
Revista de la 
Unión M atemática Argentina 
Volumen 4 1 , 3,  1 999. 

1 07 

On Stochastic· Parallel Transport and 
Prolongation of Connections . 

Pedro Catuogllo 
Departamento de lVIatemáticas FCEYN . 
Universidad Nacional de Mar del Plata. 

Abstract 
Let P ( M ,  G ) be él principal fiber bundle, \7 a G-invariant CDO of 

P and 1}! a eDO of M. We prove that \7 is  proj etable with proj ection 

IV iff there is él unique prolongatioll H -+ Hf such that satisfies: . 

Every stochas tic liorizontal ¡ift of a W-martingale is a \7-martingale . .. 
We givcn él]] cxplicit expressioll for Hf in tenns of H and \7. 

1'he s toch as Li c parallel di splacemenL of  a Len::mr alo l l g a randorn curve was 
considered by K .  l Ló [6] . I Ls wüural gellcral izatiol J , Lhe s to dmstic horiwll Lal 
lifting in principal fiber bundles were stuclied by 1 .  Shigekawa and othe1's ( [ 1 ] ,  
[8J , [ 1 1 ] '  [ l a] ) .  

The motivatíon for the p1'esent investigation i s  the discovery of P. Meyer 
[O] of a corresponden ce between the slochastic extellsions of the equation 
of parallel transport of vectors and certain extensions to the tangent bundle 
T 111 of tlle connection \7 on M .  The stochasLic parallel t.ransports studied by 

P. Meyer are illduced by 2-connectiolls [ 1 ] of B1I1 (the fiber bundle of bases 
of 111 ) that are prolongations of \1 .  These prolongations are of 1-connections 
to 2-connections of B 111 , and are given by Gl (n ,  IR) -invariant conIlections of 
B 111 with proJection \7 .  

I u  this work we study these prolongations o f  1-connections t o  2-connections 
in the context of principal fiber bundles. 

This paper is organized as follo" 's , in 1 .  we prepare some notions con­
cerning Schwartz  geometry, 2-connections and martingales . In 2. we prove 
the main resul t of this work. Let P (M ,  G ) be a principal fiber bundle , \7 
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a G-invariant covariant derivative operator without torsion of P and W a 

covariallt derivative operator without torsion of M .  Then V' is projdable 

with projection W iff there is a ullique prolongatioll of 1 -collnectiolls into 

2-conuections [ 1 ] of P (M , G ) such that satisfies: Every stochastic horizontal 
l in of 11 \l1 - marl, ingale ifl a V' - m arti ngale .  \Ve given an explicit cxpreflsion fol' 
H r  iu LmU1H o f  H u.llll V' .  J o ' i l l al ly ,  in  Hcct iol l ; �  w c  u.pply LhiH rCHulLH L o  Ji fhl­
HioUH gi vell by S l,raLol lovich cquaLiol lH ,  ami diHcwmcd Lile speci al case of the 

principal fiber bundle of ba:::;es of a dilferential manifold with the G-invariant 
connec tions \le and V'H [3 J . 

1 S chwart z G eo m etry, 2- C o nnections and \7-
M artingale s .  

Throughout this paper , manifolds, maps and functions will always b e  as­

sumed to be smooth. As to manifolds and stochastic differential geometry, 
we shall freely concepLs

' 
and notations of Kobayashi-Nomizu [7J and Emery 

[4J .-
Now,  we recall :::;orne [ulldarnell Lal [acL:::; abonL Sch w artz :::;econd order ge­

ometry ( [8] , [9] , [1 ] ,  [ la ] )  and marLingalcs. 
lf x is a point in a manifold AI , the second order tangent space to M 

al, x ,  denoLed TxAI , is 1,Ile vector space of aH dHferellLial operators on M ,  aL 
x, of order at most two, with no constant termo If dimM = n, TxM has 
n + �n(n + 1 ) dimensions ; using a local coordinate system (U, Xi) around X, 
every L E TxM can be writtell in a unique way as 

. .  (p k {)  L = at) . '  . + a '--
oxt{)xJ oxk 

(we use here and in other expressions in coordinates the convention of sum­
ming over the repeated indices) . The elements of TxM are called second-order 
Lal1gent vedors at X .  

'fhe disjoint union T M = U T xM is canonically endowed with a vector :cE M  . 
buudle structure over 11,1 , called the second order Laugcnt fiber bundle of M .  
We denote by r( T M )  the space of second order operator on M ,  that is,  the 
space of sections of TM . . 

