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ABSTRACT. Tn the number system (-2,D) with base b=-2 and fam i ly of ciphers f)= {O, 1 ,  w,;} where 

w = e2ni/3 , w = w 2 , every complex number z is representable: z=( aN " .ao ' {/ ' 1{/' 2 ' "  ) . 2 '  i .e . ,  
N 

z= Laij . (-2,0) has as set of i nlegers W:= {aN " .al all ; a  j E J)} , thc fam i ly of Eisenstein numbers 
-� . 

E= {m + lTw:m,n E Z} . The integers of the system are uniquely representable. The sel of fractional 
numbers F:= {O.CI_Ia.2 . . •  ; a .h E D} coincides with a copy of the so ca l l ed E isenstein sel . This set is  Cl 

fractile of diameter equal to .fj that contains a ball of radius lI8 and whose convex hul l  is an irregular 

hexagon contained in l! bnl l  of radius -J7 1 9  . The Lebcsgue measure of F is equal 10 J3 / 2 . The 

family {/,� : g E W} is a tessellation of the plane slIch t hat F touches 1 2  sets F g ;tP, g E S \ {O} . Here - -
S:=O-O. F Ii nF contains only onc point iff g E S ' := { ±(l - W ),±( 1 - w),±(w - II') } eS. Ofi is not a 

Jordan curve. Moreover, F is a cont i nuum whose.interior and exterior have infinitely many components. 

1. INTRODUCTION. Let b EC, Ih l> ] , D= {O,dl , d2 ,  . . . , dk } cc. a i s  said represelllahle 
AI 

in base b with ciphers D if there exists { aj E D : j=A-f.M- l ,  . . .  } such that a = 'Lajbi . We 

write a = aM '  . . (1o . a_I "_2 " ' =  (C f} b ' and call (c) the integral part of a and (j) the 

fractional part of a .  G denotes the set of all representable numbers . F is the set of 
fractional nllmhers, i . e . ,  those numbers in G with a representat ion such that (e)� O .  The 
set W of integers of the system i.s the subfamily of G with a representation such that 
(j)=O. A number r will be called a rational of the number system (b,D) if it has a finite 
positional representation, that is, aj =O forj <: J(r) . U will denote the set of rationals of 

the system. We wish to represent the whole of C using a number system with a real base . 
. To this end we will study the number system with base --2 and the set of ciphers D et R, 

D:={O, 1 ,w,w 2 } where ' ;v= �++ i  � . D\{O }= ( third roots of unity} ,  is a multiplicative 

group such that 1 + w + w2' = 0 (the cyclotomic equation) . 
DEFINITION 1. 1. E denotes the Eisenstein ' s  point-lattice: E == [ l ,w] :=  
=={m . l +n.w: m, n E  Z } .  Let a = DU(-D) ::= {O,±l ,.±1V,±lI' } .  S :==O-D = 
={ O,± 1 ,±w ,±w,±( 1 - 111 ),±(I - w),±( w -w) }, S' := S\a = { ±( l - w),±(I -w),±(w -:;.) } . • 
Then, S and a are subsets of the set E of Eisenstein "integers" . It is easy to verity that 
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the numbers in S\{O}  can be written in a unique way as a difference of two numbers in D. 
The numbers in CT \ {O} have modulus equal to 1 and diose in S' have modulus equal to 
·Ji Besides, a E S =:> lal �·.J3 ,  IRe a\ � 3 / 2 ,  I Im al � .J3 . 
NOTA nON I 1 .  x used as a cipher will represent the num�er w2 = w. meA) will denote 
the plane Lebesgue measure of AcC and B(z;r) the open ball of center z and radius r. 
The reader can find in [P] a detailed proof of each statement in the following Ths. I 1 -3 .  
However, we give i n  this section for most o f  them and for the sake o f  completeness, a 
reference, a hint or an alternative proof. 
Any number in W, the set of integers of the number system (-2, {O, ! ,  IV, w}) , belongs to 
E. This follows from the identity: 1 +w+x=O. Moreover, 
THEOREM I 1 .  i) W=E. , 
ii) The integer m+nw is representable with at most ImI + 1nl + 1 ciphers. 

