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A NEW SEQUENCE OF LINEAR POSITIVE OPERATORS 
FOR HIGHER ORDER Lp-APPROXIMATION 

P.N. Agrawal and Kareem J. Thamer. 

ABSTRACT. The purpose of this paper is to develop some direct results in the Lp

approximation by a linear combination of a new sequence of linear positive operators. 
We estimate the error in the approximation in terms of the higher order integral modulus 
of smoothness using the properties of another sequence of linear approximating functions 
e.g. Steklov means. 

1 INTRODUCTION 

For f E Lp [0,00) (p � 1), Agrawal and Thamer [1] introduced a new sequence of linear 
positive operators defined as: 

. 

0() 0() 

(Ll) M n (f;x) = (n -1) LPn,k (x) JPn,k-l (u) feu) du + (i + x)-n f(O) ,x E [0,00), 
where 

k=l 0 

P (u)= uk(l+u)-(n+k) . (n+k -1) . n,k k ,. 
Alternatively, (Ll) may be written as 

where 

0() 

Mn(f(u);x)= fWn(x,u)f(u)du, 
o 

00 

Wn (x,u) = (n -1) LPn,k(X)Pn.k-I (u) + (1 + x)-n S(u), k=l 
p(u) being the Dirac-delta flmction. 
We observe that, howsoever smooth the nmction may be, the order of approximation by 
these operators is, at its best, O(n -1). To improve this order of approximation, we apply 
the technique of linear combination due to May [5] and Rathore [6] to (1 . 1 ). The linear 
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combination is described as follows: . 

1 dOl k -1 . 
do . Mdon(f,x) dOl dok 

(1.2) Mn(f,k,x) = 
1 dl1 dlk Md1n(/,x) dll dlk 

1 d"kl d"kk 
. Mdkn(f/X) d"kl d-.k k' 

wheredo,dl , ... ,dk arti (k + 1) arbitrary, fixed and distinct positive integers. 
On a simplification of (1.2), we are led to 

(1.3) . 

where 

k 
. Mn(f,k,x)= LC(j,k) MdJn(f;x) , 

j=O 

k d. . 
C(j,k) = II I . for k 'I: 0 and CCO,O) = 1. 

j=odj-dj ;i'j . 
The aim of this paper is to show that the linear combinations of the operators (1.1) 
converge faster to the function provided the function is sufficiently smooth . The estimate 
of errQr in Lp.approximation is obtained in terms of the (2k+2)th order integral 
modulus of smoothness of the function. 

2 HIGHER ORDER Lp-APPROXIl\1ATION 

Throughout this paper, let 0< al < a3 .< 02 < b2 < b3 < bl < 00, Ij ::; [aj,bj], i =1,2,3 and 
[ P] d�note the integral part of p. Furthermore, C· denotes: a positive constant not 
necessarily the same at each occurrence. 
For f E Lp [a, b], I S P < 00, the integral modulus of smoothness of order m is defined 

as: 

We prove the following main result: 
THEOREM. Let f E Lp [0, 00), p � 1. Then for all n sufficiently large 

liM n(f,k,.) -fll Lp Ch) S M k.p ( Cl)2k+2 (i,n-1/2 ,P,!I)+ n-Ck+l) llfIILp[O.OO)) . 
where M k.p is a constant that depends on k and p but is independent of f and n. 
We requir� the following results. 
Let A.C.([a,b]) denote the class of absolutely continuous fUllction on [a,b]. 
Let 1 S P < 00, f E L pTO, 00) . Then, for sufficiently. small ." > 0 i the Steklov mean f,.,;m 
of m th order corresponding to f is defined as 

" 



A new sequence of linear positive operators for higher order ... 11 

whereu e It and 11; feu) is the m th order forward difference of the function f with 
ste.p length h. 
Lemma 2.1. For the function fTj ,m (u) as defined above, we have 

(a) 

(b) 
(c) 

(d) 

(e) 

f,."m has derivatives up to order m over h, fJ;,-I) e A.C(lI) and fJ:r:J exists 
a.e. and belongs to Lp(lI); 
IlfJ�211 �"Mr17-r

