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A POINTWISE ERGODIC THEOREM

MARfA ELENA BECKER

Abstract. Let (X, A, M) be a finite measure space and (© a nonsingular transfor-
mation on (X, A, [J,), Necessary and sufficient conditions are given in order that for

n-1 i
any f in L1 the average % ZI—=0 f o (p’ (l‘) converges almost everywhere.

INTRODUCTION AND RESULTS.

Let (X, A, u) be a finite measure space and ¢ a nonsingular transformation on
(X, A, ), that is, A € A and p(A) = 0 implies p(p~1A) = 0. We consider the
operator T, acting on measurable functions, '

Tf(z) = f(pz) .

Associated with T' we have the averages

1 n—1 )
Mn(T)f = ;Z_% T'f .
Since T’ maps Lo, to Lo and ¢ is nonsingular; the adjoint operator S acting on
Ly(p) can be defined by the relation

[ orsan= [ 1sgau

f € Lo , g € Li. Asin [3], in order to extend the domain of S to the space
M*(p) of all nonnegative extended real valued measurable functions on X, fix

any f € M*(u) and take {f,} C LT (x) such that f, 1 f a.e. on X. We then
define ' ‘

Sf=lmSf, a.e. on X .

It is easily checked that by this process S can be uniquely extended to an operator
on M*(p) satisfying S(af + Bg) = aSf + 8Sg, 0 < @, 8 < co. In the sequel, S
will be understood to be defined on M*(y) in this manner and we write

n-1

My(8)f == §'F .

=0
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The purpose of this paper is the following theorem:

Theorem 1. Let (X, A, p) be a finite measure space and ¢ a nonsingular trans-
formation on X. Then the following conditions are equivalent:

A) For any f € L{ (1), imM,(T)f exists and is finite a.e. on X.

B) S satisfies the mean ergodic theorem in L; () and, further, for any f € L} (u),
limM,,(S)(fvo) exists and is finite a.e. on X, where vg is the pointwise and

Li—norm limit of M, (S)1.

* We will need the following well-known fact (see, e.g. [4])

Lemma 1. Let (X, A, z1) be a finite measure space and ¢ a nonsingular transfor-
mation on X. The following are equivalent:

(i) Forany f € Loo, Myn(T)f converges almost everywhere.

n—1 .
1 .
ii) F A lim— E ~'(A)) exists.
(ii) For any A € A, im— 2 p(e~"(A)) exists.
(iii) S satisfies the mean ergodic theorem in L.

Throughout this paper x4 will be the characteristic function of the set A and
~ we will consider two sets as ‘equal’ if they agree up to a set of measure zero. A
measurable set A will be called invariant if Tx4 = xa a.e.. We denote by J the
~ o—field of invariant sets.

THE PROOFS.

In order to prove Theorem 1 we will make some previous considerations. First, we

observe that by virtue of Lemma 1 we may and do suppose that ¢ satisfies:
n-1

’ 1 .
For any A € A there exists i(A) = lim—z (e~ (4)) .

- ' . nn i=0 . .
By the Vitali-Hahn-Saks theorem 7 is a measure. It is easy to see that 1 is
absolutely continuous with respect to g, invariant under ¢ and 7(A) = p(A),
AeJ. ) '

Let vg = j—g, C = {z :vo(z) > 0} and D = X \ C. We have u(C\tp'l(C)) =0

and hence we may suppose that C C ¢~1(C). Then the set Do = [} ¢~ "(D) is
' n>0
invatiant and p(Do) = B(Do) = 0. Thus we have

(1) X=Uem(©0):

n2>0
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It is also easy to see that the validity of L; —mean ergodic theorem for .S implies.
v = lim My ()1 .

We prove t‘he follbwing:

Lemma 2. Let h € M*(u) such that h*(z) = Ii}lnM,,(T)h(m) exists and is finite

a.e. on X. Then h € Ly () if and only if 2* € Li(p).
Proof. If hisin Ly (), then by Birkhoff’s classical ergodic theorem h* € Lj(z)

and we have
/hdﬁ:/h*dﬁ:/h*dﬂ,

where the last equality follows from the fact that A* is J-—measurable together
with y=Z on J.
Conversely, assume h* € Li(p) and let {h,} be a sequence of nonnegative simple

- functions increasing to h. By (1) and the Lebesgue bounded convergence theorem,
for all A € A we have ’

/ Xadp = lim / Mn(T)xadp = / XAdl .

/h*d,u > lim/h;dp.= lim/h,ﬂ'ﬁ: /hdiI .
: n n

Proof of Theorem 1. A) = B). Let f be a function in L (1) and f* = liﬁnMn (T)f.

We consider for each natural N the set Jy = {z : f* < N}. Since Jy € J,
(fXs,)" = Xy, f* p—a.e., and from Lemma 2 it follows that fx, .vo € L1(p).

Hence

Then Lemma 1 and the fact that the validity of the L; —mean ergodic theorem for
S implies the validity of the pointwise ergodic theorem for S (see, e.g. [2]) give -
the almost everywhere convergence of M,(S)(fx,,, vo). From the relation

S(fXJN 'vo) = Xup S(fvo)

it follows that M, (S)(fvo) converges a.e. on Jy. Letting N 1 oo, we obtain B)
B) = A). Since for all f € Li(p) .

[S(xc )l £ xS1f] .u—a.e. on X |

S can be considered to be a positive linear contraction on L;(C, p).
Let Jc be the o—field of invariant subsets of C. Using, for instance, the Chacon-
Ornstein theorem and the identification of the limit function (see [1], p.41) it
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follows that for each h € L1(C,p) there exists a Jc—measurable function R(h)
such that

h = lim M,,(S)h = R(h)vo p—ae onC .

Furthermore, we have

hdjp= | R(h)vedp K € T .

N K
Now, let f € LT (p) and set f, = min{f,n}, for cach natural n. "Then
f:v\o=R(fnvo)vo§m<oo p—d.e onC |,

where fup = imM, (S)(fvo).
We take Ky = {2 € C : supR(fnvo) < N}. It follows that

fvod,u = hm favodu < N vodp -

I&N I\N- I\N

Therefore, f € Ly(Kn,) and by Birkhoff’s classical ergodic theorem Mn(T) f
converges to a finite limit a.e. on K.
Since Ky 1 C, A) follows from (1).
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