iii} If g t=: W and \gl � 2k + 1 then g is representable with at most k+ 3 cip�ers. 
iv) 0 has a unique representation in the number system (-2, {O, I , w, x}) .  
v) m+nw has a unique representation in (-2, {O,l, I V  , x}) . • 
PROOF. i) cf. [P]- or [E] . ii) can be proved by induction. iii) same proof as in [B] ,  lemma 
l ,i) .  iv) If 0. (0) = e. (c) and both expressions are different then, after multiplying by an 
adequate power of the base h we obtain an analogous equality with e E D \ {O} . Since D 
is a multiplicative group we can assume that e= 1 .  But then we must have � 1  = O . (c) and 
this  is impossible. v) We have di , dj E DA * dj =:> di - dj * h.r ,r E TF .  But iv) is the 

hypothesis HO) in [Z] , §2, which together with the preceding statement imply that the 
ciphers have a unique representation as integers of the number system. Since W is a Z­
module, an application of the theorem of uniqueness of that paper proves that any 
number in W has a unique representation in (b,D), QED. 
DEFINITION [ 2 . l� : = g + F  where g E E . • 

Thus, F 0 =oF, the fractional set of the number system (-2, {0, 1 ,w ,x} ) . We shall call it the 
Eisellslein set (fig 2 § I )  . .  The definition J 2 can be extended in the following way (see 
Figs. in § V l) :  

I (Ll) 
DEFINITION I 3. For j E D = to, 1, w,x} let us define (f> /z) = !... + 1 = _ z 

+ j . •  
h b 2 

Then, F = U<f>i (F) . Thus, the 4-repti le  F is tile invariant set of the fam i ly { <I) j } .  
THEOREM I 2 .  i) The compact set F cB(O ; 1 )  is invariant under rotations of 2 ;r  /3 and 
is the attractor of the family of similarities { <t>  j } .  
ii) If z E C  and Izl � 1 / 8  then z E l". 
i i i)  G=C, i . e . ,  C = U I'� . •  

PROOF. ii) ean b e  proved a s  i n  [B], lemma 1 ,  ii). For iii), ef. [E] o r  [P] . It follows 
immediately from ii), QED. 
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THEOR£;ld� 1 3. i) The family {1.� :g E /�'} defines a tessellation in the sense that not 

only R 2 = U {1;� :g E E} but also that any two different sets of the family have an 

intersection of plane Lebesgue measure zero. 

ii) m(Fo) = Jj 1 2  . • 

PROOF. To prove i) observe that m(b4F) = ( 1 6)2 11/(F) and that b4 F = U /';'cfg i s  
d • •  ,f.gED 

the union of 256 copies of sets congruents to F. Thus, (defg)b =I= {d'e'f'g' ) b implies that 

m(Fie/i: (l 1;;I" '1"'g' ) = O .  We show in section 2 that F (l l'� ; 0 � g E S . But we know 

TA BLE 1. 

from Table 1 that any number 
in S is representable with at 
most 4 ciphers. Therefore, 
m( F (I /.� ) =1= 0 only if g=O 

and i) follows. 

ii) The tiling of R 2 by � the 
paral lelograms defined by the 
Eisenstein's point-lattice is 
composed of tiles of area 
J312 . Therefore, i) implies 

that m(f·) =Jj / 2 , (ef [HW] 
§3 . 1 1  or [Z], §4), QED. 

FIG. 1 

Posilional reprcsentation of the numbcrs {m+n. w: m,I/EZ, IfIll , lnl s: 4 } in the number syst.cm (-2,D). 
-4 - 4 .W = x 0 0 -2 - 2 .W = x x 0 () + 1 .W = w 2 + 3 .W = x w 
-4 - 3 .W = x 0 w -2 - I .w = x x w () + 2  .\1' = W W () 2 + 4 .w = x x I 0 
-4 - 2 .W = 1 1 w O -2 + 0 .w = 1 0  () + 3 .W = \\'\V W 3 - .:{  .w = 1 1 x I I 

� -4 - I .w = 1 1 \� w -2 + I .\1' = 1 \V () + " .\\' = \V 0 0 :1 � 1 .\1' - 1 w x 
-':{ + 0 .w = l l 0 0  -2 + 2 .w = J l x O  1 - 4 . w � w w () 1 J 2 .\I' � w w x l 
-4 + 1 .w = 1 l O w -2 + 3 .w = 1 1 x w 1 - 3 .w = w w x x 3 - 1 .W = 1 0  x 
·4 + 2 .w = w w x w O  ·2 + 4 .w = w I O 1 - 2 .w = w l  3 + 0 .w = l l 1  

