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DAMEK-RICCI SPACES SATISFYING THE OSSERMAN-P
CONDITION

ISABEL G. DOTTI AND MARIA J. DRUETTA

ABSTRACT. We show that the only Damek-Ricci space S satisfying the Osserman-
p condition, for some 1 < p < dim S, is the real hyperbolic space.

FaMAT- Universidad Nacional de Cérdoba

Let M™ be a riemannian manifold, R its curvature tensor and Ry the Jacobi
operator, defined by RxY = R(Y, X)X, X a unit tangent vector. We say that M
satisfies the Osserman-p condition, (Oss-p, for short), p a natural number, if for
any set of p orthonormal vectors E = {X;, X, ..., X} in the tangent bundle, the
symmetric operator

Jg = RX1 + Rx2 + ...+ RXP

has constant eigenvalues, counting multiplicities. Note that this definition does not
depend on the orthonormal basis chosen on the space spanned by F.

This notion, introduced in [SV] or [SP], generalizes the Osserman condition (p =
1). It is immediate to see that if p = n then M™ has constant scalar curvature.
Moreover, if p satisfles 1 < 'p < n then the riemannian manifold is Einstein and
there exist a duality between p and n — p, that is, M™ satisfies the Osserman-p
condition if and only if it satisfies the Osserman-(n — p) condition (See [G]).

We note that spaces of constant sectional curvature satisty the Oss-p condition
for all p > 1. The curvature formula for spaces of constant curvature ¢,

RX,Y)Z =c({Y,2)X — (Z,X)Y),

gives RxY = cY for orthogonal tangent vectors X and Y. Hence, il 12 = { X}, ..., X}
is an orthonormal set, we have that

Jg |lp=c(p—1)1d, Jp|gr=cpld,

P. Gilkey raised the question whether a nonpositively curved homogeneous man-
ifold M™ satisfying the Oss-p condition, for some 1 < p < n must have constant
curvature. We note that in [DD1] we have proved that a homogeneous space of non-
positive curvature satisfying the Osserman condition is a rank one-symumetric space
of noncompact type. Moreover, in [DD2] we study the class of riemannian manifolds
coming {rom solvable Lie groups S of Iwasawa type and two-step nilpotent radical,
with a left invariant metric salislying the Oss-p condition (without the assumption
of nonpositive curvature). In [DD2] we prove that under these conditions, S must
be a Damek-Ricci space. '
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The purpose of the present paper is to give an affirmative answer to P. Gilkey’s
question above, in a subclass of the class of homogeneous manifolds of nonpositive
curvature. More precisely we shall prove:

Theorem. If M is a Damek-Ricci space of dimension n satisfying the Osserman-p
condition for some 1 < p < n, then M is the real hyperbolic n-space.

Using the main result in [DD2] together with the above theorem we obtain:’

Corollary. If S is solvable Lie group of Iwasawa. type and dimension n, with (S, 5]
two step nilpotent, satisfying the Osserman-p condition for some 1 < p < n, then S
is a space of constant negative sectional curvature. '

While the paper was submitted the authors learnt that P. Gilkey proved, using
methods from vector bundle theory, that a riemannian manifold satisfying the Oss-
p condition has constant sectional curvature. The prool presented here, although
restricted to our class of spaces, is more elementary.

1. CURVATURE FORMULAS ON DAMEK-RICCI SPACES

We start by recalling the definition of Damek-Ricci spaces (D-R spaces). Let n be
a two-step real nilpotent Lie algebra endowed with an inner product (, ). Assume n
has an orthogonal decomposition n = 3 @ v, where 3 is the center of n and [v,v] C 3.
Define a linear mapping j : 3 —=End v by

(1) . <JZX>Y) = (Z) [X) Y])

(note that jz is skew-symmetric). Now n is said to be an H-type algebra if for any
Z €y

(2) 7% =—(2,2)d

The corresponding H-type group is the simply connected Lie group N with Lie
algebra n endowed with the left invariant metric induced by the inner product (, )
in n. It is easily seen that if n is H-type and non abelian then [n,n] = 3.

The class of solvable extensions of H-type groups which we will consider in this
section are constructed as follows. Let n be an H-type algebra with corresponding
simply connected Lie group N. If A = Rt acts on NV by the dilations (z,z) —
(tz,t%a;), we let S be the semidirect product AN. Let s be the Lie algebra of S. If
D is the derivation of 1 given by D|, = 1 Id and D|, =Id and a = RH, then s is the
semi-direct product s = a @ n where a acts on n via ady|, = D. We endow s with
the only inner product extending the given one in n such that |H| =1, (H,n) = 0.
Finally, we give to S the left invariant metric associated to the inner product on s.
The riemannian manifold obtained will be called a Damek-Ricci space.

