Revista de Ia
Unién Matematica Argentina
Volumen 41, 3, 1999.

iG7

- On Stochastic Parallel Transport and
Prolongation of Connections.

Pedro Catuogno
Departamento de Matematicas FCEYN.
Universidad Nacional de Mar del Plata.

Abstract

Let P(M,G) be a principal fiber bundle, V a G-invariant CDO of
P and ¥ a CDO of M. We prove that V is projetable with projection
¥ iff there is a unique prolongation H — H" such that satisfies: .
Every stochastic horizontal lift of a V-martingale is a V-martingale.
We given an explicit expression [or H* in terms of H and V.

The stochastic parallel displacement of a tensor along a random curve was
considered by K. It6 [6]. Its natural generalization, the stochastic horizontal
lifting in principal {iber bundles were studied by I. Shigckawa and others ([1],
8], [11], [10]). | |

The motivation for the present investigation is the discovery of P. Meyer
[9] of a correspondence between the stochastic extensions of the equation
of parallel transport of vectors and certain extensions to the tangent bundle
TM of the connection V on M. The stochastic parallel transports studied by
P. Meyer are induced by 2-connections [1] of BM (the fiber bundle of bases
of M) that are prolongations of V. These prolongations are of 1-connections
to 2-connections of BM, and are given by Gl(n, R)-invariant connections of
BM with projection V. _

In this work we study these prolongations of 1-connections to 2-connections
in the context of principal fiber bundles.

This paper is organized as follovs, in 1. we prepare some notions con-
cerning Schwartz geometry, 2-connections and martingales. In 2. we prove
the main result of this work. Let P(M,G) be a principal fiber bundle, V
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a G-invariant covariant derivative operator without torsion of P and ¥ a
covariant derivative operator without torsion of M. Then V is projetable
with projection ¥ iff there is a unique prolongation of 1 -connections into
2-connections [1] of P(M, G) such that satisfies: Every stochastic horizontal
Iift, of a W-martingale is a V-martingale. We given an explicit expression for
H" in terms of H and V. Minally, in scction 3 we apply Lhis resulls Lo dillu-
sions given by Stratonovich equations, and discussed the special case of the
principal fiber bundle of bases of a differential manifold with the G-invariant
connections V€ and V¥ [3].

\

1 Schwartz Geometry, 2-Connections and V-
Martingales.

Throughout this paper, manifolds, maps and functions will always be as-
sumed to be smooth. As to manifolds and stochastic differential geometry,
we shall freely concepts and notations of Kobayashi-Nomizu [7] and Emery

[4]. ,

Now, we recall some [undamental [acls about Schwartz second order ge-
ometry ([8], [9], [4], [10]) and martingales. ‘

If z is a point in a manifold M, the second order tangent space to M
al, z, denoted 7,M, is the vector space of all differential operators on M, at
z, of order at most two, with no constant term. If dimM = n, 7,M has
n+ -lz—n(n + 1) dimensions; using a local coordinate system (U, z*) around z,
every L € 7,M can be written in a unique way as
o? p 0

—— + " —— with ¥ = ¢t
OxtoxI + oz*

L =a%

(we use here and in other expressions in coordinates the convention of sum-
ming over the repeated indices). The elements of 7,M are called second-order
tangent vectors al x.

The disjoint union TM = U:E A T.M is canonically endowed with a vector
bundle structure over M, called the second order tangent fiber bundle of M.
We denote by I'(7 M) the space of second order operator on M, that is, the
space of sections of TM . )

If M and N are manifolds.and ¢ : M — N is a smooth mapping, it is
possible to push forward second order tangent vectors by ¢, given L € 7,M
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its image under ¢ is @, (x)L € T )N given by

pu(@)L(f) = L(fo¢p)

with [ an arbitrary smooth Muuction. We says that ¢ @ 7,A — 7,N is a
Schwartz morphism il there exists a smooth mapping ¢ : M — N with
w(x) -y such that ¢ - p.(x).

We know |8] that, we can associate with each covariant derivative operator
without torsion (in short, CDO) V of M a morphism &y : TM — TM defined
in a local chart (U, 2%) of M by

o2 g O . N
G " aar) ~ @+ e)

i) ij <
vie oz

where V 2 % =T fjﬁk— We observe that ¢y satisfies Py o i = Idry where
i: TM —E:wTM is the inclusion. '

Conversely, if @ : 1 M — TM is a morphism ol vector bundles such that
® o i = Idpps then we have delined a covariant derivative operator without
torsion V¥ by VRY = I'(XY) for all X, Y € I'(M). Obviously, bge = &
and V¥v = V.

We remember the following proposition ([4], [5]).

