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ABSTRACT

We study the existence of solutions for the equation of prescribed mean curvature

when the surface is the graph of u:Q — R, with mean curvature H(z,y,u(z,y)).

We give conditions on the boundary data in order to obtain at least one solution for

the quasilinear Dirichlet problem (1) below, with H a given continuous function.

INTRODUCTION

We consider the quasilinea;r Dirichlet problem in a bounded domain Q' C R? with
oNeC?

s . .

1 { (1 + w2 uzz + (1 + ul)uyy — 2uzuyuzy = 2H(z,y,u) (1 + |Vu|2) ? in Q
u(z,y) = ¢(z,y) ond2

where H : Q x [¢,e] — R is continuous for some ¢ > 0 and ¢ € W“’(Q) is the -

boundary data.

The problem above is the mean curvature equation. for nonparametric surfaces which -
has been studied in general for hypersurfaces in R™*! by Gilbarg, Trudinger, Simon,
Serrin, Diaz, Saa and Thiel among other authors. For H -independent of u it has
been proved [GT] that there exists a solution for any smooth boundary data if the

mean curvature H' of Of1 satisfies:
‘ ’ L
.H (.’El,...,:l,‘n) 2 mlH(.T],...,.’E,.)'

for any (1,...,%,) € 0, and H € C1(Q, R) satisfying the inequality:

. 1—c¢
I/HsoIS—/IDwI
Q n Q
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for any ¢ € Cj(Q, R) and some ¢ > 0. The sharpness of the geometric condition
on the curvature of 9§ is shown by a non-existence result ([GT], corollary 14.13):
if H'(z1,...,20) < 7%5|H(21,...,x,)| for some (zj,...,z,) and the sign.of H is
constant, then for any € > 0 there exists g € C*(£2) such that ||g]|cc < € for which

the Dirichlet’s problem is not solvable.

On the other hand, Diaz, Saa and Thiel [DST] studied the general quasilinear elliptic
equation div(Q(|Vu|)Vu)+ f(u) = g(z1,...,z) in R™ under Dirichlet and Neumann
conditions. They studied existence and uniqueness of the problem for nonincreasing
~ f Dby finding apriori bounds for Vu. The case Q(r) = (1 +r2)"!/2 corresponds to
the mean curvature equation (1), and the condition on f becowes: h'(u) > 0.

In the present paper we study the problem by topological methods, obtaining a so-
lution under some restrictions on ||H||oo and ||¢||2,, but avoiding the conditions on

the curvature of 9Q2. The condition -g—% > 0 will not be necessary either.

The general Plateau problem and the Dirichlet asociated problem, have been studied

in [AMR],[BC],[H],[LD-M],[MR] [$1],[S2],[WG], etc.
The quasilinear operator associated to problem (1) is strictly elliptic since its eigen-
values are A =1 and A =1+ |p|*, where p = (uz,u,) (see [GT] chapter 10).

The main result is the following theorem

THEOREM 1

Let p > 2 and assume that |||lz,p and ||H| e (gx(e,e) are small enough with respect
to ||, the Sobolev’s constant and the apriori bounds for A in Q. Then there exists
at least one solution u € W»P(Q) of (1). o ' ‘

SOLUTIONS BY FIXED POINT METHODS

First we note that u is a solution of (1), if and only if w = u — ¢ is a solution of the -
following equation:

(14 (wy + 0y) )z + (1 + (e + @2))wyy — 2wz + ) (wy + ‘Py)isz '

. '
@ =2H(z,y,w + ) (1+ V(W + ) )" = (L4 (wy + 9}
=1+ (we + ‘Pt)z)ﬁoyy + 2(“’: + @ )(wy + ‘Py)‘l’zy in Q,
w=0 on O}

For each 7 € C'() such that ||+ ¢|lco < € we consider the elliptic llneax Dirichlet.
' problem associated to equation (2)
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(3) { L;(v) = F(U) in
v=0 on 0N

where

Ly (v) = (14 By + ¢y)* Wzz + (1 + (U + 92)?Jvgy — 2(0z + 92)(Ty + ©y)Vey

and
F®) = 2H(z,3,5+) (14 1VE + )" = (140 +0y) hpas = (14 (T +92) o

+2(0z + 02)(Ty + Py) Py

The linear equation (3) has a unique solution v € W2?(Q) N Wy (Q) (see [GT),
theorem 9.15). Thus, if we consider the Sobolev imbedding W27 «— C! with imbed-
ding constant k (i.e. ""”1,;0 < kllull, , ), we may define an operatof T :B.(—yp)C
C'(Q) — C'() given by T(¥) = v if v is the solution of (3) for T.