The Levi Civita connection and the curvature tensor associated to the metric can
be computed by,

2(VxY,2) = (X,Y],2) - ([\, 2], X) + ([2,X],Y)
R(X,Y) = [Vx,Vy]—-Vixy
for any X,Y,Z in s.
Let n =dims and 1 < p <n. We will say that the metric Lie algebra s satisfies
the Oss-p condition, if the corresponding Lie group S satisfies it.

In the next proposition we express the curvature operators of the Lie group S and
we summarize the basic curvature formulas that will be used throughout the article.
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These formulas can be deduced easily using the expression of the connection and
curvature tensor appearing, for example in [DD2] or [BTV].

Proposition 1.1. Ifs is the Lie algebra of a D-R space S then the following fO'I‘-
maulas hold.

(i) Ry = —ady”.
(43) If either Z € 3, |Z| =1 or X € v, | X| =1 then
RZH =-H, RXH = ———H
(i) If Z €3, |Z| =1 and Z* €3, then
RzZ* = (2,22 — Z*.
(w)If Z €3,|Z| =1, and X € v, then |

1
) Rz X = —Z.X.
(w)If X €v,|X|=1and Z €3,Y € v, then
1
RXZ = —ZZ
3
RxY = 4j[xy]X+ (X Y)X - —Y

2 PROOP OP THE MAIN RESULT

Let S be a Damek-Ricci space and let N be its nilpotent radical; let 5 and n be
the corresponding Lie algebras. Then n is an H-type Lie algebra. If n is not abelian,
given X € v let j;X = {jzX : Z € 3}. Clearly (1) gives (j,X)* = keradx/,, thus
we may consider, for every X € v, the orthogonal decomposition

b =j,X ®kerady],.
Furthermore (2) gives . »
| X, jzX] = adx (jzX) = |X[*Z,
showing in particular that the dimensions of 3 and j,X coincide if X # 0 in v.

Weset k =dimj. If v 5 0 let d = dimb —k (= dim(keradx|,), X #0), 2k+d=
dim n.

Assume S satisfies the Osserman—p condition, 1 < p < n. As we recalled in the
introduction we may (and will) assume 1 < p < in since conditions Oss-p and
Oss-(n — p) are equivalent.

“The following lemma, was proved in [DD2, Lemma 4.1]. We include its proof here
for the sake of completeness.

Lemma 2.1. If S is a Damek-Ricci space of dimension n satisfying the Oss-p con-
dition, with 1 <p < k+1, then S has constant sectional curvature —1.
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Proof. Let E = {H,Z,...,Zy—1} be an orthonormal set of p-vectors with Z; € 3.
- We compute the elgenvalues of jg = —ad} + 50, Rz obtalrung :

JEH —(p - 1)H JEZ = _(p— 1) 1.) 1= 1 »D.
Hence jg |,+re= —(p — 1)Id and jig |»= —3pld, since Rz, |n— —1Id.
Assume there exists a non zero X € v and consider the orthonormal set M=~

{X 21, ..., Zp_1}. Then jgH = —(p—3) H, which shows that the elgenvalue —(p— 2)
is not attamed by jE, giving a contradlctlon :

-~

Lemma 2.2. Let S be a Damek-Ricci space of dimension n satisfying the Oss—p
condition. Ifk+1<p<in, then2k+1<p<d.

Proof. Note that b #0 (k+1 < p). Since in = ;(2k +d + 1) < k+d we will set
p=k+rwithl<r<d
Let X; be a non zero element of v and let E and E’ be the followmg p-basis,

E={H 2, ...2k,X1, s Xec1}, B ={21,..., 2k, X1, ... X},

where Z3, ..., Zy'is an orthonormal bams of 3 and Xj, ..., X, is an orthonormal set of
vectors in kerad X1 |- Usmg the curvature formulas given in Proposition 1.1, applied
to

=_a'dH+ZRZ +ZRX and JE»— ZRZ- +ZRx,,

i=1 =1
respectively, a straightforward computation shows that

' 1 ’ 1 -1
JEH = —Z(4k +7r—- 1)H, JEZ,‘ = —1(4]6 +7r— 1)Z1', JEX1 = _Z(k +r—- 1)X1
and if Y € v, |Y| =1and (Y X1)=0 then

_ 1 _9 24
<JEY Y) == k+7‘ ZI[XHY” 4Z<Xuy
Since Jp H = —1(4k + r)H it follows frorn the Oss-p condition that —(4k + ) is
also an eigenvalue of Jg. ‘Then there exists an eigenvector ¥ in v of J r satisfying
(Y, X1) =0 with eigenvalue (JgY,Y) = —4(4k + 7). Hence
7‘—1 1'—1