If M and N are manifolds and <p : M � N is a smooth mapping, it is  

possible 1,0 push forward second order tangent vectors by <p, given L E TxM 
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its image under <p is <p* (x ) L  E Trp(x) N given by 

wiLh .r au arbit rary smootJJ fll l l cLiol l .  \Ve Hays tha!' (P : TxA! -t Tl/N is a 
SchwarLz: morphiHHl ir Lhcrc cxisLH a smoo Lh mappi llg <p : A! -t N with 
tp ( ;¡; ) . y :mc]¡ t . IJa\ . <j) . tp* ( :¡; ) .  

We know [8] t,hat. ,  we can associatc wit,h each covariant. derivat.ive operator 
wi thou t torsion (in short. , CDO ) \7 of Al a rnorphism <Pv : T M -t T M defined 
in a local chart. (U, xi ) of M by 

r 2  7 !:) <p ( ij (j k ( ) _ _ ( ij .,k  k ) u . V a [) '[) , + a !:) k - a 1 iJ' + a !:) k xt Xl ux uX 

where \7 -fL. 8�j = rtb· We observe that <Pv satisfies <Pv o i = 1 dTM where 
a", ' i : T M -t T M is t11e illclusioll . 

COliverHely, i r  <f> : '1 Aí -t T !v! is él morph isrn o f  vedor bUlldlcs sllch Lh aL 
<P o i = 1 riTM Lhcll we have defined a covariant derivat.ive operaLor wit.hout  
Lorsion \7<P by \7ty = r(x Y )  rOl' all X, Y E r(M ) .  Obviously, <f>v<l> = <f> 
and \71>v = \7 .  

We rernernber the followillg proposi Lion ( [,1] , [5] ) .  

Prop ositian 1 Le l M and N mani:folds be endowed with CD O \7 and W 
T'especlively and <p : NI -t N a srn ú rJ lh mapping. The following statements 
are equivalent: 

i)  Por every x E M ,  <P\[t o <¡?* (x ) = <¡?* (x )  o <Pv 

ii) Por every geodesic 9 : U -t M ,  <¡? o 9 : U -t M is a geodesic .  

i i i)  <¡? is affine. 

Let Al be a manifold elldowed wi th a C D O  \7 and (n , :F, (Ft) , P )  a fil­

tered probabili ty space satisfying the usual conditions [4] .  A continuous 

sernirnartingale X in M ,  is a \7  -martingale ( [8] , [4] ) if, for every O E r(T'" M )  
with campad suppart 

t J ( O ,  <PVd2 X )  i s  a loca l martingale .  
o 
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t where J (e , <I>vd2X ) is the ItD integral of O along X .  Martingales, too,  can 
o 

be ch araderi¡¡;c(l iu local coonli l l at .es . l u  fael. , lel. (lJ,  :¡; i )  be a lo cal char l. 
01' M a semimarLingale X = (X 'i )  is a 'V-marti ngale iIr for some real local 

mart in gales (Ni ) , 

Now , we remember the uefinition of 2- conn�ct.ion [ 1 ] 
Definition 2 Le t P (M , G)  be a principal fiber bundle . A farnily of Schwartz 
rnorphisrn H = {llp : P E P }  is called a 2 - connection if 

3) Hpg = Rg*ll1J far all p E P and 9 E G where Rg stands for the right 
action of G in P .  

4) The mapping p --t HpL belongs lo r(TP)  if L E r(TM ) .  
We observeu l.haL  by eh angillg in  the aboye definition T for T ,  we gel, 

Lhe dassical uefini Lion of conneetion in principal fiber bundles, that we call 
l-connection in this work. Obviously, every 2-connection H =  {Hp : p E P }  
inuuces a unique l-connection HR = {Hp IT.,..pM : P E P }  by restrictioD to the 
tangent space . 

Let P (M ,  G) be a principal fiber bundle , H = {Hp : p E P }  a 2-

cOllllec Lioll ,  X an M -valued semimartillgale alld Z a '  P-valued .ro-ralldom 
variable such th at 7f o Z = X O .  We know [ 1 ] that the s tochastic horizontal 

, lift (s . h . 1 )  of X ini tial ized in Z is a P -valued semimartingale Y sllch that 
satisIies the following stochas Lic diIferential equation 



1 1 1  

2 P rolongati o n  o f  C o n nections and S t o ch as­

tic  Horiz o nt al Lifts 

Let u s  first introduce some defiuitiollS 

Defillition 3 Let P (M ,  G) be a principal fiber bundle and \7 a CD a of P .  
We says lhal 'V is G-úw(J:,-ianl iJ cJ> y (PY)  o /(y. c. Hg. o <1> y (1') Jor all lJ E P 
and 9 E G .  

