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"Vc solve by topological methods a D irichlet problem for the genera.l scmilinear second 
order ODE ."Ve also prove the uniqueness of the solutions.  Moreover , we develop an 

i terat ive method in order to find a solution in certain cases , for which the usual Pi card 
iteration is riot appliable . 

INTRO D U CTI O N  

"Ve consider the ullidimellsional boundary value problem 

( 1 )  { 1I, 1I = f(x , y , y' )  i n  ( (l , b) 

y(lI) = a ,  y(b) = /3 
Parti cula.r c ases of this equation have been studied hy several authors . For f = 
y (:r )  + h (y ) , with g E L� « (t , ll )  and h : m. -I IR contiUllOl (s sol u t. i ons m ay  he obtajned 
under a growth condition on It , i .e . :  

I h(y) 1 � e l y l + d 

for any y E m. fl.nd c < '\ 1 , the first eigenvalue for the homogeneous Diriehlet problem 

of the second order lineAl" operator Ltt := _ ttll . Some results for pm'iodie type and 

Sturrn-Liouville condi tions are also known (see e.g. [AM] , [AS] , [B] , [Br] , [FM] , [MD . 

For a general continuous function f : [a ,  b] x 1R2 -+ m. , we will state the existence 

of solutions of ( 1 )  under a growth condition on (y ,  y' ) . Furt.hermore', uniquc'ness ean 
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be also proved if j satisfies a Lipschitz condition or if j IS Cl with respect to y, y' 

with %5 � o .  
On the other hand, we will show that a solution of ( 1 ) can be obtained constructively 

by 11 continuation-type method. Indeed, the problem can be included as a sub-family 

of problems where there is a parameter t ,  and on starting at a. solution for to it is 

possible to find a solution for to + e: as the limit of et recursive sequence in the Sobolev 

Space H2(o. ,  b) . 

1 .  EXISTEN CE BY FIXED P OINT M ETH O D S  

Let ip(t) = m(t  - a) + CI' ,  where m = 1=: ' then for z = y - ip problem ( 1 )  is 

equivalent to 
(2) { z" = j(t , z + ip , Z' + m) 

z(o.) = z( b) = 0 

A simple computation shows that. the Green function for thc associated linear problem 

IS , { b�a (t - o.)(s - b) 
G(t , .5 )  = 

b�1I (s - o.)(t - b) 
if s � t 
if s :s: t 

Then we may define the operator T :  C 1 ( [a, b] ) --+ C1 ( [a , b] )  given by 

Tz(t) = lb G(t , s)j(s, z(s ) + ip(S) , Zl (S) + m)ds . 

The eont.inuir.y of T is immediate. Furthermore, by the An:elli-Ascoli Thcorem T is 

compaet , and on aceount of 

I I G( ' ) 1 1 _ ( b - t ) (t - a) (b - a? 
, t , 1 - < ,  , 2 - S 

DG' (t - a)2 + ( I} - t )� h - a  1 1  D,t' ( 1 , , ) 1 1 . = < --

it is easy to conclude that 

2(b - a) 2 

I (b - a)2 b - a 
I " ( '  ' ( ) ) I I I Tz lh ,oo = I I Tz l l oo + I I (Tz) 1 l00 :S: ( + - ) sup .f ( s , z s ) + <p(s ) , z s + m  8 2 a S s S .  

Thus , we have the following 
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THEOREM 1 
Let us assume that I I(s , u ,  v) 1  :5 c( lu l + I v l ) + d for any 'tt , v E lR. and some cOllStants 

c, d such that 

« b - a)2 b - a
) 1 

c 
8 + -

2
- < . 

Then T llas a fixed point z E C2 ( [a , b) ) which corresponds to a solu tion of (2) . 
Furtllermore, if I is Lipschitz in (y ,  y' ) witll constant c ,  then (2) llas a unique 
solu tion . 

