemmas follow 

straight.forwardly. 

Lem m a  1 . 4 If h is nn l -hem:immph·is"II/' from A lo T )  l.hP.'fl. the-re -is an homortJ, o'f'
phism preceding it. . 

L e m m a  1 , 5  Every I - hemimorphis1n from A 10 T iS 8upremu.m of the homo1lwr
phism.s lJrecp.ding it . .  

Lemma 1 . 6  Let Y = Hom (il ,T )  be the set of all the homomor]Jhi�m8 from A to  
. T .  A is is omorphic to the lli.-ree-volu.ul fJ u.kasiP. 'lI)'tcz (J.llJ e bra P :- . IT y (  A ) .  

l,(e )'  

P roof: By Lemma 1 . 3 , there is  a bijecLion 'between the homomol'ph isms from 

A to T and the elements in A ( /3 ( A ) ) .  It suffices then to ohserve t.hal. for each 
a i ,  1 :::; i :::; j ,  the image o f  A under the corresponciilig homomorphism is B ,  and i f  

j -I- 1 :::; i :::; j 1 - k ,  the image is T.  0 

According 1.0 Llw previolls Lemma, we may i l ldical .e all elemellt. i l l  A hy t .he val ue or  

each homomorphism in t.h at. elemc!l t. .  

Let. A and A '  b e  three-valued Lukasiewicz algehras , X c=c I J iJJIl (A ,  T )  awl }-' cc '  
l1om(A ' ,  T ) .  G i ven a fUl lct ion f : Y -> X such t.hat . :  

where XB = { :c E X : :r. (A )  = B }  and YB c= {y E . Y : y (A ') '-= B } ,  we can define an 

homomorphism .f * : A -> A I hy : For al l 11 E Y, T '  E A ,  

A s  seen in Lemma Ui ,  it suffices to show for .f*p the value of each homomorphism 

o f  Y on that. point. .  To see t .hal , · f  i s  well defined , i t. is e\lough I () show t.h at for ea cb 
11 E YB , 1J .f *P assllmes a val l l(, i ll B .  I l ld ( '('d ,  i f !I E YB , Lhcl I hy ( * ) , h, E Xn al l ll 
t l ! l , n ,f"o ]"( ' (f U ) 11 C U !/ ) ( /l )  rv B . I t , i s  ( ' . 1.;;)' 1 .0 1 ' 1 1 1 '1 ' "  t h a t  f '  i s  al l h O I I l ( ) I I I ( ) r p l l i '; 1 J 1  a l l l l  
t.hat. every homornorphisrn ['rom A to A '  may Iw ohtailled ill this way. If f is injec i.ive, 
then f *  is an epimorphism, and if  f is sllrjecLive, .f * is a monomorphism . These 
resul t.s generalize the ones ohtainc(l hy M .  Ahad y A. V .  Figallo for epimorph ims 
between three-valued Lnk,asiewicz algehras , [ J  1, aud may be compared to t .hose of 
H.. S ikorski for boolean algebras , [ Hi1 . More i n formation on this kind of  dnali ties 
may be found in [:3 ] . 
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2 F REE M O NADIC EXTEN SIONS 
A monadic three-valued Lukasiewicz algehra L I S  a free rnonadic extension o f  a 
three-valued Lukasicwic:il algebra A i f: 

( i) A is a subalgebra of L ,  
(ii) L i s  the monadic subalgehra generated by A ,  i . e .  L = S M ( A ) ,  

( i i i ) every homomorphism o f  three-valued Lukasiewicz algebras g from A to an ar
hitrary monadic three-valued Lukasiewicz algebra C has a (necessari ly unique) 
ex tension to a monadic homomorphism .r from L to C .  

We now give a construction o f  the free monadic extenHion for the caHe in which the 
algebra A is finite (A � Bj x T k ) , following the method advanced by P. Balmos [ .5i .  
Let Y =Hom(A ,  T )  t h e  set of homomorphisms from A to T ' an d  V t h e  set of the 1-
hemimorph isms from A t o  T .  I t  is easy to see that Y has j +- k elements and V has 
2J+/.' - 1 elements.  

