
Revista de la 
Union Matematica Argentina 
Volumen 42, Nro. 1, 2000, 1-8 

INVERSE THEOREM FOR A NEW SEQUENCE OF LINEAR 

POSITIVE OPERATORS ON Lp - SPACES. 

P.N.AGRA WAL AND KAREEM J. THAMER 
ABSTRACT 

1 

The present paper is a continuation of our work in [2] wherein we had developed a direct 
theorem in terms of the higher order integral modulus of smoothness for a linear 
combination of a ne� sequence of linear positive operators in the Lp - norm. The aim of 
the present paper is to discuss the corresponding inverse theorem. 

1 INTRODUCTION 
Following [2], for / e Lp [D, ex», p'� 1,  the new sequence of linear positive operators 

M n is defined as 
00 

(1.1) Mn( f(u) ;x) = fWn(x,u)/(u)du 

where 
o 

00 . 
. Wn(x,u) = (n-I) LPn,k(X)Pn,k_I(U)+(1+x)-no(u), 

k=1 c 

o(u) being the Dirac-delta function and Pn,k (u) = (n +: -1) uk (l + u)-(n+k). 

The linear combination, due to May [5] and Rathore [7], of the operators M n is given by 
� k 

(1.2) . Mn(/,k,x) = LC(j,k) Mdjn(f;xY, 

where 
j=O 

k d. C(j,k) = IT J , for k:t: ° and d(O,O) = 1. 
. ;=0 dj -d; 

;of.j 
Throughout this paper, let 0< al < a3 < a2 < b2 < b3 < bl < ex> , 1;= [a;,bd, i =1,2,3. 
Also, let�(.) denote the characteristic function of 11, 
Agrawal and Thamer [2] established that for smoother· functions, the rate of convergence 
by the linear combination (1.2) of the operators M n is faster in the Lp - norm. In view of 

[Theorem,2],it follows that if l:S:p< ex> , /eLp[O,ex», 0<a:S:2k:-2 and 

())2k+2(f;r,p,ll) = O(.U) as. � 0, 



2 P.N. Agrawal and K.J. Thamer 

then, 
IIM n(r,k,.)-fllLp(/3) = o{n--an ) as n � 00. 

Here, first we obtain a corresponding inverse result, i.e., characterization of the class of 
functions for which . 

IIMn(f,k,.)-fIILp(J: > =O(n.,.a/2) as n�oo, 

where 0 < IX < 2k + 2. 
The aim of the present paper is to prove the inverse theorem in Lp -norm. 
2 PRELIMINARY RESULTS \ In order to prove our main result we shall require the followip.g results. 
Without any loss of generality we can assume f to have compact support in [0,00) . To 
illustrate this, let \v be the characteristic function of [al - S,bl + 8],8> o. We can write 

IIM n (rV',k,.)-jipIILp(/l) 
:s; 11 M n(rV''- f,k,·) IILp(/l) + IIM n (r,k,.)-fIILp(/l)" 

Applying Jensen's inequality, we get 
lit 00 

IIMn(r(V' - I),k,·)II�p (Jl ) :s; Co f flf(u)IP 1V'(u) - W Wn(x,u)dudx. 
_ � 0 

. The presence of 'V -1 implies that I u -xl> 5. For sufficiently large u there e� ist positive 
. (u x)2k+2 . 

constants Cl and Mo such that 
2k 2 > Cl for all u � M o and for u < Mo we 

. . u + +1 
have (u � x )2fc+2 > 52k+2. We' break the integration in u in two parts as u < Mo and 
u � Mo and proceeding as in the estimate of J 4 in [Proposition,2] we get . 

IIM n (r(V' -I), k,·)IILp(ld :s; C2 n -/ Ilfllr�[o,oo) , 
where 1 > 0 is arbitrary but fixed. 
LEMMA 2.1. Let hELl [0,00) have a compact support. Then, for r E N 

00 (k )r IWn(x,u) -;;-x h(u)du :s; C3 n-r/21IhIILl[O,00) , 
LI[O,oo) 

where C3 is a constant independent of n and h. 
PROOF. On an application of Fubini's theorem and Ho lder's inequality, we obtain 
(2.1) (n -1) j j(f Pn,k (x)Pn,k-1 (u) + (1 + xtn 5(U»)I!:.. _� Ir Ih(u)ldudx 

o 0 k� n 

= j f{](n-l)pni(X)I!:... _x lr dx}Pn,k_I(U)lh(U)ldU 
o k=1 0 . n 
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}1/2 co 00 co � k 
2r 

� fL {f(n-l)Pn,k(X)\--X\ dx Pn,k_I(U)lh(u)ldu 

o� 0 n . 

