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Abstract : We consider Hormandcr 's m l l l t i p l icrs of fract.ion a.\ ordcl" 0 11  Hal'dy
Orljc� spaces Hw(Rln ) .  The maill tools w e  used are the atomic and molecular 
decompositions of these spaces . 

1. Introduction 

In this  paper we study multipliers for the Hardy-Qrlicz spaces Hw(Uln) .  We 
consider Hormander 's multipliers of order t > 0, where t is  not necessarely an 
integer Ilumber. In [5] , Taibleson and Weiss, proved that the functions m sat
isfying a Hormander 's type condition (see ( 1 .2 ) )  are multipliers for the classical 
Hardy spaces HP (Uln ) ,  0 < p ::; 1 .  There, they use different techniques to deal 
with the cases t an integer and t real and non-integer (see theorems 4 .2  and 4.9) . 

. The purpose of this work is ,  on one side, to extend these results to the contect 
of Orlicz spaces . On the other side we present an approach that · allows to deal 
si ll11 l 1taneously with all p osit ive real values of t . Our main tools in this setting 
a.re Lhe aLomic and molecular decompos ition of the Hardy-Orlicz spaces given in 
[3J fi ud [6J . . 

In  order to introduce the spaces Iiw (Uln )  we first give sorne definitions . 
Let 9 be a pósitive function defined on Ul+ = {x E Ui, x > O} . . We shall say 

that 9 is of lower type m � O (respectively, upper type m) if there exists a positive 
cons tant  e such that 

g(st )  ::; Ctmg(s)  

for every O < t ::; 1 (respectively, t � 1 ) .  
Given g, a function o f  positive lower type 1 ,  we define 

g-1(S )  = sup { t : g(t) ::; s } .  

Assume that w i s  a function of positive lower type 1 and upper type d ::; 1 .  
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, 
Let j E IN such that j i .> 1 .  We define 

Hw � Hw{lRn) � {fES' 'J w e{�;,) ) d. < 0a}. 

where /i is the j-maximal function of a distribution / E S', the dual space of the 
dass of Schwartz functions (see [ 1 ] ) .  We denote 

I I f l IR. �inf { -1> O =J w e{�;,)) d. $' 1 } 

It can be seen that Hw is a complete topological vector space with respect ':0 
the quasi�distance induced by I I I IHw . Moreover Hw is continuously included in 
S' . Clearly, when w(t) = tP, O < p :::; 1 ,  Hw (mn ) = HP(IRn ) . AIso it  can- be 
proved that for every / E Hw , i is  a continuous function on mn which satisfies 

( 1 . 1 ) 
{ I�(') I <; Cw-:;:: In ) 1 1 J 1 1l{� ,  

/(0) = O 

where C is a constant independent of / ,  see [5] for the case HP(mn). 
Suppose that m is a m(;!asurable function such that the function mi belongs to 

s' whenever / E Hw• We say that m is a multiplier on Hw iff there is  a constant 
C > O satisfying 

1 1 (mit I I HU. :::; C I I/ I IHw 

k E IN. 
We say that a function m satisfies the HOrmander condition for t > O if m is  

bounded, Im (x ) 1 :::; A,  and for sorne integer t > t and all integers k ,  we have 

( 1 .2) 2k(2t-n> ! I h l -2t . !  larm(xWdx l!�n :::; A2• 
Ihl<2"-1 2"< lxI9"+1 
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It can be proved that if t is an integer, condition ( 1 .2)  is equivalent to 

R21.8I - n  . J ID.8m(xWdx ::; A2 
R<lx l$2R 

for 0. ::;  1,6 1  ::; t and all R > o..  

The main resulL in  this paper is the following: 

. Theorem ( 1 .3) . Assurne that w is a fundion of positive lower type 1 and upper 
type d ::; 1 .  Suppose thal m salisjies the Horrnander condition for t > n (2/ 1 -
3/2) .  Then, there is a constant e > 0. ,  independent of m ,  such that 

(1 .4) 

for every fE Hw . When w(t) = tP, P E (o. , l ) we have (1 .4) with t > n ( 1 /1 -
1 /2 ) . 

The proof of theorem ( 1 .3) is developed in section 3 .  As principal tools we 
use tlie atomic and molecular decoinpositions of Hw which are contained in section 
2 .  