-

Let X = { (y , v )  : 11 E Y, v E V, y � v } .  From Lemmas 1. 2 ,  1 . 3 and 1 . 4 ,  it follows 
that for each homomorphism in Y there are 2)+k- l l-hemimorphisms v E V such 
that 1/ � v .  Therefore , X C Y x V h as (j -I- I;: ) (2J+k- 1 ) elements . 
Let L be the three-valued Lukasiewicz algebra: 

L = IT v ( A ) .  
(11,'11 ) , "  x 

Let I 1 S  now consider XB .C · { (y ,  Il ) E X : v ( Jl )  rv B } .  To ca1cnl n1,e the canli n al i Ly of  
X B ,  note that there are j hOIl1omorphisms in  Y sllch that. t .heir image is isomorphic 
to B ,  and each of them is  dominated hy 2)- 1 1-hemimorphisms with image B .  
Therefore, X B has j . 2J ·- 1 elements and L i s  isomorphic to 

Define for all p E L ,  

(3p) (1/ , v )  == V{p(u , v ) : 1t E Y, u � v } .  ( 1 )  
; 

It, is easy to check that 3 is an existen tial qnantifier over [i , heing the crlIcial step: 
32) For an p ,  q E L, and each (y ,  v ) E X , 

3 (p /\ 3q) (y ,  v)  = V (p /\ 3q) (7t. , v)  = V [p (u ,  v )  /\ (3q) (u ,  v) 1 = 
u�v u�v 

I V l' ( 'It , V ) \ /\  I V ( :llj ) (  '/I., v) I ( :l1) ) (11 ,  v )  /\ I V ( V Ij ('W ,  ' U ) ) J 
U:$1J 

. = (3p) (y ,  v ) /\ ( V  q (�, v ) )  = (3p) (y , v) /\ (3q) (y ,  v) = (3p /\ 3q) (y , v) 
lU:SV 

Therefore 3 (p /\ 3q) = 3p /\ 3q for all 1) , q E L :  
- We will prove that the mon aclic three-val ued Lukasiewicz algebra L is t.he free 

monadic e:::ctcnsion of It subalgebra of L isomorphic \'0 A .  
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The elements of A(B ( L ) )  are JlI,,, , where 

JlI,,, (u, w )  = { � si ell ,  111 ) = (y , v ) , 
si (u ,  w ) i (y , V ) .  (y , v ) ,  (u , w )  E X .  

Consi der now the representation of L by homomorphisms from L to T .  The elements 
of H = Hom(L , T)  are h1/,1' where hll,v is t.he homomorph ism corresponding to the 

atom Iy ,v of B (L ) .  It is clear that HB = {hll,v E H :  v (A )  � B }  and HT = { hll,v E 
If : v (A )  � T } .  Let c : If ----4 Y the function defined by c(h11 ,, ,) = v .  So c is  

surjective and C ( llB ) � YB . Then , I ,he  homomorph ism h = c· : A ----+ L is injective, 
, amI hll,,,lq} � o  ( chll.-,, )p , c  1/1) ,  i .e . : 

(hp) (y , v )  = y (p ) .  (2) 

h eA l  is  a sub algebra of L isomorph i c to A,  and it  is in this sense that ( i )  is  verified . 
Our principal result can now be stated as follows. 

Theorem 2 . 1  The mOn/ulic lhree-vnl-ucd £u/.;asiewicz algebm L with the quan i.ijicr 
3 defined in (1) is a free monadic e:J:tension oJ it.s three-valued £1l/.;asiewicz s1lbalgebm 

h eA l ·  
From the definition o f  h and Lemma ] . S , we get:  

(:Jhp)  (11, v)  = V (hp) (u" v )  = V u(p) = v (p) .  (3) 

Let liS now see that, ( i i ) SM (h(/l ) )  -, I, . By Lem m a  0 . :3 . 1 0  in [ l l ] , p .  1 6 , i l. suffices 
to show that B (L )  � SM (h(A ) )  and e E SM (h(A) ) ,  where e is  the axis of L .  
Let e '  b e  the axis of A .  Then for all (y ,  v )  E X : 

he' (v ,  '11 ) ( I · { (! 
y e ) ' 0 

Therefore /u'!' = e and e E heA l � SM (h(A ) ) . 
We shall prove now th at 

i f y (A ) "':' T , 
if y e A )  � B .  

JlI,,, = ha" /\ ( 1\ :Jha", )  /\ ( 1\ f'V :Jha, )  , 
''''lz �':.d '11(1;= .:.-0 

( 4 )  

where a ll  i s  the only element of 11 ( A )  slIdl tli at y (a!}) = ] .  A s  11.01" h a "  E h eA l  aUlI 
therefore hall , :Jha" , f'V :Jhaz E SM (h(A ) ) ,  we will have t.hat A( B ( L ) )  � 8M (h (A ) ) .  
As a n  immediat.e conseqnellce, B (L)  � R.II1 (h (A ) ) .  
Let 

q(u ,  111 ) 
UGy /\ ( 1\ w a z ) /\ ( 1\ f'V w a z ) (by (2)  and (3) ) .  va.oc l  "U z "'cO 

I I I  particular, q (y ,  v) 1J(f.l/ /\ ( 1\ va.]  /\ ( 1\ ,...., 'IIa z )  1 .  
V(1. = 1  "u. ,=o 
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If ( 1/. , w ) f (y ,  v ) then 1/. f Y or 10 f v .  If 11 f y ,  then 11·a.'1 = 0 and q (1J. ,  w ) = O. 
I f  w f v, then by Lemma 1 . 2  there exists j such th at 'Illaj f vaj . If v aj = 0 then 
waj = 1 and rv waj = 0, therefore A rv waz = 0 and q ( 1/., w) = O. 

