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We study the existence of solutions for the equation of prescribed mean curvature 
when the surface is the graph of u: fi --t R, with mean curvature H(x, y, u(x, y)) . 
We give conditions on the boundary data in order to. obtain at least one solution for 
the quasilinear Dirichlet problem ( 1 ) below , with H a give� continuous function. 

1NTRODUCTION 

We c�msider the quasilinear Dirichlet problem in a bounded domain n· e R2 with 

an E e2 
3 

(1) { (1 + u�)uxx + (1 + u�)uyy - 2u";uyuxy = 2H(x, y, u) (1 + lV'uI2) '" 

u(x,y) = <p(x,y) on en 
in n 

where JI : fi x [E, E] --t R is continuous for sorne E > O and <p E W2,p(n) is the 

boundary data. 

The problem aboye is the mean curvature equation for nonparametric surfaces which 

has been studied in general for hypersurf�ces in Rn+1 by Gilbarg, Trudinger, Simon, 
Serrin,  Díaz, Saa and Thiel among other authors. For Hindependent of u it has 

been proved [GT] that there exists a solution for any smooth boundary data if the 
mean curvature JI' of en satisfies: 

lI'(Xl, oo. , xn) � �lIH(Xl' oo. , x,,) 1 n-
for any (Xl, oo . , X,,) E en, and H E el (fi, R) satisfying the inequality: 

I H<pI:$ - ID<p 1 
1. 1-E l 
n n n 
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for any cp E CJ (n, R) and sorne f > O .  The sharpness of the geornetric condition 
on the curvature of on is shown by a non-existence result ([GT], corollary 14.13): 
if H'(x¡, ... ,xn) < n�1IH(x1, ... ,xn)1 for sorne (X1, ... ,X�) and the signof H is 
constant, then for any f > O there- exists g E COO(n) such that IIglloo:5 f for which 
the Dirichlet 's problern is not solvable. 

On the other hand, Díaz, Saa and Thiel [DST] studied the general quasilinear elliptic 
equation div(Q(IV'uI)V'u)+ ¡(u) = g(x¡, ... , xn) in Rn under Dirichlet and Neurnann 

conditions. They studied e:l!istence and uniqueness of the problern for nonincreasing 
. ¡ by findillg apriori uoullds fOl'V'tt. The case q(t") = (1 + 1"2)-1/2 corresponds to 

thcmcall CUl'vatul'C cquatioll (1), alld thc cOllditioll on f becamcs: "'(u);::: o. 

In the pl'esent paper we study the problern by topological methods, obtaining a 80-

lution under sorne restrictions on IIHlloo and IIcpll2,p but avoiding the conditions on 
the curvature 'of on. The condition �� � O will not be necessary either. 

The general Plateau problem and the Dil'ichlet asociated problem, have beenstudied 

hl [AMR],[BC],[HJ.lLD�M],[MRl [Sl],[S2],[WG], etc. 

The quasilinear operator associated to problem (1) is strictly elliptic since its eigen

values are >. = 1 and A = 1 + Ip12, where p = (u."u,) (see [GT] chapter 10). 
The main result is the following theorem 

TnEOREM 1 
Let p > 2 and assume that IIcpIl2,,, and lIHIILoo(ox[i,E]) are small enough with respect 
to In l , the Sobolev's constant and the apriori boundsfor 6. in fl. Then there exists 
at least one solu�ion u E. W2,"(n) of (1). 

SOLUTIONS BY FIXED POINT METHODS 

First we note that tt is a soluíion of (1), if and only if w = u - cp is a solution oi the 
following equation: 

(2) 

(1 +(w, + CPII)2)wu + (1 + (W., + cp.,)2)W"y_ 2(w., +�.,)(w" + CPYiw.,� 
( . ) ' . = 2H(x,y,w + cp) 1+ IV'(w + cp) 12 - (l+.(w" +�,,)2)�%:II 

-(1 +(W., + cp.,)2)cpllll + 2(w., + cp.,)(w" + cp")cp.,,, in n 
w=o onon 

For each 1'. E C1(n) such that IIv +cplloo :5 f we consider the elliptic� linear pirichlet . 
. proble� associated toequation (2) 
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(3) { L¡¡ (V) = F(v) 

v=o 

in n 
on an 

wh�re 

and 

3 
F(v) = 2H(x ,  y , V + cp) (1 + I\i'(v + cp ) 1 2) ! - ( 1  + (vy + cpy)2 )cpu - ( 1  + (vx + CP:rY )Cpyy 

+2(vx + CPx )(vy + CPy)CPxy 

The linear equation (3) has a unique solution v E W2,p(n) n W� ,p(n) (see [GT] , 

theorem 9.15) .  Thus, if we consider the Sobolev imbedding W2,p <......t el with imbed

ding constant k (i.e. l I u l l l ,oo :::; k l Iu I l2,p ) '  we may define an operator T : B, ( -cp) e 
el (O) --t el(O) given by T(v) = v if v is the solution of (3) for v . 