2. Atomic and molecular decompositions of Hw 

In this section we shall give the definitions of the atomic and molecuar Hardy
Or1\cz spaces and statc sorne of their properties used in the next section . Thc 
proofs . of these results can be found in [6} and [3J . As in those papers in the 
sequel we shall assume that :  
(2.1 ) w is a functíon of posítive lower type 1 and upper type d ::; 1 ,  p is the 
function defined by p(t) = t- 1  /w- 1 ( t-1 ) and N = [n( l / I  - l )J ,  where [xl stands 
for the biggest integer less than or equal to x. 

The following definition will be usefull to introduce the atomic and molecular 
spaces . 
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Definition (2 .2 ) .  Suppose that b '7 {bj }  'eIN . is  a sequence oí íunctions in . . 3 o L2 (mn) , and e = {Cj }jeINo is a sequence oí �ositivé constants such that 

(2 .3) 
j 

where IN o denotes the set of n�n-negative integers. We define 

We observe that 
�. ( l Ibj I l2Cj l /2 ) _ L¡CjW A(b, c)1/1 S e,  

where e is the upper type constant of  w .  

Definition (2 .5) . Let TI E INo , Ti � N. A (P, 71) atom is a real valued function 
a on mn satisfying 

(2.6) f a(x)xPdx = O 
m" 

{or every multi- index P = (Pl ,  . . . , Pn) such that IP I = Pl + . . . + Pn S Ti, where 
,...p .  _ ,..PI ",P2 ",Pn '" - "' 1  "' 2  • • •  "'n , 
(2 .7) the support of a is containoo in a ball B and 

I 

(2 .8) 

Clearly, when w(t )  = tV ,  p E [0 , 1 ] ,  we have that p(t) , = t l /p�l and a (p, TI} atom 
is a (p, 2, TI) atom in the usual sense (see (5) ) .  

. . 

Deflnition (2.9) . We define HPoJI = HP'''(mn ) as the linear spac� oí distributions 
r on S which can be represented by 

. 

( 2 . 10 )  f(,p)  = L: bj (,p)  , 
. ! 
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·where { bj }  is a sequen ce of (p, TI) atoms such that there exists a sequen ce of balls 
{Bj }  satisfying supp(bj )  e Bj = B(xj , rj ) and (2 .3)  with Cj = IBj l .  We denote 
b = {bj } , B = { IBj l } and let 

I l f I lHP,'1 = inf A(b, B) ,  

where A( · , · )  i s  as in  (2 .4) and the infimum i s  taken over all possible representations 
of f oC the form (2 . 1 0 ) .  

'rhe definition oC  a molecule in  the context of Hardy-Orlicz spaces i s  the fol
lowing. 

Definition (2 . 1 1 ) .  Assume that E is admissible, that is E > O for the case w(t )  = 
tI' and E > 1/ 1  - 1 for a general w. Let Xo E mn • A (p, E) molecule centered at 
Xo is a real valued function M on mn satisfying 

(2 . 12 )  

and 

(2 . 13) J M(x)x{3dx = O 
m" 

for every multi-index f3 such that 1f3 1  � N .  
We observe that when w( t )  = tI', P E (0 , 1 ] ,  a (p, E) molecule i s  a (p, 2 ,  E + 

1 /p - 1 /2) molecule in the usual sense (see [2J and [5] ) .  

R�mark (2 . 14) .  I t  i s  not difficult to  see that condition (2 . 12)  implies that M x{3 E 
L1 for every f3, 1f31 � N and consequently M has continuous derivatives up to the 
order N. Moreover, we get 

From this, we clearly have that if M satisfies (2. 12) ,  then (2. 13) is equivalent to 

¡j3 M(O) = O , 1f3 1 � IN. 
Given M, a (p, E) molecule centered at xo , and B, a ball with the same center, 

we denote 
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Definition (2 . 15 ) .  Assume that f is admissible. We define M p,( = MpAmn),  
as the linear space of distributions f ón S which can be represented by 

(2 . 16) /( 1/J) = E Mj ( 1/J) , ' 
j 

where {Mj }  is a sequence of (p, f) molecules centered at {Xj } ,  such that there 
exists a sequence of balls {Bj }  = {B(xj , rj ) } satisfying 

E IBj lw( \ IM!i Il 2 IBj l -l/2 ) + E IBj lw( I IMfBi I l 2 IBjl-l/2 ) < oo .  
i i 

B B }  CB { CB , , 
Let M = {Mj J ,  M =  Mj J }  and B = { IBj !} .  We define 

I I f l lMp,. = inf(A(MB , B) + A(McB , B)) , 
where A( · , · )  is as in (2.4) and the infimum is taken over all possible representations 
of l of the form (2 . 16 ) .  