vaz = O  
We have j ust proved that q = f y,v ' Let now C be an arbitrary monadic three-valued 
Lukasiewicz algebra, and 9 an homomorphism of Lukasiewicz algebras from h (A )  
t o  C .  I f  we prove that a monadic homomorphism from L t o  C extending 9 exists,  
the demonstration of  the fact that L is  t.he free monadic ex tension of h( A)  wil l  be 
complet .e. 
Let. us consider the sub algebra fi = =  fiM (g ( h ( 11 ) ) )  or C. By Theorem l l LI . 4  in  
[11 ] ,  p .76 ,  S i s  finite and therefore w e  can use its representation by t h e  set oJ 

homomorphisms Z = Hom (S, T ) ,  i .e . , S' ''?< ITZEZ z (S ) ,  
Let a : Z � Y b e  defined by (az )p = zghp ; and b : Z -> \l defined b y  (bz )p = 
z =Jghp (where the existential quantifier corresponds t.o the algebra C ) .  az is an 
homomorph isrll from A t.o T becallse it is a composi t.ion of homomorphisms . I n  a 
similar way, bz is an hemimorphism from A to T .  ( N ote that =J is an hemimorphism 
from C to C ) .  Let r (z )  = h(az,bzj ' A s  for all p E A , ghp :::; =Jghp ,  and then zg hp :::; 
z =Jghp ,  i .e . , (az )p :::; (bz )p ,  t.hen (az , bz ) E X .  So r is a map from Z to H .  It is clear 
that if z E ZB , (bz )p = z =Jghp E B ,  so we can say that ! = r*  is an homomorphism 

from L to C. F\uthermore, for all q E L , z E Z ,  z U q )  = q (az , bz) . 
To show that (iii) is verified, it remains to prove that f restricted to h.(A) is equal 
to g ,  and f is a monadic homomorphism . 
If q E h (A) then q = h (p) for some 1) E A and 

zfq = q (az , bz ) = h (p ) (az , bz ) t;l (a z) (p ) ttg. zghp = zgq , for all z E Z , . 

i .e . , fq = gq .  
f i s  a monadic homomorphism , i . e. for all q E L ,  z E Z, z =Jfq = zf =Jq .  
If q '''' h(p)  for s6me p E  [, tJwn z i =Jq = z f =Jhp ," (=J I/p) (f/ Z ,  b;; ) c c  (b z ) p  c c  z 39 1/P = 
z3Jhl' '� z 3Jq .  I I I particular, Cl l i s  yields z / 3c � z 3J c,. 
If q E A(B (L ) )  then q = hay A ( /\ =Jhaw) 1\ ( /\ rv =Jhaw) for some (y , v) E X . 

Then 
11atIJ=1 'vaw =O 

zf3q (3q) (a z ,  bz ) = 

3 [hay 1\ ( A =Jhaw) 1\ ( A rv 3hatu) ] (az , bz ) = 

[3ha11 1\ ( A 3haw) 1\ ( A rv 3hftw) ]  (a z ,  bz )  = 
'I'(Lw 1 1 10.", : - 0  

(3hay) (az , bz ) 1\ [ A (3haw) (az ,  b z ) ]  1\ [ /\ rv (3haw) (a z , bz) ] = 
'110.",;-.-, 1 . 

1}(J.w :O 
(bz )ay A !  A (bz ) aw]1\ [ /\ ,...., (bz ) awl = 

vaw=4 ,)aw=O 
z 3gha!l l\ f A z 3gha,u] 1\ f A  ,...., z 3gha,,, ) ]  c-= 

vaw=O 
z 3 fj hay 1\ ( /\ 3:f haw) 1\ ( A rv 3:f ha,,,) ] = 

vaw= l  
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d [J hay 1\ ( 1\ f:Jhaw)  1\ ( 1\ '" {3haw) ] = 
vaw = l  vaw = O  

df [hay l\ (  1\ 3haw ) 1\ ( 1\ ", 3haw)] = z 3fq .  
vaw =l 

As L is finite , f3 (L) is finite, so every element different from 0 in B (L ) is supremum 
of elements in A(B (L ) ) ;  Sin ce 3 is an hemimorphism, we can conclude that for all 
p E  B (L ) , j 3p = 3fp.  
Let now p be an arbitrary element in L .  As e is the axis  of L ,  p = (/lp V e ) 1\ \7p.  
Since we also have 3e = e and j e is the axis of C, 

1 3p = 13(6.p V (\7p 1\ e ) )  �) 1 (36.p V 3 (\7p 1\ e ) )  = 136.p V 1 (3\7p 1\ 3e) . 
Since /lp , \7p E B (L ) ,  this is equal to: 

