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Abstract: We consider Hormander ’s multiplicrs of fractional order on Hardy-
Orlicz spaces H,,({1"). The main tools we used are the atomic and molecular
decompositions of these spaces.

1. Introduction

In this paper we study multipliers for the Hardy-Orlicz spaces H,,(IR"). We
consider Hérmander’s multipliers of order ¢ > 0, where t is not necessarely an
integer number. In [5], Taibleson and Weiss, proved that the functions m sat-
isfying a Hérmander’s type condition (see (1.2)) are multipliers for the classical
Hardy spaces HP(IR"), 0 < p < 1. There, they use different techniques to deal
with the cases ¢ an integer and ¢ real and non-integer (see theorems 4.2 and 4.9).

-The purpose of this work is, on one side, to extend these results to the contect
of Orlicz spaces. On the other side we present an approach that allows to deal
simultaneously with all positive real values of t. Our main tools in this setting
are the atomic and molecular decomposition of the Hardy-Orlicz spaces given in
[3] and [6]. :

In order to introduce the spaces H,,(IR") we first give some definitions.

let g be a positive function defined on IR = {z € IR,z > 0}. We shall say
that g is of lower type m > 0 (respectively, upper type m) if there exists a positive
constant C such that
g(st) < Ct™g(s)

for every 0 < t <1 (respectively, t > 1).
Given g, a function of positive lower type I, we define

g7 (s) = sup{t: g(t) < s}.

Assume that w is a function of positive lower type { and upper type d < 1.
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Let j € IN éuch that jl> 1. We define

fi(z)
/ w ( 7T dr < oo
mﬂ

where f} is the j-maximal function of a distribution f € &', the dual space of the
class of Schwartz functions (see [1]). We denote

1z, = mf{)\>0 / (Alﬂ))d <1}

It can be seen that H,, is a complete topological vector space with respect to
the quasi-distance induced by || ||#,. Moreover H,, is continuously included in
§'. Clearly, when w(t) = t?, 0 < p < 1, H,(IR") = HP(IR"). Also it can be
proved that for every f € H,, f is a continuous function on IR™ which satisfies

Hw=Hw(1R")={feS':

» el <c 'l(',n')nfu"‘ 40
(1.1) :

foy=o0

where C' is a constant independent of f, see [5] for the case HP (IR™).
Suppose that m is a measurable function such that the function m f belongs to
S’ whenever f € H,. We say that m is a multiplier on H,, iff there is a constant
C > 0 satisfying ~
1) e < Cllflla
for all f € H,.

The Hérmander condition is given in terms of the difference operator whlch is

defined by
Apu(z) = u(z) — u(;v — k),
- where u is a real valued function on IR" and h € IR*. We denote

Alu=u and Afu=AF'Aju, kelN.

We say that a function m satisfies the Hormander condition for ¢ > 0 if m is
bounded, |m(z)| < A, and for some integer { > t and all integers k, we have

k(2t—n) -2t ] 2 2
(1.2) 2 / |h| / |ALm(z)|*dz T <A

|h|<2k—l 2k <|z|<2k+1
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It can be proved that if ¢ is an integer, condition (1.2) is equivalent to

RHAl= / |DPm(z)Pdz < A?
R<|z|<2R '

for 0 <|B| <t and all R > 0.

The main result in this paper is the [ollowing;:

- Theorem (1.3). Assume that w is a function of positive lower type | and upper
type d < 1. Suppose that m salisfies the Hormander condition for t > n(2/1 —
3/2). Then, there is a constant C > 0, independent of m, such that

(14) W) llan < CANS I

for every f € H,. When w(t) =t?, pe€ (0,1] we have (1.4) with ¢t > n (1/1 —
1/2). o | |

The proof of theorem (1.3) is developed in section 3. As principal tools we

. use the atomic and molecular decompositions of H,, which are contained in section
2.

2. Atomic and molecular decompositions of H,,

In this section we shall give the definitions of the atomic and molecuar Hardy-
Orlicz spaces and state some of their properties used in the next section.- The
proofs_of these results can be found in [6] and [3). As in those papers in the
sequel we shall assume that: ' ; :

(2.1) w is a function of positive lower type ! and upper type d < 1, p is the
function defined by p(t) = t~!/w=(t"!) and N = [n(1/! — 1)], where [z] stands
for the biggest integer less than or equal to z.

