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Homogeneous (2,O)-geodesic Submanifolds of 
Euclidean Spaces 

Cristián U. Sánchez and José L. Moreschi .* 

Abstract 
Under the hypothesis that an almost complex submanifold Mn of 

RN is (2, O)-geodesic and homogeneous, a formula for the canonical 
covariant derivative of the second fundamental form of the submani­
fold is obtained. As a consequence of this formula, it is proved that 
if the submanifold is full then the first normal space coincides with 
the whole normal space. Other consequence is obtained under more 
restrictive conditions. 

1 Introduction and main results 
Lct (A1, f],  J) be a COllIlc'ded lliemannian manifold wiLh meLric f] amI an 
almost complcx structure J. We are not assmning, aL least at this point , that 
the manifold is Hermitian i .e.  9 (JX, JY) = 9 (X, Y) . Let N be another 
Riemannian manifold and <p : IvI -t N be an isometric immersion. As usual , 
we shall denote by o: the second fundamental form of the immersion <p. Let 
T (M) denoLe thc tangcnt bmldlc of M ancl let Te (M) be i ls compIexification. 
The ahnosL complex structure J, extended to TC (M) induces a decomposition 
of this bundle into its eighenspaces 

TC (M) = TC (A1) ( 1 .0) E9 TC (M) (0.1) 
which in turn induces a decomposition of the complexified second fundamen­
tal form o:cof the isometric iID.J:Úersion <p. This is of course deIined as 
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and if Z} ,  Z2 E Te (M) then we have, rOl" k = 1 , 2 ,  

Then 

It is usual to define now 

",{2,O) (Z Z ) - ",e �Z(l 'O) Z(l 'O)� ..... '-' },  '-'2 - u. 1 , 2 
a(O,2) (Z Z ) - aC Z(O, l )  Z(l ,O) } ' 2 - 1 , 2 
O{l , l )  (Z Z )  - aC Z(l ,O) Z{O,l) + OC (Z{O,l )  Z(l ,O») 1 , 2 - 1 , 2 1 , 2  • 

The isometric irnmersion cp is caUed (i , k )-geodesic if a(i,k) == O.  
In the present paper we want to assUme that cp is  a (2, 0)-geodesic. 
Now recall that, due to the almost complex structure Jp, the tangent space 

Tp (M) is a complex: vectOl" space which is isomorphic to the holomorphic 

tangent space Te (M) {l ,O) by the corresponQ.ence X I-t � (X - iJpX) . Then, 
rOl" X, y E �l�) (M)  we geL,  <:OJ!lpll t.ing by dcfinitioll 

aC (X - iJ.x, y - i .JY ) = 
= a (X, Y) - a (JX, JY) + i [a (X, JY) + a (JX, Y)] 
.-: aC (X(l ,O) , y(l ,O») = a(2,O) (X, Y) 

Then the condition d{2 ,O) · == O is clearly amounts to 

(i) a (X, Y) - o (JX, JY) = 0  
(ií ) a (X, JY) + o (JX, Y) = O 

and it is clear that (í) and (ii) are equivalent. Thcn cp is (2,  O)-geo�ic if 
and only if 

a (X, Y) = a (JX, JY) \;fX, Y E T (M) . (1 )  
The objective o f  the present papel" i s  t o  pl"esent the foUowing two results 

concerIlÍng (2,  O)-gcodesic Ísometric immcl"sionS. 
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Theorem 1 Let M be a compact homogeneous almost complex Riemannían 
7nanifold and cp : M -t N an isomct7'Íc (2, O) -geodcsic imrncrsion which is 
substantial or ful l  (i. e. cp (1\1) is not conlained in any proper totally goo­
desic submanifold of N J . Assume fU7·thermorc that thc imtnersion cp has 
the property that íts sccond fundarnental forTn a s atisfies Codazzi ',,, equa­
tíon ((V xa) (Y, Z) = (Vya) (X, Z) where Va denotes the usual covariant 

derivative of the sccon(l fundamenlal form aJ. Then, at cach poinl, tite first 
normal space of the immersion coincides with the whole normal space. i. e .  
the space generatcd by tite irnage of tite second fundamental form coincides 
with tite nonnal f:Jl'acc. 

If the Riemannian manifold N is Rn then al1y isometric irnmersioll has , ' 

the property that its second fundamental form satisfles Codazzi 's equation . 

In 'a general Riemamuan manifold N this may not be the case. 

By a homogencous rumost complex H.iemannian manifold we rnc.:·Ul a Rie­
maIUlian manifold M supporting a transitive action of a Lic g,TOUp G of 
isometries. and having an invariant almost complex structure J which is not 
necessarily compatib le with tite metric (when this compatibility exists it is 
customary to say that the manifold is Hernrithian) . 