Wc finalYy l'cmal'k that both spaces HP''1 alld Mp,( coincide with the Hardy- . 
Orlicz spaces Hw• 

3. Proof of the main result o 

In order to prove theorem ( 1 .3) we first give two technical results which proofs 
are contained in [5} , necessary modifications can be carried out. 

Proposition (3 . 1 ) .  Assume that b is a functíon belonging to L2(1lr) with ván� 
ishing moments up to the order 11 E IN o and $UPP( b) e B =  B(O, r ). Then for 
every h E  IR"', o S k S fl, D E m and E > o .we get 

(3.2) 
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and { I T.s/¡ 6�b(x) 1  :s; e l l b I 1 2 IB I � + ! l k l 'lH if I x l  < Elk l  
(3 .3) 

I T.s/¡6�b(x) 1  :s; e l lb I 1 2 IB I �+ ! l k l k lx l 'lH-k i f  Ix l  2:: Elk l ,  
wkere e is a positive constant wkick does not depend o n  b ,  k,  and X j  and Thf(x) = 

f(x + k) .  

We observe that by (3 . 3 )  with 6 = k = O, we have 

(3 .4) 

for every x E mn • 

Theorem (3 .5 ) .  Suppose that m satisfies the Hormander condition for t > n/2. 
Then there exists a constant e, indepent of m, such that for all integer k, 

(3 .6) 2k(2"Y- � ) J Ih l -2"Y [ J 
m" 2k < I:z:19k+ 1 

16  'Ym(x) 1 2r dx] l/r dh < e2 A2 /¡ I h ln -

tvhen ever r = 1 or n/r > n - 2(t - ,) , , E m+ , and '1 an integer greater than 
,. Furthermore, m is bounded and continuous on mn -:- {O} and I lm l loo :s; eA. 

Let us remark that , since the results stated in the following are invariant under 
change of equivalent functions, in proving tltem we shall assume without 108s of 
generality that w is in addition continuous and strictly increasing. 

Lem�a (3 .7 ) .  Assume that m. satisfies the Hormander condition for t $uch that 
t == t/n+ l /2- 1! 1  is admissible .  Suppose that b is a funclion belonging to L2 (IRn) 
with vanis�ing mor:nents up to the order [t] + 1 and supp( b) e B = B(O, r) . Then 
(mbt is a (p, e::) molecule centered at zero and satisfies 

(3.8) and 

(3 .9) 
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Proof. Since t/n + 1  - 1/ 1  > O and p has upper type 1 / 1 - 1 ,  we can write 

l I (mb)V ( · )p( I ' l n) I ' ln( �+1- t > l b 

:::; I I (mb)V( . )p( I ' l n ) I ' l n (;'¡+1- t >XlxI90 1 1 2 + lI (mb)v (-) I ' l tp( I ' l n) I ' l n( l- t >Xlxl�l ( - )  

� CO I (mb) 1 I 2 + 1 1 (mb)V I ' l t I l 2) . 
'fhen, uy (2 . 14 ) ,  in orde! Lo prove LhaL (mb)V is a (p, f) molecule cenLered aL zero, 
it will be enough to check (3 .8) , (3 .9) and 

(3. 10) . Dt1(mb) (O) = O , IPI :::; N. 
From the bouitdedIiess of m we clearly have (3 .8) . Let us prove (3 .9) . Suppose 
that t = [tI + 1 .  Then, using the identities 

1 l (mb)V(xW lx I2t = C J 1 1���;�2�' ) I I � dh , 
mn mn 

whlch proof is contained in [4] (p .  1 40) , and 

�t(Jg) = kEí G) (T-kh�{f)(��g) , 

we need to show that 

J I I T-kh�{b( . )��m( · ) I I � dh = ( J J ) J I I T_kh�{b( . )��m( · ) IH 
.IRn I h ln+2t . + . I h l n+2t ( 