The following definition will be usefull to introduce the atomic and molecular

spaces.
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-Definition (2.2). Suppose that b = {b } eIN, is a sequence of functions in
L*(IR™), and ¢ = {c; }JE IN, is a sequence of posntlve constants such that

(23) | - Teu(libillac; ) = L < oo,

where IN, denotes the set of non-negative integers. ‘We define

, Wosllac; Y
(2.4) A(b, c)—mf{/\>0 > Jw(l /\"‘;/, <1
We observe that -
e (Ml ) _
- cjw A(b,c)lﬂ =V

where C is the upper type constant of w.

Definition (2.5). Let n € INo, n > N. A (p,n) atom is a real valued function
a on IR" satisfying ‘

(2.6) - / a(z)zPdz = 0
s

{or every multi-index 8 = (f,,...,0,) such that |f]| = By + ... + B, < 3, where
2P =P, 2P, '

(2.7) the support of @ is contained in a ball B and
(2.8) llallz| B/ < [1Ble(1BI)]) .
Clearly, when w(t) = t?, p € [0,1], we have that p(t).= tV7~! and a (p,n) atom

is a (p, 2, n) atom in the usual sense (see [5]).

Definition (2.9). Wedefine H*" = H?"(IR") as the linear space of distributions
f on & which can be represented by

(2.10) J(h) = 2 bi(#),
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‘where {b;} is a sequence of (p,7n) atoms such that there exists a sequence of balls
{B;} satisfying supp(b;) C B; = B(zj,r;) and (2.3) with ¢; = |B;|. We denote
b = {b;}, B ={|B;|} and let

1fllgron = inf A(b,B),
where A(+,+)isasin (2.4) and the infimum is taken over all possible representations

of f of the form (2.10).

The definition of a molecule in the context of IIardy Orlicz spaces is the fol-
lowmg :

Definition (2.11). Assume that € is admissible, that is € > 0 for the case w(t) =
t? and € > 1/l — 1 for a general w. Let z9 € IR". A (p,€) molecule centered at
o is a real valued function M on IR" satisfying

(2.12) IMIlzllMp(] - =ol™)] - —zo“**/P||; < C
and ’
(2.13) / M(z)zPdz =0

: i

for every multi-index 3 such that |3] < N.
We observe that when w(t) = t?, p € (0,1], a (p,€) molecule is a (p,2,¢ +
1/p — 1/2) molecule in the usual sense (see [2] and [5]). ‘

Remark (2.14). Itisnot difficult tosee that condition (2.12) 1mphes that Mz?

L for every 3, |8 < N and consequently M has continuous derivatives up to the
order N. Moreover, we get

DPM(E) = [-2mia? M()NE), €€ R
From this, we clearly have that if M satisfies (2.12), then (2.13) is equivalent to
.. DPH@=0, A<D

Given M, a (p, €) molecule centered at z¢, and B, a ball with the same center,
we denote
MP = MXp
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yeB - el =z - =z M Xop
T (BBl

Definition (2.15). Assume that € is admissible. We define M, = M, (IR"),
as the linear space of distributions f on S which can be represented by

(2.16) f(p) = E M; (),

where {M;} is a sequence of (p,€) molecules centered at {mj}v, such that there
exists a sequence of balls {B;} = {B(z;,r;)} satisfying

j - CB; -
3 IB;lw(l M7 1121 B;™/2) + 3 |Bjtw(|1M5 |21 B;| /%) < oo.
J J -

Let MB = {Mf’}, MCB — {MfBj} and B = {|B;|}. We define
11l = inf(A(MP, B) + AM®, B)) ,

where A(-,+) is as in (2.4) and the infimum is taken over all possible representations
of f of the form (2.16).

‘ We finally remark that both spaces " and M ,,,; coincide with the Hardy-
Orlicz spaces H,,.

3. Proof of the main result.

In order to prove theorem (1.3) we first give two technical results which proofs |
are contained in [5], necessary modifications can be carried out.