We'll see that the operator T has at least one fixed point in el , and this will give 

a solution of the original problem (1 ) .  

Our main tool will be  the Schauder fixed point theorem (see [GT] theorem 11 . 1  and 

corollary 1 1 .2) .  We prove first the following lemma and proposition. 

LEMMA 2 

TIJCJ'c cxists a COllstmJt  e (dcpCJJdiJJg' OJJ}Y on In l , }J )  m¡cl n > o sucll t}¡at j[ 

I Iv + cpll l ,oo :::; R 

.then [01' every w E W2,p(n) n W� ,p(n) 

Proof 

We can write 

Lv(w) = �w + Sv(w) 

where S¡¡(w) = (vy + cpy ?wu + (vx + CPx) 2Wyy - 2(vx + CPx )(vy + <py )wxy . 

The operator � satisfies the hypotheses of [GT] , lemma 9. 17 ,  then there exists a 

constant el (independent of w )  such that 
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I Iw l l 2 ,p :::; el l ltiwl lp 

for aH w E W2,p(n) n W� ,P(n) . Then 

and being 

we obtá.in 

The second rnernber of the last inequality is positive if I Iv + <p l lt ,�  :::; R < 2Jc., and 
' e ' I 

setting e = i _ 4�lR2 the lernrna holds. 

In the foHowing proposition we'll find O < R < 2Jc¡, f such that T( B R( -<P )) e 
B R( -<p) e el (O). 

PROPOSITION 3 
Let p >  2 and assume that 1 I<p 1 l 2 ,p' and I IH II Loo (i'ix [E ,EJ ) are small enough. Then there 

exists R :::; f such that if 

tllen 

I IT(v) + <p1l 1  00 :::; R , 

Furthermore, the operator T is continuous in the closed ball B R( -<p) ,  and its range ' 

is a precompact set o  

Proof 

Assurne that I Iv + <p1l 1 ,00 :::; R < 2:7cx ' Then 

and 
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We look for a number R such that 

or, equivalentIy, such that f(R) :::; O ,  where 

It is clear that f :::; � 
R2 

in the interval (O, � )  , where 
1 - 4 1 2v C1 

P achieves a minimum in Ro = v'l�Cl and peRo ) .:::; O if l ICP l l 2 ,p and I IH l loo are 

small enough. Then f(Ro) :::; O .  
In order to complete the proof we must see that T is continuous and compacto Indeed, 

for ü ,  v E BR( -cp) : 

But 

3 

I IF(ü) - F(v) l I p :::; 1 1 2H(x , y, ü + cp) - 2H(x , y, t + cp» (1 + IV(ü + cp) 12f " I Ip 

+ 1 I 2H(x , y, v + CP)« (1 + IV(ü + cp) 12) i 
_ (1 + IV(v + cp) 12) i

) l I p 

+ II (  (Üy+cpy)2 -(Vy +cpy)2 )CPxx I I p+ II (  (üx +CPx )2 -(Vx +CPx)2 )cpyy I Ip+2 1 1 (  (üx +CPx )(Üy +cpy)

(Vx + CPx)(Vy + CPy» <Pxy l lp  :::; 2 I 1H(x , y , ü + cp) - H(x ,  y ,  V + cP ) l I p ( l + R1?/'J. 

and 
. +6R( 1  + R2) ! (R + I Icp lh ,eo) l Iü - Vll l ,oo ln I 1 /P I IH l loo + 8Rllü - vl lt.oo l lcp l l 2 ,p 
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Being H uniformely continuous and l I u  - v i I I  )Q ::; k l l u  - V Il2 ,p , the continuity follows. 

Moreover , fixing any v E BR( -y;» we see that T(BR( -y;» ) is bounded in W2,p , and 

the r.esult follows from the compactness of tlle imbedding W2,P(11) <--t CI (n) . 
REMARK 
In the situation oE proposition 3, iE we write P(R) = 4CI R3 - R + a ,  the smallness 
oE H and y;> can be stated in the more precise condition a � 3�122Gl . 
P roof of theorem 1: From proposition 3 we know that the operator T satisfies 

the assumptions of Schauder fixed point theorem (see [GT] corollary 1 1 .2) . Thus, we 

ootaill a fixcd point 'W E W2 ,P(H) n W� " ' (H) fol' tlle opcrator T ,  which corresponds 

to a solution of equatión (2). 
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