 OJr(f,17,p,h) , r = l(1)m ; LpCh) • 

IV -f,."mIILp(/2) � Mm+lOJm (f,17,P,It) ; 

·IV,."mIILp(/2) �Mm+21IfIlLp(/l) ; 

"1IfJ:;:,>tp(/2) � Mm+317-m 
IIJIILP.CII)' 

where M i I S are certain constants· that depend on i but are independent of f and 17 . 
By a repeated application of [4,Theorem 18.17], Jensen's inequality and Fubini's 
theorem, the proof of this lemma easily follows and hence is omitted. 
Lemma 2.2 [1]. Let the function Tn•m (x), m e N° ( the set of nOlmegative integers) be 
defmed as 

co co 

Tn,m(x) = (n-I) LPn,k(X) fPn,k-l(t) (t.:....x)"'.dt + (�x)m(1+x)-11 . 

Then, 
k=l 0 

2x 
TnO(x) = 1 • Tnl(x)=-- and , ' n-2 

(n -m':" 2 ) Tn,m+1 (x) = x(1 + x )T�,m (x) +[(2x + 1) m + 2x]Tn,m (x) +2mx (1 + x)Tn,m-1 (x) , 
meN. 
Hence, 
(i) Tn m(x) is a rational function in n and a polynomial in x of degree m, , .. . 
(ii)For every xe[O,co), Tn,m(x) = O(n-[Cm+l);21). 

Lemma 2.3. Let the function Vn,m (t)(m e N) be defined as 

Then, We have 

co 

Vn,m(t) = fWn(x,t) (x-t)� dx, te(O,oo). 
o 

2(1+t) VnO(t)=l, Vn1(t)= --, ' n-2 
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and there holds the following recurrence relation 

(n-m-2) Vn,m+l(t) =/(1 + /) V�,m(t) + [(2/+ 1) (m+I) + I) Vn,m(/) +2ml(i+ t) V",m-1(/). 
Consequently, 
(i) Vn m (I) is a rational function in n a.'ld a polynomial In I of degree m . ' . . 

(ii)Forevery te(O,oo) ,Vn,m(t)= O(n-[(m+l)/21). 
The proof of this lemma follows easily on proceeding along the lines of the proof of 
Lemma 2.2 and hence is omitted. 
Lemma 2.4. For peN and n sufficiently large there holds 

. Mn (u -x)P ,k,x)= n-(k+l) { Q(p,k�x) + o(1)}, 
where Q (p,k, x) is a c�rtain polynomial in x of degree pand x e [0,(0) is arbitrary but 
fixed. Further, we have 

and· 

(�l)k (2k + l)I . Q (2k+ l,k,x) =
k 

. {(k+I)(1 +2x)-1}{x(l+x)}k 
kIn dj 

j=O 

Q(2k+2,k,x) = (-I)k(2k +2)!�(1+X)}k+l 

. (�+l)!rr dj 
j=o· 

The proof of this lemma follows from [2 ,Theorem 1) . 
Let BY.([a,b]) denote the class of f'I.llctions of bounded variation on [a,b).The. 

seminorm II/IIB.V.([a,b]) 
is defined by the total variation of I on [d,b). 

Lemma 2.S. Let le B.V.(11)' Then, 

Mn(j(u�w)2k+l dl(W)$(U),x] s;Cn-(k+l) I I/IIB.JI.(/, ) ' x : �(�) 
where �(u) is the characteristic function of 11, . 
Proof. Following the proof of Proposition 2.2.5. [7, p .. 50-52 ), for each n there exists a 
nohnegative integerr=r(n) such thatrn-1I2 <max(b1-a2,b2 -al)S;(r+l)n-1I2• 
Then, we have 

K;: M�(j(u_w)2k+ldl(W)$(U);x] . 
x L'(/2) 



A new sequence of linear positive operators for higher order ." 13 

+ x-If�;u)Wn(x,u)IU_XI2k+l{ ' 1�(W)'dl(W)' }duldx. x-(l+1)n-1/2 x-(/+l)n-1/2 
. Let rjJx,c,d (w) denote