Proof 
Let I I z l l l .oo :5 R .  As 

I I(s , z(s)  + <pes) ,  z' (s)  + m) 1  :5 c( lz(s) 1 + IZ ' (s) 1 + 1<p(s ) 1 + m) + d, 

we conclude that 

sup II(s, z(s) + <pes) ,  z' (s)  + m)1  $ c(R + max{ la l , 1.B 1 l  + m.) + cl a :S a :S b  

Hence, taking 

R > c(max{ la l , 1,8 1 }  + m) + cl - l - c  
i t  follows that T(B R) C BR , and by Schauder's theorem (see e.g. [L] ) T has a fixed 

point z E BR . Clearly, z solves (2) and z E C2 ( [a, b] ) . 
Moreover, if I is Lipschit.z ,  

( b  - a)2 b - a I ITz - Tzo lh ,oo $ ( 
8 

+ ""2 ) 1 I1( ' , z + <p , z' + m ) - 1( ' , zQ + !p , z� + m) l Ioo  

(b - a)2 b - a  
:5 ( 8 + "2 )c l l z - ZO l l l .OO = 6 H z  - ;�() I"-oo 

with S < 1 .  This proves that T is a contraction , and by the Banach fixed point 
theorem (2) has a unique solution. 

REMAnI(S 
i) If I is Lipscllitz with constant  c ,  then 

II(s , u , v) 1  :5 c( lu l + I v l )  + I/(s , O , O ) 1  
for any tt , v E lR. .  
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ii) The value of th e constant c may be improved by considering the fixed point 

operator T defined in HI C (I ,  b) . TIle growth con dition Oll / implies tlwt T is well 

defined, sin ce !f(t ,  z + <p ,  Zl + m) 1  :::; cC l z  + <p I + I Z' + m l )  + cl E L 2  for any z E HI . 
The following theorem proves uniqueness if / is nonciecreasing with respect t.o V : 
THEOREM 2 
Let f be continuously differen tiable wi tll l'espect to y ,  y' , amI assume that %!i ?:: O .  
Then problem (1) admits at mos t  one solu tion. 

Proof 
Let YI , V2 be solutions of ( 1 ) ,  t.hen YI ,  Y2 E C2 ( [a ,  b] ) . Hence, 

for some mean va.lues e ,  X E Loo . Thus , if w = Yl - Y2 , we ha.ve tha.t 

{ Lw = 0 in ( a ,  b) 

w (a) = web) = 0 

' tl L .- 11 !!..L (t /: , ) I - � (t /: ) WI 1 10 . - W - Dy' , .. , X  w ay , .. , X w . 

As -%!i (t , C x ) :::; 0 ,  a sta.ndard uniqueness result for linear second order ODEs 
shows t.hat. ' W  = 0 . 

2 .  S O LUTIONS BY AN ITERATIVE METH O D  

I n  this section w e  a.dd a parameter t E [ 0 ,  1 J t o  problem ( 1 )  

{ yll =. t/(X , y, yl ) i n  (a , li) ( 1 1 )  . 
y(a.) = ex y(b) = f3 

and starting at a solu tion of ( l to ) we will construct reclll'sively It solution of ( 1 ' 0+. )  
for some step € . Thus,  we ha.ve solutions for 0 = t o < t t  < . . .  < t n  = 1 , obt.aining a. 

solution of problem ( 1 ) . 
Indeed, assuming that U ?:: 0 ,  if Yo is Cl. solution of ( 1 ' 0  ) , wC' define y,,+ 1 as t.he 

unique solution of the lineal' problem 

{ V::+ 1 = (to + € ) [  U(x , v" , Y:. )(Y,,+ 1 7"" V,, ) + *f.( x , y" ,  y;,) (V:,+ 1  - y:. ) + f(x ,  Yn , Y� )J 

Yn+I (a.) = ex Yn+l ( b) = (J 
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We will also assume that I and its derivatives with respect to y and y' of first and 

second order are bounded, and for simplicity we write 

REMARI( : Let r, s E C( [a , b] ) ,  an d L : H2 (a , b) --t L2(a , b) the linear operator 

given by Lz = z " + r z ' + sz . For s :5 0 ,  it is well known tll1:'l,t L I I-pnHJ (a , b )  is 

invertible and onto. Hence, the sequence { Yn }  is well defined, and in order to proye 

its convergence we will show in the following lemma that tIle inferior boun d for L 
may be cllOosen depending only on I I r l l oo and I I s l l oo . 