Definition 4 Let P (M,  G ) úe a principal fiber lntndl� and \7 a G -invariant 
CD a oJ P .  We says that 'V is projec table �f 

Example 5 Lel l J !vI  be the principal .fiber bundle of ba.'ies of M ,  \}, a CD a 
oJ !vI and \jIc (\jiu) the complete (horizonial) (iJt of \ji to BM (3J. We have 
thal \jIc and \jI11 are projcclaúlc . 

The " proj'cction" of 'V by lf is described in the following proposition . 

P.rop osition 6 Let P (AI , G ) be a principal fiber bundle and \7 a G-invariarít 
CD a of P .  Then 'V is projec table iff t1�er'c is a unique CD a \ji of M such 
that lf is affine. We says that I}! is the projection of \7 .  

Pro of: Let L . E  TxM and p E P such that lf (p) = x .  Then there is T E TpP 
such that lf* (p) (T) = L , \Ve define <J> IJ! (x ) (L ) by lf * (p) (<1>y(p) (T) ) .  Now , we 
prove thaL <1>q, (x) (L )  is weH ueIined . For thiff let 9 E G and S E TpgP\')such 
that lf * (P9 ) (8 ) = L ,  we llave thaL 

. 

'ff* (PfJ ) « T> y (pg ) (S ) )  "11 * (pg ) (<l>y  (pg ) o ng* o ng-l * (S) ) 
= '1I . (¡Jg ) (Hg• o <l> y (p) o Hg-l . (S) )  
= 71 * (p) (<1>y(p) o Ry-l * (S) ) 

On the other hand, lf * (p) (.Ry- l . (S) ) = lf. (pg ) (S) = lf. (p) (T) ,  this Ís Ry-l. (S ) ­
T E K er (lf . (p) )  and by hypothesis <1>y(p)ORg-l . (S) -<1>y (p) (T ) E K er (lf. (p) ) ,  
thus 
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We conclude that. <I>\{I (x) (L )  is well defined. Obviously, <l> q,  : T'M -t TM is a 

lllorphisll l  of vedo!' l >UIHllcs sllch t.haL  <l) i� _o i 'CC'. 1 d'l'M , amI dcfinc 11 CDO \}I 
and as 

<I> w ( 7f (p ) ) o 7r ", (p ) = 7f '" (p) o <1> yo (p ) 
for all p E P ,  we have that 7f is affine and W is unique. 
Converscly, giveu [.1 E J( e7' ( 7f '" (p) ) we have that :  

Now ,  w e  give the definition o f  prolollgation . 

o 

Definition 7 Let P (M ,  G )  be a principal fiber bundle. An application r.p 
fmm l - connectio1/..5 into 2-connection.5 of P (M ,  G)  is called a pro longation il 
r.p (H ) n  = H . for evc'"y l -connccl'¿on H of P (M ,  G) . 

In [8] P. Meyer sLaLes LhaL t,here is a. calloll ical prolonga.Lioll H = { 11 p : 
p E P} -t H s = {H: : p E P} ,  this prolongat.ion is called t.he St.ratonovich 

prolongatioll and is characterized by 

H;{X, Y }  = {HX , HY}p 
where X and Y aré local vector fields of M .  

Now we state our rnain result o  

Theorem 8 Let P (M ,  G) be  a principal fiber bundle, V a G-invariant OD O 
of P and W a aD O 01 M .  Then V is. projetable with projection W iff there is a 
ttnique prolongation H -t Hf such tha,t satisfles: Every s tochastic horizontal 
lift of a \jJ -martiu,f}ale is a V -m.aTti1i.galc. 

Proof: Let H = {/Ip : T7rpM -t TpP} be a. l-connection of P(M,  G ) .  Then 

there is a unique 2-conllection' Hf = {H� :¿ vopM ..... ¿ pP} of P (M,  G) such that 

ll: : T7rpM -t TpP is af fine 
In fact , by [5, Lernrna 1 1] we have that 

H: = (exp � o Hp o (exp ;p) -l ) ", (7fp ) 
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t,hen the map p -- H-; ís  smooth , 

71 . (p )  o Fl: = I dr1rpM 
and 

( Uf! o exp � o JJ¡> o (exp ;p) -l ) . (n p ) 
( :�p W o ny. o I�T� o \� CX1�f)�1 )  * ( 'Irp )  
(exp l' o lIpa o (CXP 7rpg ) ) . ( /I PY ) 
H� 