3f /lp V (j3\7p 1\ f 3e)  = 3f /lp V (3f\7p 1\ 3fe)  = 3f /lp l/ 3 (j\7p 1\ 3fe) = 

= 3 (j/lp v (j\7p 1\ fc) )  = 3f (/lp v (vp l\ e) )  = 3/p , 
which concludes the proof of Theorem 2 . 1 .  
I f  f : Y x V -. T  is such that / (y , v)  = f (y , v') , for every y , v , v' ,  then we say that 
the function f is independent, from V .  I n  a similar way, i r  f (y ,  v ) =c f (y ' ,  v ) for all 

y, V' , v, f is independent from Y .  
Looking at (2) , i t  is clear that the functions in h eA l  are independent from V .  Fur
thermore , h eA l  consists exactly of those fUIlctions in L t.ha1: are independent from 
V .  The cons t.an ts i n  /, are indepcr ideJ l l .  from Y .  I l I !kecl , hy ( 1 ) ,  

3p(y , v )  = V p (u , v )  c= 37;( 1/ ' ,  v ) .' 
ll·Sl' 

As a particular case we may obtain the free monadic extension of the boolean algebra 
Bi ,  which is Bi2j - 1 just as indicated in [5] (see also [ 1 7] ) .  In a si mi lar way, the free 
monadic extension of the t.hree-valued Post algebra T'" is T.,2k- J (see [ 1 2 1 ) .  

3 T H E  FREE M O N A D I C  THREE-VA L U ED L U KA S I E W I C Z  

ALGEBRA . W I T H  n F REE G E N E RAT O RS 

The preceding results can be applied t.o the free three-valued Lukasiewicz algebra 
generat.ed by an arbitrary finite set (;. A ny map from G to a rnonadic three-valued 

Lukasiewicz algehra C has a (ncccssarily un ique ) exten sion to an homomorphism 
of three�valued Lukasiewic:.l algehras 9 that.  m aps J\ to C. The hornomorph isrn o f  

three-valued Lukasiewicz algehras 9 has a (necessarily unique) monadic ext.ension 
f that maps L to C. \Ve cone! nde from this that the free monadie extension of 
a free three-valued Lukasiewicz algebra is it frce monacli e t.hree-valued Lukasiewicz 

algebra . 
It is wel l known that the free three valued Lukasiewicz algebra with n free generators 

is B 2" x T:1n-2" . Then , accordi l l g  t .o the results ill §2, the free rnoll adic f .b rec-va.hwd 
Lukasiewicz algebra. wit.h n generat.ors i s  i somorphic 1 ,0 : 
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This result was obtained by L. IVlol).tci'ro i n  [ 1 1 ] ,  using a different method , 
As an example , when n = 1 and C = {g} , the free three-valued Lllkasiewicz algebra 

generated by C,  L ( l ) ,  is B2  x T ,  with 9 = (0 , 1 ,  c) , [ 14] ,  The corresponding free 
monadic extension is B4 x T8 ,  If we denot.e with Yi the homomorphism from .L ( l ) 
to T such that Yi (ai) = 1 ,  i = 1 , 2 , 3 ,  then the I-hemimorphisms from L ( 1 )  to T are 
YI ,  Y';l, Y3 , VI = Yl V Y2 , V2 = Y I  V 11:\ , V3 = Y2 V 113 , V4 = YI V Y2 V Y3 · The elements of X 
as well as the value that h(g )  takes in those elements, are indicated in the following 

table : 
x (Y1 , Yl ) (Yl , V I ) (Y2 , Y2 ) (Y2 , Vj )  (111 , V2 )  (Yb V4 )  

h(g ) (x)  0 0 1 . 1 0 0 
X (Y2 , V3 ) (Y2, V4) (Y3, Y3 ) (Y3 , V2 )  (Y3 , V3 ) (Y3 , V4 ) 

h (g ) (x) 1 1 c c c c 

Starting with the free hoolean algebra with n generators an d following the ' same 
procedure, we get the free rnonadic boolean algebra wi t.h n generators ( 1 5 ] ,  [ 1 7 1 , [ 1 �� 1 
and the hihli ography indicat.ed t.here) awl i lt it simi lar way, from the rn�e Ll� !:ee
valued Post algehra we get t.he free rnonadi c three-valued Post algebra, T3n:;'3 - I , 

just as it is indicated in 1 1 2 ] .  A pplying this method to the free boolearf, th ree-valued 
Lnkasiewicll or Pos t alf.!;ehras ov(�r a J i n i ! .e ordered se!. (19] ' [1\ ] ) ,  .the ('orrespon<i i n f.!;  
rree mon adic algebras over t .hose ordered set.s are obt.ained. 
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