{ 
2 . }1/2 co co 2r 2r k r-j 

co . 

= fL L ( . )(-) (-I)j f(n-l)Pn,k(X)xjdx Pn,k_I(U)lh(u)1 du 

o k=1 
j
=O J no. 

{ 
(k 1) (k') }1/2 

= 1� �(2�)(;;rJ (-llj ( ;;:) '( ;;;;1 ) P •.• _l(ullh(ulldu 

o k-l j 0 J . 1- - ... 1--
n n 

3 

Making use of the identities j (k . ) (k)j (k)j-I 1 n -+.� = - + - - PI (j) 
i=1 

n n n n .  n 

( )j-2 1 1 
+!:.. _1 'P2(j)+ "" , . .  1 = 1 +-QI (j)+ "72Q2(j) + "

'
, where Pk(j);Qk(j) n n2 j+) ( _ i ) n n . n 1-- . - '  

i=2 n 

are polynomials in j of degree 2k and f(2�)(-I)j l = 0, if k < 2r, in (2.1), we 
. 

j
=O J 

have loo (k)r co 00 {(k)2r 1 1 (k) 2r -1 
fWn(x,u)---x h(u)du - �C4f L  - --;-+--
o n o k=1 n n n n . 

LI[O,co) . 

1 1 }1/2 

x - + . .  ·+ - P k_)(u)lh(u)ldu. nr-) n
2r n, 

Holder's inequality for sum and compactness of h imply the result. 
LEMMA 2.2. Let he Lp[O,oo),p � 1 have a compact sll;Pport; i,j E NO (the set of 
nonnegative'integers) and. m > ° be fixed. Then for' a constant Cs independent of . . 
n and h there holds 

IIIw�{x,u{;-x J }(u -w)j h(w)dw�u � Cs { n-(i+j+)/21IhIILp(/I) + n-
mllhIILp[O,co)}' 

�O x Lp(I3) 
PROOF. Let .V'(u) be the characteristic function of- h. By an application of Jensen's 
inequality 

00 (
k

)i co . u '  p (2.2) L Pn,k(X) --x f(n-l)Pn,k-I(U) f (u-w)j h(w) dwdu_ 
k=1 n 0 x 

00 
Ik liP co U 

� LPn,k(X) ;; -x f(n-l)Pn,k-1 (u)lu - wr flh(w)IP dw du, (s = jp+ P -1) 
k� . 0 x 
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00 Ik liP 00 . u . oo . = t:/n,k(X);;-X !(n-I)IfI(U)Pn,k_I(U}!U-wr Ph(w)Wdwdu+ {;Pn,k(X) 

xl!.-X/P j(n -1)(I-If/(u»)Pn,k_1 (u)lu - wISJlh(w)IP A..Jdu • 
n O ' � . "l 

In the first term we div:ide integration in "u". over 
[x + In-1/2,; + (I + l)n-1/2], 1 = O,±l,iI2,. ··,±r; where r '= r(n) eN satisfies rn-1/2 ::;; max 

(bl-a3,b3-al)::;; (r +I)n-I/2.It is similar to [Propos ltion ,2] and [Theorem3.2,4]. 

A typical element of I SI t�rm is now Lp-hounded by 

n: 1[fp ..• (x)l; �Xl
iP �+(J+r-1I2 {n-l)Pn,k-I(U)\U _w\S+4 dU] 

1 a3 k=1 f �+ln -1/2 , (�+(I+I)n-1/2 J x " }"'(W)lh(W)\P dw dx. 

We, now use Ho ldet's inequality for infinite s um coupled with moment estimates for a 
new s equence .0fHnear posit ive operators [I].and [2] and finally Fubini's theorem to 
obtain estimate. The presence of factor (1-IfI(u)) in second term in (2.2) implies ' 

\u -w\ / (j > I,. This gives aroitrary order O(n -m ). This completes the proof. 
LEMMA 2.3. There exist the polynomials <Pi,),r(X) independent of nand k such that 

dxd
r
r [xk{l+xt(n+k)]=r,-r Lni{k-nx)) <Pi,);r(X)xk (I + xt(n+k) , , 2i+)Sr i,)�O 

where T=t{l+t); and 2i+j::;;r,i,jeNo. 
LEMMA 2.4. Let heLp(O,oo),p�1 andsupp h e I3 • Then 
(2.3) 1·IM�2k+2)(h,.)!I· ::;; C6 nk+111 h \IL(1 ) . Lp(J3) p 3 
Moreover, if h(2k+l) e A.C.(l3) andh(2k+2) e Lp(l3) , then 
(2.4, IIM�2k+2) (h,.)II. ::;; C71Ih( 2k+2)/1 , 