Proposition 1 Let M and N manifolds be endowed with CDO V and W

respeclively and ¢ : M — N a smovth mapping. The following statements
are equivalent:

i) For every x € M, Oy 0 . () = pu(z) 0 Py
ii) For every geodesic g: U — M, pog:U — M is a geodesic.
iii) ¢ is affine.
Let M be a manifold endowed with a CDO V and (Q, F, (F,),P) a {il-
tered probability space satisfying the usual conditions |[4]. A continuous

semimartingale X in M, is a V-martingale ([8], [4]) if, for every 0 € T'(T*M)
with compact support,

t
/(0, OydyX) is a local martingale.
0
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t
where [ (0, ®gd,X) is the It integral of 0 along X. Martingales, too, can
0

be characterized i local coordinates, In fact, let (U, %) be a local chart
of M a semimartingale X = (X') is a V-martingale ill for some recal local
martingales (N*%),

. . . , .
X{—X§ = N'— 3 [Di(Xs)d[N7, N¥],
0
Now, we remember the definition of 2-connection 1]

. Definition 2 Let P(M,G) be a principal fiber bundle. A family of Schwartz
morphism H = {Hp, : p € P} is called a 2-connection if

1) Hy : TxpM — 1,P.
2) 7('* o [], = Z.(l.,-ﬂ_p/w

3) Hpg = RgyH,, for allp € P and g € G where Ry stands for the right
aclion of G in P.

4)The mapping p — HpL belongs to T'(tP) f L € T(7M).

We observed thal by changing in the above definition 7 for T', we get
the classical delinition of connection in principal fiber bundles, that we call
1-connection in this work. Obviously, every 2-connection H = {H, : p € P}
induces a unique 1-connection Hp = {H, IT,,PM:.p € P} by restriction to the
tangent space. ‘

Let P(M,G) be a principal fiber bundle, H = {H, : p € P} a 2-
conneciion, X an M -valued semimartingale and Z a P-valued Fp-random
variable such that 7 o 7 = Xj. We know [1] that the stochastic horizontal
lift (s.h.l) of X initialized in Z is a I’-valued semimartingale Y such that
salisfies the following StOChabLlC differential equation

dY = HydyX
Yo = Z
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2 Prolongation of Connections and Stochas-
tic Horizontal Lifts

Let us first introduce some definitions

Definition 3 Let P(M, G) be a principal fiber bundle and V a CDO of P.
We says thalt V is G-invariant if dg(py) o Rye = [Rys 0 Oy (p) for allp € P
and g € G.

Definition 4 Let P(M,G) be a principal fiber bundle and V a G-invariant
CDO of P. We says that V is projectable if

Py(p)(Ker (m(p))) C Ker(m.(p))

Exan'lple 5 Lel BM be the principal fiber bundle of bases of M, ¥ a CDO

of M and W€ (W) the complete (horizonial) lift of ¥ to BM [3]. We have
that ¥¢ and ‘\]!" are projectable.

The ”projection” of V by « is described in the following proposition.

Proposition 6 Let P(M,G) be a principal fiber bundle and V a G-invariant
CDO of P. Then V is projectable iff there is a unique CDO V¥ of M such
that m is affine. We says that ¥ is the projection of V.

Proof: Let L € 7,M and p € P such that 7n(p) = z. Then there is T € 7,P
such that 7.(p)(T) = L, we deline ¢y (z)(L) by 7.(p)(Pw(p)(T)). Now, we
prove that ®y(z)(L) is well defined. For thiglet g € G and S € 7,4P such
that 7,(pg)(S) = L, we have that, :

1. (09) (@9 (p9)(S)) = 1.(pg)(D(pg) 0 Row 0 Ryia(S))
1 (p9) (Fige 0 Do (p) © Ky1a(S))
= 1.(p)(@v(p) 0 Ry-12(S))

On the other hand, 7, (p) (Rg-1.(S)) = 7. (pg)(S) = m.(p)(T), thisis Rg-1.(S)—
T € Ker(m.(p)) and by hypothesis ®v(p)oRy-1.(S)—Pv(p)(T) € K er(m.(p)),
thus

w(0)(@v(p) 0 By-1a(S)) = 7 () (Bv(r)(T)
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We conclude that &y (z)(L) is well defined. Obviously, ®g : TM — TM is a
morphism of vector bundles such that dy o i = JIdyp, and deline a CDO ¥
and as

y(n(p)) omi(p) = m.(p)oPv(p)

for all p € P, we have that « is alline and V¥ is unique.
Conversely, given L € Ker(w,(p)) we have that:

T (p)(Pv(p)L) = Pu(n(p))(mi(p)L) = O

Now, we give the definition of prolongation.