Proposition (3.1). Assume that b is a function belonging to L*(IR") with van:
ishing moments up to the order n € INo and supp(b) C B = B(0,r). Then for
everyh€ IR", 0< k<17, § € IR and E > 0 we get

(3.2) I(AEDY?II, < ClIBIEIBI=+1 7|,  r € [1,00] .
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and

|rsn AKD(z)| < ClIbll2| BI** +E R+ if 2| < E]A|
(3.3)
|7en AKD(z)] < C|lb|2| BI™ +3[R|*e|™1=%  if |z] > E]l,

where C is a positive constant which does not depend on b, h, and z; and 7, f(z) =
f(z + h).

We observe that by (3.3) with § = k = 0, we have
(3.4) [B(2)1 < Cllbllo|BI*"+3 ™"

for every z € IR".

Theorem (3.5). Suppose that m satisfies the Hormander condition fort > n/2
Then there ezists a constant C, indepent of m, such that for all integer k,
eo) 20D [ [ slme) ) < o

IR® 2k <|z|<2k+1

vivhenever r=1orn/r>n—2(t—7), v€IR", and ¥ an integer greater than
v. Furthermore, m is bounded and continuous on IR" — {0} and ||m||x < CA.

Let us remark that, since the results stated in the following are invariant under
change of equivalent functions, in proving them we shall assume without loss of
generality that w is in addition continuous and strictly increasing.

Lemma (3.7). Assume that m. satisfies the Hormander condition fort such that
€ = t/n+1/2—1]1 is admissible. Suppose that b is a function belonging to L*(IR™)
* with vanishing moments up to the order [t]+1 and supp(b) C B = B(0,r). Then
(mb) is a (p,€). molecule centered at zero and satisfies

(39) lI(mb)"|l < CAllbll: and

(3.9)  lmB)¥- 1l < CAllblL1BI""
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Proof. Sincet/n+1—1/1 > 0 and p has upper type 1/l — 1, we can write
I(m)¥ ()] - )] - [*=+1-D)]

< 11mB) e - 1) - PEH=D g (Ml + 110mD) - (] 1) - 0D gz ()

< C(Il(mb)|lz +11(mb)V] - [*]]2) -

~ ‘Then, by (2.14), in order to prove that (mb)Y is a (p, €) molecule centered at zero,

it will be enough to check (3.8), (3.9) and
(3.10) DP(mb)(0)=0 ,|B] < N.

From the boundedness of m we clearly have (3.8). Let us pfove‘ (3.9). Suppose
that ¢ = [t] + 1. Then, using the identities

/ I(mb) (:l: l2 |2t / ”Alhln...zt )szh
m"

which proof is contained in [4] (p. 140), and

Alfg) = T (;)( wAif)(Akg)

.k+j=i

we need to show that
lr_kn ARBC) AR m(OIE l|7—_kn A, b( )Akm(- )Ilz
/ Ih|n+2t . dh = ; / + / / |h|n+2t
h|<|B|~Y/»  |n|2|B]-Y/" /) IR"

= L+ I < CAYJbl3 B
for k+j =1t It is clear that

I, < CA*||b|l3
[n]>|B|-Y /"

Inwdh < CAbllIBI

because ||m||lc < CA. Let us estimate I;. We first consider the case k = 0.
From (3.2) with r = 1 we easily obtain

L < CAY||b|2BI* f‘|mmw4M30Mmeﬁ-
. " |hIg|B|FMn '
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For the estimate of I, for the case k > 1 we choose an integer K such that
2" < |B|7! < 27K+ and we get

A I = Ri“‘l |Ir_nA3B(z) 2| Ak m () ?

EE dzdh

v=-°‘?|h|52v+l 2V <Jz|<2vHl

K-1 (Y21 AR 2
[—en B35(2) | Afm(2)]
+ NeE ~dzdh
V=T gut1 clh)<|Bl-1/n 2v<|oi<avti
o I Agb() 2| A k()
+) / it dedh

hl<|B|=Y/n 2v<|z|<2vHE
= Sl + Sz + Sa i

Estimate for S;. Let z be a nonnegative constant. Aplyingthe fact that | B|~/"|A|~
1 and (3.3) it follows that

. K-1 :
- . 1
1= j 2 k N2
Si LBl U—Z-:m tmle(s‘zl:[;"“]IT_khAhb(m)l : [h|r+2itzs |Agm(z)|*d:
CL YT T g avit ’ - vgfelgovt
ANy 2 K v2(f4+1-j) t 1 Ak 2
S CI‘B[ " » ”6”2 Z 2 . lh|n+2(t+z_j) : | hm(z)l 2

vy=-=00

[h<2v41 2v<|rj<avil

Taking z = % when ¢ is an integer and k¥ = 1, and 2=0 in other case, we can
apply (3.5) and we obtain that S; is bounded by