Let us denote by ( . , . ) the Riemannian metric in the ambient manifold N . 
. In general an iSometry 9 of the group G does not extend to N but it follows 
easily from the aboye thcorem, that the necessary and sufficient conditioIl 
Cor the existcnce of thcse extensions is the invariance, by the group G, of the 

. tensor W (X, Y, Z, W) = (a (X, Y) ,  a (Z, W) (sce for instancc [7] ) .  
The presence of the transitive action of the Líe group G on 1\1 yields 

the existence on M of a canomcal affirie con.D.eCtion (see [4] or [3] ) ,  usually 
denoted by Ve. The invariance of the metric induced by ( . , . ) on M ,  by the 
action of the group G, implies that Ve ( . , . ) = O i .e.  the connection Ve is 
compatible with the metric on M. 

Let V denote the Riemamrian connection on M associated to the metric 
and let D (X, Y) = V x Y - V�Y be the difference tensor. Both, the tensor D 
and the almost complex structure J, are invariant by the action of the group 
G and hence VeD -. O = ve J. Even when the cónnection Ve is compatible 

with the Riemanman' metric it has, in general, non zero torsion and it is easy 
to see that it has the form T (X, Y) = D (Y, X) - D (X, Y) . 

.As in [6] and [2] w� say that the canomcal eonnection Ve satisfies Axiom 
6 (with respect to the iinm:ersion cp) if for each p E M and every X, Y, Z E 
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Tp (.M) thc sccond fundamcntal form of 'P satisfiffi the identity 

op (T (X, Y) , Z) = cxp (Y, D (X, Z)) - cxp (X, D (Y, Z)) . (2) 

There are plellty of compact manifolds M and isometric immersioDS 'P : 

M --¡. RN such that M admits a canonical connection "e which satis.6.es 

Axiom 6. In fact if M is an á-spacc (also called orbit of an s-representation 

or real flag manifold) aJl(I 'P is its canonical imbedding thcn, for any of the 
possibIe canonical coimcctions, Axiom 6 holds (sc'C [6] or [2] ) . 

The following consequencc of the proof of Theorem 1 shows that in the 

case that N = R,n , the fact that Axiom 6 holds for a (2 ,  O)-geooffiic embedding 
'P of a compact homogeneous almost complex manifold, imp lies that M is an 
R-space and in fact 'P must be its canonical imbedding . 

. Theorem 2 Let M be a compact homogeneous almost complex Riemamiian 
manifold and 'P : M --¡.llrt an isometric (2, O) -geodesic embedding which is 
substantial or full  (i. e. 'P ( M )  is not contained in miy proper total ly geodesic 
submanif{) ld of N J. Assume that the canonical connection satisfies Axiom 6 
with respect to 'P. Then M is an R-space and 'P is its canonical embedding. 

This result generalizes Theorem 4 in [1 , p. 88] . 
The proof of these two results is contained in the next section. 

2 Proof of the results .  
Proof of Theorem l o  

Lct 'P : M --¡. RN be  the (2 , O)-gcodesic isometric Írnmersion and recall 

that in [5] a "  c8nonieal" cowu·iant dcrival;ivc of thc sccond fundamental form 
was illtroducOO by Lhc formula . 

("�CX) (Y, Z) = "i (o (Y, Z)) - o ("�Y, Z) - o (Y, "�Z) . 
This covariant derivative is the key ingredient in the characterization of gen­

eral R-spaces obtained in [4] (see aIso [2]) .  
By recalling the definition of the Riemannian covariant derivative of the 

second fundamental form we obtain irnmediately 
. 

("�o) (Y, Z) = (V xo) (Y, Z) + o (D(X, Y), Z) + o (Y, D(X, Z)) . (3) 
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Since the second fundamental form a of the immersion <p satisfies Co­
dazzi 's equation, by iuterchanging the lctters X éUId Y aud substracting we 
get 

(\7�a) (X, Z) - (\7�a) (Y, Z) (4) 
- a (1'(X, Y) , Z) - [a (Y, D (X, Z)) - a (X, D (Y, Z))] . 

This formula replaces Codazzi's equation for the canonical covariant deriv­
ativc of the second fundamental fonn a. 

Now since our immersion <p is an isometric (2, O)-geodesic immersion we 
have by the conrn tion (1) 

a (JX, Y) = -a (X, JY) . (5) 

aud this yield':> very easily 

(\7�a) (JX, Z) = - (\7�a) (X, JZ) (6) 

Now starting with the identity (4) we write 

(\7�a) (X, Z) = 
= (\7�a) (Y, Z) + a (T(X, Y) ,  Z) - a (Y, D (X, Z)) + a (X, D(Y, Z» 
= - (\7�a) (Y, J2 Z) + a (T(X, Y) , Z) - a (Y, D (X, Z)) + a (X, D(Y, Z) ) 

because J2 = -l. 
Then by (6) 

(\7�a) (X, Z) = 
(\7�a) (JY, JZ) + a (T(X, Y) , Z) - a (Y, D(X, Z» + a (X, D(Y, Z» . 