LEMMA 3 
For any R > 0 tllel'c exists a constant c suell tllat if 1 1 1 ' 1 100 '  1 I .� l Ioo  :5 R ,  wi tIJ $ :5 0 , 

tlJCIJ I I z l l 2 ,2 :5 c l lLz l l 2  fOl' ilJJY z E H2 n HJ (a, b) .  
Proof 
Let us suppose that there exist rk , Sk E BR (O) C C([a, b] ) , with sk :5 0 ,  and Zk E 
H2 n HJ (a ,  b) such t.hat I I Zk l l 2 ,2 = 1 , I I Lzk l l 2 --t O .  Taking 

(" ) 1" r. (s )ds  Pk X = e • 

we have that PkLzk --t 0 in L2(a,  b) . Then J: Pk (ziY :5 J:' Pk (ziY - PkSkZ� = 
- J: PkLzk .Zk --t 0 , and being Pk � e- R(b-a)  we obtain that z� --t 0 in L2 (a ,  b) . 

Furthermore, by Poincare's inequality Zk --t 0 in HJ (a ,  b) , and as LZk --t 0 we 

conclude t.hat Zk --t 0 in H2 (a, 1)) , a contradiction . 

THEOREM' 4 
Tllere exists e = e( l I l l Ioo , l I al l loo , l I a211 1 00)  such tllat { Yn }  converges for

'
the norm 

1 1 · 1 1 2 , 2  to a solu tion of ( l ' o+e ) . 
Proof 
Let Zn = Yn+ l - y .. . Then 

" ( ) [ al ( ' ) al ( ' ) ' ]  LZn := Z .. - to + e  -
a 

X , y" , Y  .. Zn + -a ' :I.� , y" , y" Z" = Y Y 
( ) [ , ) 

al ( ' ) 
al ( " ' ) ' ] to + e l(x, y .. , Yn - -a X , Yn - l ' Yn _ l  Zn-l  - -a ' X , Yn-l , Y,,- l %,, _ 1  = Y Y 
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(to + c) [ 8
2f ( ) 2 82 f ( ) 1 82f ( ) 12 J 2 8y2 x , 6 , 6 Zn-1 + 2 8y8yI x , 6 , 6 Zn-1 Zn_1  + 811'2 x , 6 , 6 zn_1  

for some mean value (6 , 6 ) E Loo« a, b) , 1R2 ) .  

By lemma 3 ,  there exists a constant c depending only on I l f l l oo  and 1 1 8f l l 00  such 

that 

1 1  
to + c  

1 2 1 2 I I Zn 1 l 2 .2 :5 c l l LZn 2 :5 co c -2 - 1 8 f l l00 l l zn- 1  1 2 .2 
where Co is the constant of the imbedding H2 (a ,  b) '-) C I ( [a ,  b] ) . Hence, by induc­
tion, 

Moreover, as zg - (to + c) [U(x , Yo , y& )zo + lf, (x , YO , y& )z& J  = e:f(x , yo , Y& ) , we deduce 

that 

Let A = coc tote 1 1 82 f l l oo I I zo 1 1 2 .2 . Then 

n+k n+k 
I I YnH - Yn I l 2 .2 :5 L I I Yj - Yi-1 1 1 2 .2 :5 l 1 zo I 1 2 .2 L A2j - 1 :5 l 1 zo I 1 2 .2 

i=n+1 . ;=n+1 j=28+1 _ 1  

Then, for A < 1 , {Yn }  i s  a Cauchy sequence. Let Y = limn.-oo Yn , then Yn - Y for 

the Cl -norm, and 

uniformly. As Y::+ l - y" in L2 , we conclude that y is Il. solution of ( l ' o+e ) . 
Thus, it suffices to choose c such that 

EXAMPLE 
Let  us consider f(t , y)  = 1i!a7·ctg(y) + get) witll 9 COJl tiJl l IOUS. For y E  L'l (a , b) , as 

arctg(y) E L2 (a, b) we may define Y = Tfj as tlle unique solu tion of t.he problem 

{ Y" = f(t , y) in (a, b) 

yea) = a y(b) = f3 
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For y, z E L2 we have that 

( b  - a ) 2 I k l ( b  - a)2 1 I1Y - TZ1I 2 :5  -71" - 1 I (1Y - TZ)" 1 I 2  = . 71"2 I l arctg(y) - arctg(z) 1 1 2  

I k l ( b  _-a)2 1 . . :5 71"2 " 1 + €2 1 1 00 1 lY - zl l 2 
for some mean vruue ( . Hence, T is a contraction for I k l  < ( b�a )2 . 
For I k l large, T is not a contraction.  However, tlleorem 4 is still applicable, and 
being 

1 1 1 1 100 :5 I Ig l loo + I k�7r 

1 I ::{
.
1 I00 :5 3� l k l  

tlle step e can b e  established from 
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