- K-1
(1) g 20 v(2t42-2t—224n 2
CIBPw 4R jplly 3o 2@H-2-24n) < Clp 3] B,

because 2t 4 2 — 2t — 2z +n > 0 and 2K ~ | B|~Y/".
- "Estimate for S5. Take z as in the estimate of S;. ~ Since t > n/2, we can choose
-7 2> 1 such that

;>n—2j+2z

and n
2(t+2—j)—:>0.
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Thus, from Holder’s inequality, (3.5) and (3.2), we get that S is less than or equal
to

— 2z = N r! T 1 r
BIE S [ (e o) e (Al @) da
U=K|h|<|B‘—1/" ’ - - 2U<III52|}+1 ’
=2z, 2i 41 s 1 . .
< BT bR Y / Tt | [ 1akm(@)rdaytdn
V=R < By-1in 29 <o <29+

: . o0
< CA||B| 2B+ 543 |b||2 Y 2-v@(tte=i)-1)

v=K
< CA%||b)13BI>.

because 2% ~ |B|~'/",
Estimate for S;. By Tonelli, we can write

IT_nALB(2) 2| Ak m(z))|

2 .
53 < [h[nr2e dhdzx

=<2 |z|<|hl<|B|=1/"

= / / I'r_khA{,E(x)IzlAﬁm(z)Pdwdh

|h|n+2t
[hI<2* Jz]<|h] -

|71 ALB(z) || Ak ()|
|h|n+2£

2
+ dzdh

2k <|h|<|B| -1 /" fzj<2k

- I3 +I4
From (3.3) it is clear that

13 S CA2IB!?-(—;ni'u+1”b”% / |h|2(1+1)—2tdh
Jh|<2*

< cA|pli3lBIx,



49

since |B|~Y/" ~ 2K, On the other hand, applying (3.2) with r = oo, we have
that
oAt [ BBIBIFbE T < CAEIBIR
2x<|h|<|B|-Y
_ which concludes the proof of (3.9).

Finally, in order to prove (3.10) we proceed as in the context of the spaces
HP(IR") applying (2.14), (3.4) and the restriction on ¢.

Proof of theorem (1.3): Clearly it is sufficient to prove that there exists a
constant C independent of m such that

(311) I e S CAUS e

for every f € H,, with 7 and € as in the previous lemma.. Let f € H, and assume
that b = {b;} is a sequence of multiples of (p,) atoms such that f = b;in §".

j
Since m € L*, applying (1.1) it is clear that

(mf)* = 2(mb))" = Lmreb)*(- =) in 8"

J

—

By (3.7) we have that M; = (m;,6;)V(- — z;) is a (p, €) molecule centered at
z; which satisfies

(3.12) [|1M;]l; < CAllbjl|, and |

(3.13) IM;] - —z;1'1l2 < C'Allb;l12}B; 1™

Let o be a positive real constant. . Following the notation of (2.15), by (3.12),
we obtain ,

' MBI (G Al lllB,
(14 ;'B"'w’( [ (b, B)] 7 )5;‘3"'“’( )

On the other hand, a.p;ﬂyihg (3.13) and the fact that p is of upper type 1/1 —1
we get
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|1 M5 1o] B; | /2

;IBj’w( [c-:A(b,B)Jll/’ )=

= >_|Bjlw (”MjXCB:‘P(I 1 0] M7 e —letllzIle‘llz)
- P(IBJ'DIBjﬁ“"T[aA(b,B)]x/l

- (3.15)

ClIM,| - —a ~|‘ule~|-‘/2>
S B:lw J J J‘
2.1B;] ( [B, |7 (b, B)]T

CA|[b;|l2|B; |~/
< S (SoXmT )

Since we can assume that the constants C in (3.14) and (3.15) coincide, taking
a = (CA) it follows that

(mF)¥Ilam,. < A(MPB, B) + A(MCB, B) < CA'A(b, B)

where C is a constant independent of m, which proves (3.11)2.0
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