2, 2
@k +r) =2kt r) =3 ;ux,,yn : ; vy
or equivalently, '
r—1 r—1
3k~ D IXYIP) = - > (X, V)2
i=1 i=1 :

Hence

r—-1 .
k<Y X Y)IP<r—1
i=1
since in a D-R space one has that |[U,V]| < 1 for any unit vectors U and V in v.
Thusk+1 < r = p—k, or equivalently 2k+1 < p. Since by hypothe51s 2p < 2k+1+d
it must hold p < d as clalmed '
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Proposition 2.3. Let S be a Damek-Ricci spabe of dimension n satisfying the Oss-
p condition with2k+1 <p < d. Then, for any X € b, X # 0, the subspace kerady|,
1s-abelian. ,

Proof. Let E = {Xj,...,X,} be an orthonormal set of p vectors in kerady,|,. If
E'={H,X,,...,Xp-1} then one easily computes

_1
JeH = —%H, JeZ = _%)Z’ Zes, JpXi= —2’—4-.){1

and

op-1 3 -
JwH = -—p—4—H, I Z = J-’-i-z Zes JpX, =L -
Note that the eigenvalue —1(p — 1) has multlphmty at least two in Jz. The Oss-p
condition implies there exists a unit vector Y L X in v, eigenvector of Jg, satisfying

(JeY,Y) = —1(p—1). Since Jg = Y}_, Rx, , we have

Xi.

"B‘;‘l (JsY.Y) = ————Zl/ﬁ,i’ll2 ZW"W'

. It then follows that

P
0<1-3 (X, ) =—BZ|X,,Y
i=1

and consequently
P P
> (X, Y)Y =1and Y _|[X;Y]*=0.
i=1 i=1
In particular, we obtain that Y = EL (Y, X;)X; and [V, X;] = 0 for i = 1,.
Thus we may take {X,...,Xp} an orthonormal basis of F satisfying [XI,X ] =

[X2, Xi) =0 for all i = 1, ..., p. If we repeat the previous argument with £ and E’as
above, computing '

JeH = —-H JpZ = ——Z ,Z €3, JgX; = ————Xz, =1,2

3
Jr:H————II Jp,Z—-Ii—ZZe;,, e _-—xl, P=1,2

we have that the eigenvalue ——(p — 1) is attained with mult1phc1ty at least three
for Jg. Hence there exists Y € v, |Y| =1, such that (Y, X;) = 0, i = 1,2 satisfying
(JEY,Y) = —1(p — 1). Using the expression for JzY as before, we have

p—1_p 3 = . s 1 P 9

obtaining again that Y = >7_ (Y, X)) X;, (¥, X;) =0,i= 1,2, and [V, X;] =0 for
i = 1,...,p. Consequently we get an orthonormal set of p vectors {X1, Xo, ..., Xp},
basis of the space spanned by E, satisfying [X), X;] = (X2, Xi] = [X3,X:] =0 for all
i =1,...,p. By repeating this procedure we obtain [X;, X;| = 0 for all 4,5 =1,...,p.
Since X7 = X and the orthonormal p—vectors {Xi, Xo,..., X,
arbitrarily chosen, it follows that [ker adx|., keradx|.] = 0.
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Theorem 2.4. If S is a Damek-Ricci ;spaeé of dimension n satisfying the Oss-p
condition, 1 < p < n, then S is the real hyperbolic space of constant curvature —1.

- Proof. Let k denote the dimension of 3, the center of the nilradical. If 1 <-
p < k+ 1 it follows from Lemma 2. 1' that S has constant sectional curvature —1.
Now, we assume that k+1 < p < 2'n hence v # 0. Setting n = 2k + d + 1 with
d = dimo — k we will show that the Oss-p assumption gives b, abehan hence a
contradiction, smce 3 =[v,0].

fk+l<p<i 3n, it follows from Lemma 2.2 and Proposition 2.3 that keradxl.,
is abelian for any non zero' X € v. Let X, Y be orthonormal vectors in v. Since
keradx N kerady # 0 has dimension greater than d — k and d — k > 1 (by Lemma °
2.2) we can choose U # 0 in v so that [U,X] =0 = [U,Y]. Hence X, Y € kerady,
and since it is abelian, it follows that [X,Y] =0 and v abelian. -

Now as consequence of Theorem 5.2 of [DD2], we get

Corollary 2.5. If S is solvable Lie group of Iwasawa type and dimension n, with
(S, S] two step nilpotent, satisfying the Osserman-p condition for some 1 < p < mn,
then S is a space of constant negative sectional curvature.
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