' 
the characteristic function of the interval [x_cn-1/2,x+dn':'1I2] 

where c , dare nonnegative integers. Then, we have 

K � i: r4n2 f J rjJ(u) Wn(x,u)lu_xI2k+5 J�x,o,'+l(w)ldl(w)1 du 
[ b (X+(/+l)n-1/2 [bt ) 

1=1 . a2 x+ln-1/2 a, 
+ J rjJ(U) Wn(x,u)lu_xI2k+5 f�x,l+l,o(w)ldl(w)1 du dx 
x_In-1I2 [bt ) J 1 x-(l+1)n-1I2 a, . 

+ tf 4-CulW,Cx,ul lu - �2k+1 (}4> ,J; CWll<!fCWll)du d< ' 
By using Lemma 2.2 and Fubini's theorem we obtain 

K � C n-(2k+l)/2 [tl-4{bJ [J�x,oil-l (w) dx) I dl(w)1 + tbJ� X,l+l'O(W)dX I-I a, a2 �la2 

� C n -(k+l) IIIII B.V.(1,) 

X I <!fCWll) } + X}""ICWld< } dfCWll] 
This completes the proof of the Lemma. 

For 1 � p < 00, letL�k+2)(ll) := {f e Lp [0, (0) : 1(2k+l)e A.C.(ll) and /2k+2) e Lp (11 ) }. 
For lE Lp[a,b], 1 < p < 00, the Hardy-Littlewood majorant [8, p.244] of I is detined 

as: 

1 � hf(x) = sup� .. x - fl(t)dt, (a � � � b) . '. �-x x ; 
In order to prove our main result, we first discuss the. approximation in the smooth 

subspace L�k+2)(ll) of Lp [0,(0). 
Proposition. Let 1 < P. < 00 and I e L�k+2) (11) , then for all n . sufficiently large 

(2.1) .IIMn(f,k,.)-IIIL '(1) � Cl n-(k+l) {11/(2k+2)11 . +II!IIL [0 )} , 
. . p 2 Lp (1, ) ' .  p ,00 

where Cl = Cl (k, p). 
If le Ll[O,oo) , I has 2k+l derivatives in 11 with f2k) e A.C.(ll) and /2k+l) e 
B.V.(h), then for all n sufficiently large 
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(2.2) //M (f,k,.)-f// � C n-(k+1) {llf(2k+1)11 + Ilf(2k+1) 
11 , +//f// } n L.(12) 2 B.V.(1.) !.t(l2) !.t[O,co) ' 

where . .  C2= C2 (k). 
Proof. Let p > ] . With the given assumptions o� f, for x e 12 and u e It we c� write 

2k+1 (u x)j 1 u 
feu) = L -. , f(j) (x) + , J(u.;,wik+1/2k+2)(w)dw. 

j=O ·  J. (2k + 1). x 
Hence, if t/J (u) is the characteristic function of /1, we have 

2!-+1 '( )j 1 u . 

f(u)= L 
u-x fU)(x) + J(u -w)2k+1 �(u) /2k+2)(w)dw 

j=o . j! (2k+1)! x 
+ F(u,x)(1-t/J(u», � 2k+1 (u-x)j . . 

where F(u,x)= f(u)- L ., f(})(x) , for all u e [O,co) and xe 12 . 
j=O J. . 

In view of M n(1,k,x) = 1, we obtain 

2k+1 ( ') ' ( u 

Mn(f,k,x)-f(x) = � .f Jj!(X) Mn(u-x){,k,x)+ C2k:])! Mn �(u) !(U_W)2k+1 

x 1(''''') (w)dw, k,x J + M" (F(u, xXl- oI(u)), k, x) 

= '1:;1 +:E2 +:E3, say. 
It follows from Lemma 2.2 and [3,p.5] that 

":E·II � Cn-(k+1) (11111 + Ilj(2k+2) 11 ) . 1 Lp(12) Lp (12) Lp(h) 