Now we may change (\7�a) (JY, JZ) using again (4) lUId then the last 
equation becomes 

(\7�,a) (X; Z) = 
= (\7�ya) (X, JZ) + a (T(X, Y) ,  Z) - a (Y, D(X, Z)) + Q (X, D(Y, Z» 
+a (T(JY, X) ,  JZ) - Q (X, D(JY, JZ» + a (JY, D(X, JZ» . 

By using (6) now we get · 

(\7�a) (X, Z) = 
= - (\7�ya) (JX, Z) + a (T(X, Y) , Z) - a (Y, D (X, Z» + Q (X, D(Y, Z» 
+a (T(JY, X) ,  JZ) - Q (X, D(JY, JZ) ) + a (JY, D (X, JZ» 
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and (4) again yields 

(\7�a) (X, Z) = 

= - (\7�a) (J X, JY) + a (7'(X, Y) ,  Z) - a (Y, D (X, Z» + a (X, D(Y, Z» 
+a (T(JY, X) ,  JZ) - a (X, D(JY, JZ» + a (JY, D(X, JZ» 
:-a (T(Z, JX) ,  JY) + a (JX, D (Z, JY» - a (Z, D(JX, JY» . 

Once more (6) implies 

(\7�a) (X, Z) = 

= (\7�a) (X, J2y) + a (T(X, Y ) ,  Z) - a (Y, D (X, Z» + a (X, D(Y, Z» 
+a (T(JY, X) , JZ) - a (X, D (JY, JZ» + a (JY, D(X, JZ» 
-a (T(Z, JX) ,  JY) + a ( .JX, D(Z, JY» - a (Z, D(JX, .lY» . 

Using again t,hc idcnt,it,y J2 = - 1 wc havc 

(\7�,a) (X, Z) = 

= - (\7�a) (X, Y) + a (T(X, Y) ,  Z) - a (Y, D (X, Z» + a (X, D(Y, Z» 
+a (T(JY, X) ,  JZ) - a (X, D(JY, JZ» + a (JY, D(X, JZ» 
-a (T(Zf JX) , JY) + el (JX, D(Z, JY» + a (Z, D(JX, JY» 

and (4) once again yields 
(\7�a) (X, Z) = 

= - (\7�,a) (X, Z) + a (T(X, Y) , Z) - a (Y, D (X, Z» + a (X, D(Y, Z» 
+a (T(JY, X) , JZ) - a (X¡-D(JY, JZ» + a (JY, D (X, JZ» 
-a (T(Z, JX) ,  JY) + a (Jx, D(Z, JY» - a (Z, D(JX, JY» 
-(l (T(Y, X), Z) + a (X, D(Y, Z» - a  (Y, D (X, Z» ; 

which obviously bccomcs 

2 (\7�a) (X, Z) = 

= 2a (T(X, Y) , Z) - 2a (Y, D (X, Z» + 2a (X, D (Y, Z» 
+a (T(JY, X) , JZ) - a (X, D (JY, JZ» + a (JY, D(X, JZ» 
-a (T(Z, JX) , JY) + a (JX, D(Z, JY» - a (Z, D(JX, JY» . 

In the particular case in which X = Y = Z (7) reduces to 

(\7� a) (X, X) = 

,= a (T(JX, X) ,  JX) - a (X, D(JX, JX» + a (JX, D (X, JX» . 

(7) 

(8) 
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By considering formulas (7) and (3) we see immediately that the covariant 
derivative of the sccond fundamental form can be written as a line.:1.r com­
bination of elements of the fll'st normal space (which, by defmition, is the 
subspace of the normal space generated · by the image of the second funda-

. ment.al form) .  1'his clcarly implics that the first normal space coincides with 
the normal space of our irnmersioll <p. and completes the proof of Thcorcm 
1 . . 

Proof of Thcorem 2. 
It follows immediatcly 1i"om Axiom 6 (formula (2) ) and formula (8) tha1.,1'or 

each point p E  1\1 and each X E Tp (1\1) , 

(\7��o:) (X, X) = O. (9) 

Pnr1.hCl"mOrC it follows from (4) t.hat thc canonical covariani derivativc of 
the second fundamental form satisfies thc identity 

(\7�o:) (X, Z) = (\7�o:) (Y, Z) 
for each point p E  1\1 and each X, Y, Z E Tp (1\1) .  This easily implies that the 
canonical covariant derivative of the second flmdamental form vanishes iden­
tically on 1\1 arid since <p is an isornetric embedding into a Euclidean space, 
it follows from [4] tha1. 1\1 is an R-space and <p is its canonical embedding. 
1'his completes the proof of 1'heorem 2 . •  
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