-4 + 3 .w = w w x w w ·1 - 4 .w = w \\' 1 I 1 - 1 .w = 1 1 x 3 + 1 .w = x x w x 
-4 + 4 .w = w w x O O  · ] - 3 .w = w x  ] + O .w = ] 3 + 2 .w = x l 

·3 - 4 .W = x 0 1 .J - 2 .w = x x i I + 1 .w = x x 3 + 3 .W = x x 0 x 
·3 - 3 .w = x x x - 1  - 1 .w = x 1 + 2 .W = W W 1 3 + .:{ .W = x x 1 I 
·3 - 2 .w = 1 1 w 1. -1 + O w. = 1 1 1 + 3 .W = x x I x 4 - 4 .W = J 1 x 0 0 
.3 - 1 .W = I x ·1 + 1 .w = w w x 1 + 4 .W = W 0 1 4 - 3 .W = 1 1 x 0 w 

-3 + 0 .W = 1 1 0 I . ·1 + 2 .W = 1 1 x 1 2 - 4 .w. = ] 1 x 1 0 .:{ - 2 .W = 1 w () 
·3 + 1 .W = 1 1 x x 
-3 + 2 .\\' = w w x w I  

·3 + 3 .w = w l x  

·3 + 4 .w = w w x O  1 
-2 - 4  .w = w w  1 0 

-2 - 3 .w = w w 1 W 

· 1 + 3 .w = w O x  

-1 + 4 .w = w l l  

0 - 4  .w = w w O  0 

0 - 3 .w = w w O w  

0 - 2 .w = w O  

O - I .w = w w  

2 - 3 .W = 1 1 x 1 W 
2 - 2  .w = w w  x O  

2 - 1 .w = w w x w  

2 + 0 .w = 1 1 0  
2 + 1 .w = 1 I w 
2 + 2 .\\' = X 0 

4 - I .w = 1 w w  
4 + 0 .w = 1 0 0  

4 + 1 .w = I O w 

4 + 2  .w = x x w O  
4 + 3 .w = x  x w w  
4 + " .w = x x () 0 
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Some arithmetic : t o  prove that I . IO :=.:  0. 0 1  observe that 0. 1 0  = -2 / 3 ,  0. 0 1  = 1 / 3 .  Since 
( 1 1)b = - I ,  we gel (ww)=-w, and Crom 1 1 O=h( l l )o�2 thal  l 1 x-=2+x= l -w.  That i s, 
1 1x. I 0  = ( 1 / 3) - IV = w w .  0 1 .  From this, aner multiplying by b " , we get the desired 
equality 1 . 1  w 2 1 0 = O. lVW O  1 . 

The set F and its convex 
hull 

FrG. I 
I l l . T H E C O N V ��X IHI L L  of the 

F R A CTIO N A L S KI' F o f  the SV S'f' [ i: i\1  
(-2, {O, I ,w,x ) ). We show in the theorem that 

, 2 i 1 i!l- } .  5 i h C == - + - IJ == - + -- .'. == - --. + --= . t en 3 .fj ' 6 2 ' 6  2·JJ ' 
Ir - ])1 = l/ .fj ,  ct) ( l� )  == S = �. + !!i .  . ., .1 () 
THEOREM IU 1 .  co(n=co (cj)J�'kTj(l . 

PROOF. Let us define H=co (CDEfTDC) , 
( ( , 1 '�' F n "� x '  ( [) } �� F n l'�" , f !'; ': = P n /'� I '  
Then, according to Theorem 1 1  1 i i )  and Lemma 
11 I ,  

( -) ( -) o m ' l� (  1 ) 2 } i l  ,,::" ( 1 ) 2 1 _ ,,"/3 ( -2) 1 2 + iJ3 C= I - x. l x  h = O. xl  b = e " ' � -2 + � -2 == e " :3 + "3 =
-3 ' 