To estimate :E2, let h j be the Hardy-Littlewood majorant of /2k+2) on /1, Making use 

of Ha lder's inequality and Lemma 2.2, we have 

J, P M.( �(u) I (u - w)"+' 1('>+') (w)dw, x ) 
� M. ( �(u )Iu - >1"+' �/(2"') (W�1 ' x ) 
� M n (�(u)(u -x)2k+2 Ih j(u)l ,x ) , 

� {M n (Iu ": xl(2k+2)q ,(u),x) j'q'( M n (lhj(Ur 4>(u),x ))11 P 
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5 en -(hI) [jW.(x,uJlh I(ull" dur p 

Now, Fubini's theorem, Lemma 2.3 and [8,p.244] imply that 

PIiL, (I,) 5 en -('+1) {j[ 1 w. (x, u)<I< } I (u)1 p du F 

Consequently, 

:s; C n -(k+l) Ilh f(u)11 . 
. Lp(l l ) 

:s; C n-(k+I) llf(2k+2) 11 . Lp(ll ) 

11 L 11 :s; C n -(k+I) Ilf(2k+2) 11 2 Lp(l2) . Lp(/t) 

15 

For UE [0,00) \[al ,btJ and x E 12 we can fmd a 0>0 'in such a way that 1 u - x 1 � 0 . 
Thus 

IM. (F(u,xXl -�(ui), x� 5 5-("+2) [M .(li(u)I(u - x)"+2 ,x) 

+ ! 1/1;
!
(x )1 M. (Iu _ -'i 2.+ j+ 2, xl] 

=J2+J3,say. 
It follows from Ho lder's inequality and Lemma 2.2 that 

IJ21 :S;Cn-(k+l) (Mn(lf(u)IP,x)IIP. 
Again, applying Fubini's theorem, we get 

IIJ2I1Lp(/2) :s; C n-(k+l) Ilfll Lp [0,(0) • 
Moreover, using Lemma 2.2 and [3,p.5] 

Hence 

IIJII :;;Cn-(k+l)(llfll + Ilf(2k+2) 11 ). 3 Lp(/2 ) Lp(h) Lp(/2) 

11 L 11· :s; en -(k+I) (11fll + Ilf(2k+2) 11 ) . 3 Lp(l2) Lp [0,(0) Lp (/2) 
Combining the estimates of LI - L3' (2.1) follows. 

Now, let p = 1. By the hypothesis, for almost all x El 2 and for 11 Ell' we can write 

2k+l (u x)i 1 u 

f(u) = L �, f(i) (x) + , J(u- w)2k+! tlf(2k+l)(w) . 
;=0 I. (2k +1). x 

Hence, if fj>(u) is the characteristic function of 11 then 
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(2 .3) feu) = 
2�1 (u - x/ fi) (x) + . 1 f(u _ w) 2k+l dj<2k+l)(w) rjJ(u) 
;=0 i! (2k+ 1)! x 

+ F(u, x)(1 - rjJ(u) ) " 

2k+l (u x) ; 
where F(u, x) = feu) - 2:: �I f(i) (x) , for almost all x E 12 and for all u E [0, 00) . 

;=0 1 .  

0l'erating on (2 .3) by M n ( . , k, x) and breaking the right hand side into three parts J1 , J 2 
and J 3 "  say, corresponding to the three terms on the right hand side of (2.3), we have 

IIJ1 I1L, (I2 ) ::;; Cn-(k+l) ( 1Ifll� (I2 ) + 11j<2k+l) II�(I) , 
using Lemma 2.2 and [3,p.5] . 
Next, using Lemma 2.5 , we obtain 

I IJ2 1IL, (I2 ) ::;; C n-(k+l) 
1 1j<2k+l) I\ . .  . . B.V.(l, ) 

For all u E [0, 00) \ [ap hd , x E 12 , we can choose a 0 > 0  such that lu - xf :<:: 0 . Then 
b2 a) 

IIM n (F(u, x)(l - �(u»), x) II�(I2 ) ::;; If ; Wn (x, u) If(u)1 (1 - rp(u))dudx 
°2 0 

2k+l 1 b1a) ' . 
+ L "1 f JWn (x, u) If (i) (x)l lu -� ' (l - rjJ(u» dudx 

. 0 I .  � � O ' . 
= J4 +Js ,  say: 

For sufficiently large u ,  we can find positive con�tants M and C' such that , 
(u _ x)2k+2 . 

