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A REMARK ON EULER'S CONSTANT 

PABLO A .  PANZONE 

A IlS'l' l lAC'!'. Gel :co be any real po"itive 1I0U-lIatural llU mUCI' wh ich "ati"lics l'(:co).k = 

l" (xo) with k a rational number, We prove that either Euler's constant' l is trascen

dental 01' :co is irratiollal . 

Define for pj q E N ,  
( ) , _ ,,\,00 ( l ' 1 ) ( 

)
, ,,\,00 I xqi xqi+P ) a p, q , - L."i= l  ;¡i - qi+p and F x ,= L."i= l \. qr - qi+p 

Obviously F(I )  = a(p, q) and �� = xq- l g=::� , Thus a(p, q) = Jo
l xq - l g=::� dx 

and one obtains, for examp1e, a( I , 2) = 1 - ln2, a( I , 3) = 1 - 1�3 - 6\í3 , etc. 

Indeed one can compute a(p, q) in closed forrn with the following formula due to 
Gauss ( [1] pg. 35) :  

1 p I S 1 ( 1 )  a(p, q) = - -7I"cot( -71") - -ln(q) + - + -2q q q q P (q- I )/2 
where S = L: i cos(271"rpjq) ln[4sín2 (7I"rjq)] , (q odd) , r= l (q-2)/2 S = L: cos(271"rpjq) ln[4sín2 (7I"rjq)] + (- I)Pln2, (q even) . 

r= l 
Lemma 1 .  a(p, q) - 1 =1= O for' p, q E N ,  O < E < 1 .  p , q 
Proof. Suppose a(p, q) = � ,  Then as O < p < q, � = Jd xq- l g=::ldx :::;; 
Jo

l xq- l dx = 1 ,  a contradiction, • 
q , 

The following theorem, proved in 1966, is due to Baker ( see [2] pg. l l ) : 
Baker 's Theorem. ef3o .0fl . . . (J�n is trascendental f(!)r ariy non-zero algebraic 
numbers {Jo , . . . : {Jn , (JI , . . • , (Jn '  
\Ve use this theorem to prove the following' result , 
Theorem 1 . a(p, q) is trascendental for every pair p, q E N ,  � non-irl:teger. 
Proof. There is no 10ss of generality if we assume p, q coprime. It is enough to 
prove the theorem for O < � < 1, because a(p, q) and a(p + q.n, q) , n E N, differ 
by a rational nurnber. Thus assume p, q are coprime and verify O < � < 1 .  
Moreover one can assume � =1= � for a(l ,  2 )  = 1 - ln2 and ln2 is trascendental by 
Lindemann's theorem ( [2] , pg. 6) . 
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Recall that the set of algebraic numbers is a field. First observe that sin( E1l") and 
q cos( �1l") are algebraic because sín( �1l") and cos( �1l") are algebraic, and this last 

assertion follows from De Moivre formula énx = (cos x + isin x)n with x = �1l" 
and n = q. 
Thus from ( 1 )  for one sees that a(p, q) = 7r.(0 + ¿:j=l ój log« j ) +  � with (o , . . .  , (n , 
151 , • . • , Ón algebraic and non-zero. 
Assume that a(p q) is algebraico Then f.?o = á(p,q) - l!Pi  = i7r  + "'�_ i6jlog(V) lS , !J' (o w}_ l (o 
algebraic and non-zero by lemma 1 .  Therefore 

. ( � )  . ( t.z.. ) ' ( fu ) ,{io (-. <o ( -. <o (-. <o _ ]  e . I :l • • • • •  1 1. :::t: . 

which contradicts Baker's theorem . •  
The point xo E R stands for a non integer positive number which satisfies r(xo ) .k  = 
r' (xo) where k is a rational number. Then we have 
Theorem 2 .  Either xo is i1Tational or , is trascendental. 
Proof. If Xo is irrational then the theorem is true. Thus assume Xo == p/q lS a 

positive rational non-integer number. . Recall the well-kn�wn formula ¿::1 ( t -
i�x ) - � = �((:} + , . Then, replacing x by Xo in this formula we get qa(p, q) -

q/p = k + , and therefore , is trascendental by theorem 1 ..-
NOTE: One such point Xo cüuld be the point where the minimun o f  r(x) i s  at
tained. 
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