- - 1 + i3J) " - - -5 + iJ.l . 
D= 1 1 ' - X. I I'X == O. xw = --" -'-- , b= 1 1 " - 1 .  If' 1 == 0. 11 1 '  == ----�---. .  On the other hand,  we 
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have, WI (C) = E, <t> I (C) == E .  Since <t> 1 (Z) is a conformal  mapping, ('/J I (H) c fJ . In 
general , d E j) -=;. <t> d (if) c H . In consequence, F e ll .  Since, C, D, E and its complex 

conjugates belong to F, we obta in co(/')=lI, QED.  
The next corol l ary impro ves Th .  1 1  '2 i ) .  
CO l�OLLA RY. i )  F e ci B(O; J'1-i0 ); i i )  d ia ll1 /" ·� J3 ;  i i i )  a n co( F) = ( O }  . •  

Conspicuous/points: A =-213 , X = (x.:t��;) = (0 .1) =' - I / 3 = w . ; l��� =the fixed point o f  q> p . b 

]]= 1 / 3  == 0. 0 1  = 1 . 1 0 ,  (see Fig. I ) . 
FIG .  2. It shows the relative position of H ill the 
tessel la tion H defined ill Th . rv 2. Observe [hal 
the conve:\ hexagon 11 does not t i le the p lane .  

IV. SOM E PRO P E RT I ES of the 
(E ISI<:NSTEIN) FRACTIO NAL S ET of 
the SYSTEM (-2, {O,1 ,w,x} ). 

DEFINITION IV 1 .  F* : =  {Z: Z = �a/)J } = 

the set of rationals in F. • 



THEOREM IV 1. i) F * c  int F.  
i i )  cl(F*) = cI(int F) = F.  
i i i) If  g;tO then (int F)nF !i =0 . -

] 82 

Fig. I .  

PROOF. i )  If  = := O. c I " .  and d E  J) t hen (I),J=) =: O.dc l "  • Besid es, (v " ( int F) c i n t F .  
Since 0 is an interior point of F it foll ows that cD'" o" .ocD". )O) = 0. ° 1 " . ° ", E int r.  
i i )  fol lows from i) since cl(r*)=F. 
i i i )  If z c I'� then z = (g)" . ° 1 " , . B ecau se of Th eorem I 1 v), ZN 'cc (g)" . a  I " . a  '" is not 
in F.  Thus, Z = l im z '"  does not belong to i nt(F), QED. 

COROLLARY. i) The fam i ly { i nt I'� : g  E F} i s  pairwise disjo int . 
i i )  F is a self-similar set that satisfies the open set cond it i on . -
TH EOREM IV 2. F is a connected set . -
PROOF. The tessel lation H o f  t h e  p lane given by  regular hexagons o f  apotheme 1 12 
centered at the points of the Eisenstein ' s  point-lattice (sce Figs . 1 , 2) is invariant under a 

translation by a vector of the lattice and under multiplication by e2 m/3 =w, e"l m' l = w  or 
e 'ri  =-· 1 . The simi larities <D,f ,d  E D , transform the tessellat ion H i nto the tessel lation H/2 . 
And the simila rity Cl)"" 0" .0$", transforms H "  ",H into H .. "", H/ 2 11 . To recognize the 

posit ion of a hexagon in H " , it is su llicient t o  k now the coordinates of i ts center i l l 
E=f I , w] . J f '1'"  denotes the central h exagon in  H t hen the set of eenl ers of the hexagons 
in H "  ' n>O, /contai ned in 1:,.d : ;;;;;; (1),, (U{ (J) "" , 0" . 0<D", ( ,/,'. ) :  (d . .  I , , , .  , (11 ) E f)" I } ) , for a fixed 

d E  f) ,  is t ... d : = {�; I_+" .+ :I, f- * ;dk E f), k = I , , ,  . , 1 1 - I ) . Applying v) of Th I I , we get 

that d ;t:.  d' =:;, 'Il.d n /ll.d, = 0 .  Therefore, (i nt l:, .d ) n (i nt l:,.d' ) = 0 .  
This explains the behaviour of the relevant subsets of  the famil ies of hexagons i n  the 
preced ing diagram. For ,exal}1ple, at its ext reme right we can distinctly see the f.'lmi l ies of 
hexagons in H 3 contained in the sets 1;.0 , '1; . 1 ' 'I; .w , 'I ; ., . I r n" denotes the compact set 