Thercforc , we cOllcl udc th aL ¡-r iH a 2-COI I Ucc Lioll of P (A/ , G )  aml aH JI; 1 '[',..I,M --':'�  
IIp for every p E P ,  we have that H f  ís a prolongatioll o f  H .  Now , let X 
be a W-martingale and Y a stochastic horizontal lift of X ,  then y is solution 
of d2Y = H;;d2X , and by the I té) transfer principIe [5 , TheOl:em 1 2] we have 
that Y is solution of dVY = HydlJ! X (where i'il and dlJ! are the Ité) differential 

in relalion to \7 and \[1 respectivcly ) and as X ís a W-martíngale , we obtaÍn 
that Y is a \7-mart.ingale . 
Let p be a prolongation such . tllat every stochastic horizontal l ift of a \[1-
martingale is a \7 -martingale .  Let (xA) and (x\ yi) be local charts of M and 
P respecti vely. In thesc local charts 

and [l , page 6] 

<I> IJ! ( 8S�xv ) 
<I>V ( 8X��xv ) 
<I> ( _8 _. ) V {)xJ.l.qxJ ' ,  
<I> (_8_ ) 'il 8xi8x" 

p(H) (�J 
p(H) ( ax>.aX¡' ) 

where H is a 1-connectíon 10calIy gíven by H ( 8�>' )  = a�>. + aia�i and 

ij _ 1 ( i j 1- i j ) a Al-' - '5. aAal-' - al-'aA aiv = l (ai ÓV + ai 8V) >'1-' 2 >' 1-'  1-' >' 
Lct X be a scmímartingale in M and Z a stochastic horizontal Hft of X . 
Locally Z is gíven as (X A, yi ) ,  where 

d vi - i dX A + 1 i d[X' 1-' XV] 1 t �- a A t '].a I-'V , t ( 1 ) 
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Now,  let X b e  a W -mart.ingale.  I n  local coordinaLes X is expressed by 

dX>' = dM >' - Ir>. (Xt)d [lvJ ¡.t  MV] t t . t 2 ¡.tv , 
whcrc 1vJ >. are lo cal martin gales . \Ve obt.ain [ro m ( 1 ) alld (2 ) that 

d Y/ = a.�dM/\ + 1 (a.;w - aif�/I )d [lvJ¡.t , M vl t  
O n  IJle o ther h aB d ,  Z = (x >., y i )  i s  a \7 -mart i ngale i ff 

and 
dX>' - 1- �r>' d [X ¡.t XV] -t- r� d [yj x ¡.t] -t- !r� d[yj yk] t 2 ¡.tv , t J¡.t , t 2 Jk , t 

(2) 

are local martingalc .  A di red cornpu Lation , llsing the iden Lit.ies previously 
obt .aillcd leads t .hal.  

and 

(3) 

dlvJt -1- (� (r;v - 1';1.1 ) · 1 ·  rJ¡.ta.t +- rJkata�) d[lvJ ¡.t ,  lvJV] t (4) 
are local rnartingale . \Ve obtain from (3 ) that 

ThJs is p (H) = Hf • Converselly, we have I,hat 
1'>' f>. ' . 1'// ¡.tv r.7¡.t O 
1 'Jk O 

since (4) is true for every l -conn ection H .  Therefore , \7 is proj�ctable with 
pro jcction \}l .  O 

The nex t proposition gi ve an cxplicit expl'cssion fol' Hf in terms of H 
and \7 . 
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P rop osition 9 Le l X a:nrl Y b e  local vector fielrls uf M .  Then 

¡('V {X ,  Y} = { H  X , H Y }  - w Il (\7 lIx H Y -/- \7UyJI x t  
when" w Il Í8 lhe fOTTn of c07/.nedúm. aS.wciafed wilh H anrl * : 9 � r (1' P )  is 
{he hU1/l. U1/1,UTl'Iús11I dcfin c¡J by (he riyhl acti.un uf G un P .  

Pro of: LeI. X aIHI Y be local vedo r IicldH of M ,  amI scl. C (X ,  Y )  c.:. 

11 'V { X ,  Y }  - { JI X ,  II Y } .  'rilen e (X ,  Y )  iH a vert.ical local Iield .  In fuct ,  
we have that 'lf* (H'V{X ,  Y } ) = 7r * ( { iI X ,  JI Y } )  :::;: { X , Y} ,  hellce C(X,  Y )  i s  
vertical. And as 

QH'V{X ,  Y }  H i{  0 llj{ (Q {X ,  Y } )  
JI ® H (Q { X ,  Y } )  
H� ® Il¡1(Q{X ,  Y } )  
Q 1l 8 p ; ,  Y }  

wh�re Q is th� squared gmdicn t opcrator ( In local coordina.Lcs o'(ai) üS;X] + 
ak {)�k ) = al) {)�. 0 ü�] ) '  we ha.ve that C (X , Y )  is a local vector Iield.  Now , 

since 

we have that 

C (X ,  Y) 

JI'V (<l>w {X ,  Y} )  
(1)'V (H'V{X ,  Y})  
<J)'V ( { 11 X , lI Y } )  -/- C (X ,  Y) 
(\7 IlX H Y + 'J lIyJI X) -/- C(X , Y)  

wlI (C(X,  Y ) ) *  
w II ( !  1 ( \JI .\" Y I \), )' X ) - \7 / 1  .\" J [  Y - \7 11 }, J[ X ) * 
_wIl (\7nxJJ Y + 'JuyHX ) *  

This completes the proof. 