Definition 7 Let P(M,G) be a principal fiber bundle. An application
from 1-connections into 2-connections of P(M,G) is called a prolongation if
o(H)p = H for every 1-connection H of P(M,G).

In [8] P. Meyer stales that there is a canonical prolongation H = {If, :

p€ P} - HS = {HJ : p € P}, this prolongation is called the Stratonovich
prolongation and is characterized by

H{X,Y}={HX HY},

where X and Y are local vector fields of M.
Now we state our main result.

Theorem 8 Let P(M,G) be a principal fiber bundle, V a G-invariant CDO
of P andV a CDO of M. Then V is projetable with projection V iff there is a

unique prolongation H — H" such that satisfies: Every stochastic horizontal
Lft of a V-martingale is a V-martingale.

Proof: Let H = {lI, : T,,M — T,P} be a 1-connection of P(M,G). Then
there is a unique 2-connection Hf ={H} **®™M™ PP} of P(M, G) such that

HY : tepM — 1,P is af fine
In fact, by [5, Lemma 11] we have that

H;’ = (expg o Hy o (exp gp)"l)*(wp)
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then the map p — H pv is smooth,

‘I(*(p) o f[;’ = Idr,,,,[\'[

and
Ry, 0 II;}7 = (Ryo (‘\1) o I1,, 0 (exp ,,7,) D (np)

(exp Y o RM oI, 0 (c “q)m,) Y, (rp)
(L)\]) P ° 1117(1 (( Xp 7rpg) ) (/‘ P!])
| Hy
"Therefore, we conclude thal H' s a 2-conneclion of £ (M, () and as Ilpv 1y 01 =
H, for every p € P, we have that H" is a prolongation of H. Now, let X
be a V- maltingale and Y a stochastic horizontal lift of X, then Y is solution
of dyY = HydoX, and by the It6 transfer principle [5, The01em 12] we have
that Y is solution of VY = Hyd¥X (where dV and d‘I' are the It6 differential
in relation to V and V¥ respectively) and as X is a W-martingale, we obtain
that Y is a V-martingale.
Let p be a prolougalion such Lgmt every slochastic hOllZOllLd.l lilt of a W-

martingale is a V-martingale. Let (2*) and (z?*, y%) be local charts of M and
P respectively. In thesc local charts

30

I

(I)‘I’(a'c“dr") = Fl)ﬂlax

: q’V(ar 5’1:") = F'\uaa:A + Fﬂl’dr'

— A .
. q)v(dz”QzJ ) =1 I—‘J 3.1:’\ + FIU az'
. q)v(a:cfaz‘“) = FJ’» x> + szaz'
and [1, page 6]
el
(H)( :r ) = d't’\ + aAa:B' i 92
(H)( :c"?xl‘) = t):r)‘aa.l‘ —'2— a’/\# 3.1:' +a @\ 3Bz Faiow T

'
.za'f\ll dz*dxv
where H is a 1-connection locally given by H(?J%\') = %; + af\g% and
az,f,‘ = %(a,\aJ +aj, @)
a%, = 3(aisy +a} 6)\)

Let X Dbe a scmimartingale in M and Z a stochastic horizontal lift of X.
Locally Z is glven as (X*, Y?), where

ay} = af\dXt"—k%afwd[X”,X”]t )
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Now, let X bea ¥ -martingale. In local coordinales X is expressed by
dX} = dM} — 1T (X)d[M*, M), (2)
where M? are local martingales. We obtain from (1) and (2) that
dY{ = addM} + L(ai, — o), )d|[M¥, MY),

On the other hand, Z = (X*,Y?) is a V-martingale ilf

1 ; - L o oi ok
aY{ + ST, dlX¥, X+ Tj,d[Y?, X Mo+ SUdlY?, Y*),
and

1 y 1. ‘
X} -+ §rjud[xﬂ, X+ I9,d[Y7, X#), + 51‘j,cal[w, Y*),

are local martingale. A direcl computation, using the identities previously
obtained leads thal,

aAdM + 5 ((al,, = a4T,) + 10, + 210 0 + Tiyadal) d[M*, M¥] (3)

Ju
and 1
dM -1 (5(1‘}w —1,) 1 Tjal I.";kaﬂaf) d[M*, M"], (4)
are local martingale. We oblain from (3) that
afw = a’;\l—‘ﬁu - (Ff“, + 21—‘;#0,{, + I—‘Ji-kaf;a,'f)

This is p(H) = H" . Conversclly, we have that

D U T W
l f\”l - 1;}.1/
W

since (4) is true for every 1-connection H. Therefore, V is projectable with
projection W. _ O

The next proposition give an cxplicit expression for H" in terms of H
and V.
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Proposition 9 Let X and Y be local vector fields of M. Then

HY{X, Y} ={HX, Y} —w! (VuxHY + VuyHX)"

1

where w!l is the form of conneclion associated with H and x : G — I'(T'P) is

the homomorplism defined by the right action of G on P.