U 1�.d then, becau se of a theorem due to Hutchinsoll (cf. rH]), the sequence { Qn }  
dEl) 
converges to  F in the mctric of Hausdorff To provc that F i s  connected, it i s  suffici ent to 
prove that QIl is a connected set . It  suffices to show that given d E [) there exi st a 
C E O' \ {O} and two fami l ies of ciphers, {dn. I , , , . , d1 1 , {t ll l ' " . , l l } , such that 
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( IV I )  dh - '  j / 2  I h · "  I . " h ' h " . + l " , ]  + . . . +l , -I- e ]  = I" , - -1- . . . + / ,  . 
In fact, ( IV I )  impl ies that 1:,.<1 n 1;,.0 =t:: 0. Obviously, it sutTices to consider the case 

d=l .  In this case (IV 1 ) reads: b '  + cb-n  + d
n
jf 2 -1- . • .  +d,h-"  = tn ,h-2 + . . .  +t/f-n . The 

problem is  reduced to find, for n> I ,  Y j = Y j (n) E S, j= I , . . .  ,n- I ,  and a c=e(n) E O"  \ {O} 
such that b " - I + C = [Y " " . . . ' Y ' ]h (Square bracket s in expressions l ike [ . . .  1 "  have the 

same meaning as ( . . .  ) b except for the fact that the numbers inside them may not be 
-, " 

ciphers) . But, since h=-2 and 2" - 1 = L:2j  , we have bn + (- 1 ) "+ '  = L: (- 1 ) / /I n -j 
Cl 

= [- 1 ,  1 ,  - 1 ,  . . . , (- I ) " ]h '  QED. 
The preced ing proof is borrowed from [P] . F ig . 3 of section I illu strates the fact, already 
proved, that each r:� touches exactly twelve different ti les . This property i s  shared with 

the regular tiling by equi lateral triangles . 

l +m 
FIG . 2 

PROPOSITION IV 1 .  The process sholl'n in Fig. J rl 
Ihis sectioll provides a tessellatioll F n '  1/>0, wilh 

celllra! Iile n" , Ihat ,,"(form!y approximales the lilillK 
F= {I-� : g  E E} . Each Iile ill F n is in conlacl with 
exaclly six d(fferellt cOIlgmellUiles. 

PROOF. The centers of the hexagons in n" and n" +g, 

g ER \ {O} , are of the form: d/]-I/ + . . .  +d
n
_ 1 h-2 + doh-' 

and t ]b-- II +  . . . +toh - 1 + co + c,b+ . . .  +cmb nJ with a ck =t::O, 

respectively. After mult ip lying by bn , we obtain two different integers of the system 
because of Th. I 1 v) . That is, m( nn n (n" + g) )=0 if g =t:: O . It is easy to prove that 

each n" has an area equal to the area of a paral lelogram in Eisenstein point-lattice, that 

is, m (n,, ) = .J3 / 2 .  A standard resu lt on point-lat tices (cf [ HW] or [Z] , Prop. 2,2 ') that 
makes use of the fact that F "  = {g +nn :g E E} and H are composed of compact sets of 

the same measure associated to the same point-lattice asserts that F "  i s  a tessel lat ion of 

the plane. It 
l
is not difficult to show that if z belongs to nn then Izl < .J3 . A consequence 

of this is that nit n (nn -I- g) =t:: 0 only if g E O" .  Thus, there exists g E o" \  (O} such that 

nn n (On ± g) =t:: 0 .  g E a =:>  n" n cn" -I- g) =t:: 0 follows after multiplying by w and x 
the preceding relation, QED. 
Thus, each approximating tessellation behaves l ike the regular t i l ing by hexagons. 

DEFINITION IV 2. K= JF, K 1 /  := JF 1/ . {Z }= J': n 1;; , {Y l= F� n I'; , X=':" 1 I3 .­
THEOREM IV 3. i) Let a= <1>,  (0) =- 1 /2 and M= l;� u Ft U F, .  Then, A1 is a continuum 

. such that a E A  = the infinite open component of OM. Besides, 0 et. A . 
t. 

ii) B(O; 1/6) c int( XYZ ) c i nt(F) . -
P ROOF. We proved that I': has one point in common with j'; when t - S E S '  (Th. 1 1  
i ii)). From this and Th. IV 2, it follows that M is  a continuum. Using Theorem III 1 we 
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L ... /R?-" " "" :;)- / '  
" 

"
' " '' " .  // ::�'��so that M = U  { co( /'�. ) ;l:E { J ,-x,w} } i s ' /  , ?f  '" /f ,  ? "-';x.", / '  . x// ' // a cont inuum that does not contain 0 and lj/ ....... y� ; -( .... ·l'-1 the half l ine ( � ,a], (cfr . Fig.  4) .  