. hl < IB I-l /n Ihl� IBI-l /n IRn 

for ·k + j = t. It is clear that 

12 :::; CA2 1 1 bm f Ih l�+2l dh :::; CA2 1 I bm IBI �  , 
Ihl� IB I-l /n . ' 

because I Im l loo :::; CA. Let us estimate 11 , We first consider the case k = O. 
From (3,2) with r = 1 we easily obtain 

11 :::; CA2 I 1 b l l � IB I �  -1 I hI2(í-t>-ndh :::; CA2 1 1 b l l � IB I * ·  
Ih l< IBI-l /n 
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Por the estimate of 11 for the case k 2: 1 w.e choose an ínteger f{ such that 
2nK < IB I-l ::; 2n(K+1 ) and we get 

. 

= SI + S2 + S3 

Estímate for SI '  Let z be a nonnegative constant. Aplying the fact that IB I -l/n l h l - 1  
1 and (3 . 3 )  i t  follows that 

. 

_ K - l  
::; C IB I 2(t!I)+1- � l l bm E 2v2(t+1-j) 

v= -oo 

Taking z = � when t is an integer and k = 1, and z = O in other case, we' can 
apply (3 .5) and we obtain that SI is bounded by 

v.= - oo  

because 2t + 2 - 2t - 2z + n > O and 2K "'· IB I -l/n . 
· Estimate for S3 '  Take z as in  the estimate of SI .  Since t > n/2, we can choose 
r: 2: 1 such · that 

and 

n . - > n - 2) + 2z 
r 

2(t  + z - j )  - � > O .  
r 
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Thus, from Holder's inequality, (3 .5) and (3 . 2) ,  we get "that 83 is less than or equal 
to 

" 00 
:S CA2 1 I b l l � IB I -�' + �+ � l l bm L 2-v(2(t+z-j)- ; )  

because 2 k  rv IB I -t/n .  

v=K 

Estimate for 52 ' By Tonelli, we can write 

= 13 + h 
From (3 .3) it is clear that 

13 :S" CA2 IB I 2(¡�"I) +1 l l bm f I h I 2(t+1 )-2tdh 
Ih l9k 
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since I B I - 1/n "-' 2K • On the other hand; applying (3 .2) with r = 00 ,  we have 
tila!' 

14 ::; CA2 _/ I I b l l � IB I � l h I 2j-n-2 tdh ::; CA2 1 I b l l � IB I ";; , 
2k <lh l< IB I-1 /n 

which concludes the proof of (3 .9) . 
Finally, in order to prove (3 . 10) we proceed as in the context of the spaces 

HP(mn) applying (2 . 14) ,  ( 3 .4)  and the restriction on t .  

Prool 01 theorem (1 .3) :  Clearly it i s  sufficient to  prove that there exists a 
constant C independent of m such that 

(3 . 1 1 )  

for every I E Hw, with I and E as in the previous lemma. . Let I E Hw and assume 
that b = { bj } is a sequen ce of multiples of (p, l) atoms such that f = L bj in S'. j 
Since m E Loo , applying ( 1 . 1 )  it is clear that 

j i . 
By (3 .7) we have that Mi = (mTxj bj )V ( .  - Xi ) is a (p , E) molecule centered at 

Xi which satisfies 

(3 . 12) 

(3 . 1 3 ) 

Let Q be a positive real constant. Following the notation of (2 . 15 ) , by (3 . 12) , . . 
we obtain 

(3. 14 )  

On the other hand, applying (3 . 1 3) and .the fact that p is of  upper type 1 /1 - 1 
we get 
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< " IB o l (CAl l bj I l 2 IBj l :-l/2 ) - �. J W [aA(b, B)] 1/1 . J . 

Since we can assume that the constants C in (3 . 14) and (3 . 15 )  coincide, taking o 

a = (C A)/ it follows that 

l I (m!)V I IMp . •  � A(MB , B) + A(MCB , B) � CA/A(b, B )  

where C i s  a constant independent of m ,  which proves (3 . 1 1 )2 .0 
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