2k 2 >C ' for all U :<:: M, X E 12 · u + '+ 1 
By Fubini's theorem , 

J. =(1 1 + 1 1  ) w. (x. ulV(U� (1 - +<U)) dx du  
= J6 + J7 , say . 

Now, using Lemma 2 .3 we have 
M b, 

J 6 = 0-(2k+2) f JWn (x, u) If(u)1 (u - x)2k+2 dx du 
o 02 

� e n -('+1) ( P/(U �du J . and 

1 a) b2 , (u _ x)2k+2 J7 = -. f fWn(x, u) 2k 2 li(u)1 dx du C' M U + + 1 °2 . 
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'0 

� C n-(k+l) JI!(u)1 du o 
M 

Combining the estimates of J 6 and J 7 ' we get 

J 4 � C n -(k+l) Ilfl ll1 [0,(0) • 
Further, using Lemma 2.2 and [3,p.5] we obtain 

Js � cn-(k+l)(l lfII11 (l2) + 1 1J'2k+l)tl (hJ . 
Hence, 

Cons,eque:mtly, 

Finally, combining the estimates of J1 - J 3 '  we obtain (2.2) . 

1 7  

This completes the proof of  the Proposition . 
Proof of Theorem. Let fTJ.2k+2 be the Steklov mean of (2k + 2) th order corresponding 
to feu) where 1] >0 is sufficiently small and feu) is defined as zero outside [0, 00) , 

Then we have 
I IMn (f, k,.) - fIlLp (l2 ) � 11 M n (f -fTl,2k+2 ,  k,.) I ILp (J2/ I IMn (fTJ,2k+2 , k, .) - h].2k+2 1 ILp (!2 ) 

= Ll + L2 + L3 ' say . 
Letting. �(u) to be the characteristic function of 13 ' we get 

+ IifTJ.2k+2 - fIiLp (h )  

Mn «(f - fTJ,2k+2 )(U), x) = M n ($(u)(f -, fTl,2k+2 )(u), x) 
+ M n ({1 - �(u))(f - fTJ,2k+2 )(u), x) . 

= L4 + LS , say . 
Clearly, the following inequality holds for p = 1, for p >  1 it follows from H o  Ider 's  
inequality 

b2 b2 b3 
f 1 L� I P  dx � f JWn (x, u) I (f - fTl.2k+2 ) (u)I P  du dx . 
U2 U2 U3 

Using Fubini ' s  theorem and Lemma 2.3 ,  we get . 
11 L4 I1Lp(l2 ) � IIf - fU.2k+2 1ILp(I2 ) • 

Proceeding in a similar manner, for all p � 1 
11 Ls II Lp (J2 ) � e n -(k+l) Ilf -, fTl.2k+2 11 Lp [0.<o) 

Consequently, by the property (c) of Steklov means, we get 
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Since 

11j,(2k+l ) II - lll2k+l) 11 'l,2k+2 BY.(13 ) - 'l,2k+2 L( (13 ) • 
By our Proposition, for' all p ;;:: 1 there follows 

L < C n-(k+l) C 11J,(2k+7) 11 + 11j, · 11 ) 2 - Tj,2k+2 Lp (13 ) 7];2k+2 LpTO,co) 
< C -(k+l) ( -(2k+2) (/ 1"1 '  I )  + 11/11 ) - n 11 co2k+2 '  . •  ' p, 1 Lp[O,co) , 

in view of the property (b) of Steklov means. 
Finally. by the property (c) of Steklov means 

L3 :$; COJ2k+2 (f, T], P, !1 ) ' 
Choosing T] = n-1 / 2  , the result follows . 
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