: " I I 
I 

Theret(,)re, (� ?�Iongs to �. Let q be a 
-1 : I X  : polygonal JOlmng 0 wIth ;!, .  Then 

/ I Z : q nM :;i: 0 .  In fact, clearly qn M :;i:0 (cf. 

' " /' "" _ ' . .... , I ./ � •• ;�, • •  Fig . 4) a�d q inter�ect� one
. 
of the polygons \' . .. ,.T, _ _  / -' ; .... , " ,  '. , 

y.'" ....... co( Fe ) mcluded m M at a vertex. or at 
. '  t wo d i fTerent sides. Since the vertices of I ' ,/ x ' .  

that po lygon are po ints of J'� , and J;� i s  
connected, w e  have in either case q n J.:. j:. 0 .  I n  consequence, 0 Cl. A . I t  i s  not hard to 
prove that the interior of the triangle XYZ has to be contained in  the  interior of},: QED. 
CO ROLLARY. The theorem holds  with }!� u J!� u }; replaced by M:= 
J;� u F.w u �  u F,x u }� . •  
PROOF. The convex hulls o f  F.x ' }�w  have void intersection with the interior o f  the 

triangle XYZ and the half1 ine (-oo,X) ,  QED. 
NOTATION IV 1 .  We shall denote with V/\ the complement C\V of the set V. 
THEOREM IV 4 .  i) int(F) i s  the union of an infinite denumerable family of open 
components 
ii) K is not a Jordan curve 

i i i) K e cl Uint(l':t ) . • . 
dES'lO} 

PROOF. i) 0 and - 1 /2= (0. l)b = <PI (0) are interior points of F. Because of the preceding 

theorem they belong to different components since int(F) e M/\. i) fol lows now from the 
self-similarity of F .  ii) is a consequence of i) and the theorem of Jordan and Veblen . 
i i i) If z :::: O. a.I . . .  EK then it is the limit of a sequence of points in C\F and therefore, 

Z = s. d,! . . . with s E S\ { O } . It follows from Th. IV 1 that z is the limit of a sequence of 

points belonging to int( J'; ), QED.  
V.  A LOC]{:ED TESSELLATION. W e  wish to prove that the complement of F, pt" 
has infinitely many open components.  This explains the existence of holes in the diagram 
of F shown in Fig. 2 of section 1. To prove that F/\ is not connected , it is sufficient to 
demonstrate the next result . In its proof we use again Table 1 .  
T H E O REM V J .  f'I' et ,Q = the infin ite open component ofF/\ . •  
PROOF. u= l . lw l  and v= l . l w l l are rationals not in F.  They are not connected in 

( J;;l �'O U }·�x.rw U F� =  u j;;, fl l x u }';J Xflw )/\ ::) /,'/\. This can be verified by applying the 
similarity tl-{z) := lh - (1 1w l)b ' In fact, one read ily sees that (1</1)=0, It(v)=0. 1 = -1 I 2 ,  

(J-{O.xxO)=(xxO) h -(l lw l)b =(-2:-2w)-(-3-2w)=1 , �O.xxw)=-x, (J-{O.xxx)=-w, 

tl-{O. O lx)=w, �O.xOw)=x. Therefore, (f:{ 1\):<xo )= � ,  (f:{ Fa ;p;w )= F.x. , d-{ Fo ",-� )= F.w , 
(f-{ Ji;l O I X )= !'., ' (1{ J.;J xow )= F" .By i i) of Corollary to Th. IV 3 ,  if-{u) and (f:{v) are not 
connected in M''\ = (f:{U � xxo u Faxm u }� x.-a: u J.� ol.x u I� xowY).  Hence, lI EP'\ ,Q , QED. 
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This shows that the tessel lation by F is different from the usual ones in which the ti les are 
"glued" side by side. In the present situation the tiles are "locked", each one with six 

o =(0,0) 

neighbouring tiles out of the twelve with which 
it has a non void intersection . The hexagons in 
Fig. 1 belong to H 3 . 
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