Proof: lLet X and Y be local vector ficlds of M, and set C(X,Y) =
HY{X, Y} = {HX,HY}. Then C(X,Y) is a vertical local ficld. In Fact,
we have that 7, (HV{X,Y}) = n,({{IX,HY}) = {X, Y}, hence C(X,Y) is
vertical. And as ’

QUY{X,Y} = HR@HR(Q{X,Y})
, H®HQ{X,Y})

HEQ HR(Q{X,Y})

QITS{X,Y}

I

I

where @ is the squared gradient operator ( In local coordinates @ (a® ch%)? -1
aka%;) = a”a—?g ® (7‘2—1-), we have that C(X,Y) is a local vector field. Now,
since

HWyY +¥yX) = HY (0g{X,Y})
» »V (HY{X,Y})
— oY ({HX,HY))+C(X,Y)
= (VuxHY +VuyHX) +C(X,Y)

I

we have that

C(X,Y) = wi(C(x,Y))"
W (WY 1 Wy X)) =V dTY = Vi ILX)
= —w! (VyxHY +VpyHX)

~Thi_s completes the proof. : O

3 Applications

i) Let P(M,G) be a principal [iber bundle, H = {H,,: p € P} a 1-connection
"and V a projectable CDO of P. Let Ag, Ay, ..., Ay be C* vector fields on M
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and By = (B}, ..., B") a standard Brownian motion, and X;(z) the solution
of the following Stratonovich diflerential equation ’

dX, = A¢(X)dt + i Ai(Xy) 0 dB]
i=1

(5)
Xo = zeM

hen the stochastic horizontal 1ift. ¥, (p) of X, (2) in relation to HY is given
rl T
by the solution of

n
dYy = (HAO - '13 E wH(vHAiHAi)*> ()/t)dt
i=1
+ 32 HAi(Y,) 0 dB; O
i=1
Yy, = peP

In fact, let Z; be a solution of (6). Since 7 o Z; = X; and the inlinitesimal
mn
generator of Z; is [V (/10 4- % > A,‘f), by [2, Lemma 2.1] we have thal Z; is
i=1
. the stochastic horizontal lift of X; in relation to H" . _
ii) Let £ = E(M,p, F') be a vector bundle associated to P(M,G) with
fibre ', H = {l{, : p € P} a l-connection of P(M,G) and V¥ the CDO
of £ induced by H. Let Yi(p) be the stochastic horizontal lift of X;(7p) in
relation to H' , and ay(up) = Yi(p) op~' i Erp — EX,(rp), Where p is regarded
as lincar mapping p : F' — Erp. We lhave the following It6 formula for cross
sections of F,

W@ o (Xi(@) ~ol@) = 3 @ VEo (@) + 1)
(Vm, }ZJJ 2 ((Vr> - E“’”(Vlm.-ll/h)» 7(X,(x))ds

Where o is a cross section of IF and - : G — I['(TE) is the vertical
homomorphism defined by A4, = dt le=0 pexpLA p~H(f).

iii) Let BM Dbe the punupal fiber bundle of bases of M, 'V a CDO of
M,H = {H, : p € P} the 1-connection of BM associated with V. We
have that V¢ and V' are projectable with projection V. Since VE HY =

—_——

H(VxY)+ $R(X,Y), ‘where R(X,Y) is the tensor of type (1,1) defined
by R(X,Y)(Z) = R(X,Y)Z (R is the curvature tensor associated with V)
and R(X,Y) is the vertical right invariant vector field of BM defined by
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R(X,Y), = (p7'R(X,Y ‘)p); we have that the stochastic horizontallift Yi(p)
of X4(z) (solution of (5)) in relation to H ™ salisfies

dY, = HA(Yy)dt + 3> HA(Y;) o dB:
i=1
Yo = p

N

Lu the case of V€ we have that VixY = H(VxY) + R(—, X)Y, where
R(—, X)Y is the tensor of type (1,1) defined by R(—, X)Y(Z) = R(Z,X)Y
and R(—, X)Y is the vertical right invariant vector field of BM defined by
R(_’ X)Yp = (p_IR(—,X)Yp);([3, page 94])

The stochastic horizontal lift Y¢(p) of Xy(z) (solution of (5)) in relation
“to H' © satisfies

1% = (HAo—} $ BEA)AY (V)dt + 5 HAY) o dif
. i=1 i=1
Yo = p
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