We'll see that the operator T has at least one fixed point in C?, and this will give

a solution of the original pro:blérn (1).

Our main tool will be the Schauder fixed point theorem (see [GT] theorem 11.1 and
corollary 11.2). We prove first the following lemma and proposition.

LEMMA 2

There exists a constant C (depending only on ||, p) and R > 0 such that if -

7+ lli,c0 < R
then for every w € W2P(Q) N Wy'P()

lwllz,, < ClIlLs(w)ll,
Proof
-We can write

Ly(w) = Aw + Sy(w)

where Sg(w) = (Ty + ¢y wzs + (T + p2) wyy — 2Tz + 92 )(Ty + ©y)Way-
The operator A satisfies the hypotheses of [GT], lemma 9.17, then there exists a
constant C; (independent of w ) such that



18

llwll,, < Ci [|Aw]l,

for all w € W22(Q) N Wa'P(2). Then

s (), 2 1Awl, = IS (@, 2 & lwl, = IS (W,

and being
= 2
| IS5, < 41+ ol o sl
we obtain

1 .
sl = (g =410+ ol ) Nl

The second member of the last inequality is posmve if [7+¢lh,o <R<3 \/._, and
setting C = —40&?&;5- the lemma holds.

In the followmg proposition we'll find 0 < R < 2—-1-\/(:]=,e such that T(Br(—¢)) C
Ba(=7) C C'(A). »
PROPOSITION 3

Let p > 2 and assume that llll2,» and ||H||Lw(ﬁx[€,€]) are small enough. Then there
exists R < e such that if - ' o

17+ ¢lli,00 s R

then

IT®) + ll1,00 <

Furthermore, the operator T is continuous in the closed ball Bp(— tp), and its range’
isa precompact set.

Proof
Assume that [T+ ¢, ., S R < T Then

Ok

v+ ell1,00 < Koz pHllolls,00 < CRILVI, +||‘P”1 o0 = W IIF(v)II +lell,o0

and

IF@N, < 201+ 115 + ¢} o )*/ 1H (2,97 + @), + 201+ 217 + ll} o) el <
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<21+ RP2QIP | H| o +2(1 + 2R) |l

We look for a number R such that

2C1k

FETeNy A R PIQPP | H o + (1 4+ 2B7) igllz,p) + el oo < R

or, equivalently, such that f(R) <0, where

SO = 122 (U RIS [+ (1 4+ 20 il ) + Nl = B

\ 1
It is clear that f < in the interval (0, —=-), where

_PF
1 —401R2 2\/51

P(R) = 2Cy |21 | Hllo + (1 +3 )l|s0|lz,p) +llelltco — R+4C1 R

1
V120,

P achieves a minimum in Ry =

small enough. Then f(Rg) <0.

and P(Ro) <0 if ||o|l2,p and ||H||s are
In order to complete the proof we must see that T is continuous and compact. Indeed,
~ for uw, v € Bp(—¢):

I = vl < CllZw (u = v)l, < € (IF@) ~ F@)l, + 1Ls(e) - Le(o)ll) -

But

IF@ — F@)I, < [2H(, 0T +) - 2H(z,5,5+¢) (1+ 9@+ ¢)) " s

2y + (14 9@+ o) - (14 9@+ 0P) D,
HI((@y+py)’ =Ty +04)* P zallpHI((Te 02 ) ~(Te+02)")oyy lp+20((Te+2) [Ty +oy)—
(T2 + 92 )(Ty + 0u))enylly < 2H(z,y,T +¢) = H(z,y,7 +9)llp(1 + 7*)*
+6R(1+ R} (R + lleln,e0)ll 11,00/ UYP|| H oo + 8R||T — T|1, 00l l2,p

and

1L5(v) = La(v)ll, < 8R|[7 - vll1,0llvll2,p
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Being H uniformely continuous and ||u —v||; » < k|lu—v||2,5, the continuity follows. -

Moreover, fixing any v € Br(—y) wesee that T(Br(—y)) is bounded in W27 | and
the result follows from the compactness of the imbedding W2?(Q) — C*(R).

REMARK

In the situation of proposition 3, if we write P(R) = 4C1R® — R + a, the smallness

of H and ¢ can be stated in the more precise condition a < S“TZ\/_TC?{

Proof of theorem 1: From proposition 3 we know that the operator T satisfies
the assumptions of Schauder fixed point theorem (see [GT] corollary 11.2). Thus, we
obtaiu a fixed point w € Wr(Q)N W,"(§2) for the operator T, which corresponds
to a solution of equation (2).
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