3 Applicatio ns 

o 

i )  Let P (M ,  G)  be a pri n cipal fi ber bundle ,  H = { Hp : p E P }  a l - connection 

and \7 a projectable CDO of P .  LeL A 0 ,  A l ,  . . .  , An be COO vector ficlds on M 
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and 13t  = ( Uf ,  . . .  , Inl) a standard B rowniall motion , and Xt (x )  thc solution 
of the following S tratollovich di frerellti al equation 

n 
Ao (Xt ) dt + L Ai (Xt ) o dB; 

Xo ;r E Af 
i.= l  (5 )  

TI le 1 l  t.llC Hl .oc! J as l , ic  hori zol l t. al l i ft, Y, (l') o f  X, ( :7: ) i n  rc1aLioll  Lo Ir i s  givcn 
by Lhe wluLiol! 0 1' 

(H Aa  - � i� wH (\7 HAi H Ai ) *) (Yt ) dt 
n 

+ L H Ai ( Yt ) o dB t  (6) 
i= l 

p E P 

lu fad , IeL Zt bc a solutioll of ( 6 ) , Since 7r o Zt = Xt and Lhe infini tesimal 

( 1/. )  generator of ht iH H \l  Ao + � if1 A; , by [2 , L,emma 2 , 1 ]  we have LhaL Zt is  
the sLochastic horizontal !ift of X t in relatíon t.o Hr • 

i i) Let E = E (Jo.! , p , F ) be a vector bundle associated to P (M , G)  wíth 
fibre F ,  H = {Hp : TI E P }  a l -conllectíol l  of P(M ,  G) amI V B  the C D O  
of  E induced b y  H .  Let Yt (p) b e  the stochastic horizontal lift of  X t (7r p) in  
relaLioll 1,0 Hr , all d  1/tCll p )  =--= Vt. (rl ) o p-l : }'.,''''1> -4 }'.,'X1 (",p) , where Ji is  rcgarded 
as l inear mapping p : F -4 E",]>' \Ve llave the following Itó formula rOl' cross 
sections of E ,  

Where a i s  a cross section o f  l� and - : g -4 r(T E)  i s  the vertical 
homomorphism dcfined by Ae = 1ft I t=o p exp tA · p-1 U ) · 

iii) Let B M be the principal fiber bundle of bases of M ,  V a CDO of 
M ,  H = {H p : p E P }  the 1-connection of B M a¡ssociated with V .  We 
have that Ve and VB are projeclable with projectiol1 V .  Since V�xH Y = ------
H (VxY)  + �R(X,  Y ) ,  whcre R(X ,  Y)  is the tensor of type ( 1 , 1 )  defined 
by R(X,  Y ) (Z )  = R(X,  Y ) Z (R i s  the curvature tensor associaLed wi th V)  ------
and R(X, Y )  i s  the vertical right inyariant vector field of B M  defined by 
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-----
R(X ,  Y)p = (p-1 R (X ,  Y)¡J ); we have thal. l.he slochast.ic  horizonlall i ft. Yt(p) 
o[ Xt (x ) (solution of (5) ) in rclalion Lo Hf H saLisfies 

. 

. n 
d Yt JI Ao { l/"ddt + L JJ Ai (Yt )  o dB; 
Yo p 

i=l  

In  Lhe case of  \1(,' w e  have that \l5;x1H' = l/ (\lx Y )  + H(- , X )Y ,  where 
R (- , X ) Y  is the tensor of lype ( 1 , 1 ) defilled by R (- , X )Y (Z )  = R(Z, X ) Y -----
and R( - ,  X )  Y is lhe vertical right invariant vector field of B M defined by -----
R(- , X ) Y  p = (p-1R(_ , X ) Yp);([3 ,  page 94]) . 

'fhe stochastic horizontal lift }/t (p) of X t (x) (solutioll of (5) )  in relation 

to Hf e satisfies 
. 

d Yt (Il Ao - � it R (  �Ai) (Yt )dt + it JI Ai(Yt) o dB; 
Yo = P 
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