,Lp(l3) . 11 Lp (13) 
where C6 and C7 are constants independent of nand h. ' 
PROOF. Since <Pi,),2k+2 (x) and T-(2r+2) are bounded on I3, it follows from Lemmas 2.1 

and2.3that for h eLI[O, oo) , '1IM�2k+2J(h,.)11 . ::;;Cgnk+11Ihll ' 4(�) 4(�) , , If he Loo [0, 00) , t hen by Lemma 2,3 and moment estimat es [I], we get 
�M�2k+2) (h,.)IIt..,(l3) ::;; C9 nk+11Ihll4.,(13)' 
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Now, using Riesz-Thorin ,nterpolation theorem [6], we obtain (2.3). 
To prove (2.4), the differentiability properties of h imply that 

2k+I( )r 1 u h(u) = L u-x h(r)(x)+ . J(u_w)2k+lh(2k+2)(w)dw. 
r=O r! (2k + I)! x 

Since Mn(.,t) preserves degree of polynomials, using Lemma 2.3, we have 

M�2k+2) (h,u) = ( (n;-1)2k+2 fPn,k (X){ L II (k - nxY �i,j,2k+2 (x) jPn,k-1 (u) 
. 2k + 1 !T k=1 2i+jSr 0 " i,j�O · , 

x !(u -w)2k+l h(2k+2) (w)dwdu }, 
Now, applying Lemma 2.2 �n the above equality we obtain (2.4). 
3 MAIN RESULT ' 
THEOREM. Let 0 < ex < 2k+2, 1 E Lp[O,oo),p �·l· and' 

(3.l) 
( a/2) I IM n(/,k,.) - III!-p(h) = 0 n- · , n � 00, 

then, 

C02k+2(j,1:,P,!3)=O(1:a), as 1:�O. 

5 

PROOF. We choose a function g E C� k+2 such that supp i c (t2,Y2), g(x) = I on 

[t3,Y3] and al <11 <12 <.13 <a3 <h3 <Y3 <Y2 <YI <hI' Writing Ig=l, for all 
values of y � 1: , we have 

11 l:!.�k+2 1 11 -: � 11 l:!.�k+2 (J -M n (J,k,.))11 + 11 l:!.�k+2 M n (J,k, ·)11 ' 
Lp[t2,Y2] Lp[12,Y2] Lp[12,Y2] 

where l:!.�k+2 denotes (2k.+ 2) th order forward difference. Making use of lensen's 
inequality repeatedly and finally Fubini's theorem in second term, we obtain 

111:!.�k+2 111 �111:!.�k+2(J-Mn<l,k,'»)II', 
Lp[12,Y2] Lp[t2,Y2] 

+ 
'Y2k+21IM�2k+2) (J, k, ·)11 . . 

Lp[t2 'Y2+(2k+2)y] 

Now, we write 1 = (J - 1rt,2k+2)+ 1rt,2k+2 in IIM?zk+2 (J,k,.)II ' where 
, . Lp[t2,Y2+(2k+2)y] 

1rt,2k+2 is the Steklov mean [2,4,8] of (2k + 2) th order corresponding to 1 and then 
recall Lemma 2.4. It follows from properties of Steklov means [2] that for sufficiently 
small 11 > 0 , 

11 l:!.;k+21 11 � 11 l:!.;k+2 (1 -M n (J,k,·)) 11 
Lp [t2 ,Y2] Lp[t2,Y2] 

C 2k+2 ( k+1 -(2k+2») (/- [ ]) . + JOy \n +11 ,  ffi2k+2 , 11,p, 12,Y2 . 
Now, following Berens and Lorentz [3Twe can complete the proof, once it is established 
that 

. 
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(3.2) " .2k+2 (J - )� ( -a/2) I!!.y - Mn (f, k,.) . .  = O\n ,.n � 00. 
Lp [12.Y2] 

Thus, 
ro�k+2(J.t,.P,(t2"Y2})= O{.a )" . � O. 

Therefore, as lex) = f(x) for x e.[t3,Y3] , 

oo2k+2 (j, .,p,I3)= O(.c�). • � 0, as'required. 
We prove (3.2) by induction on ex.. First, assume ex.::;; 1. ' 

11 M n(jg,k,.)-fg II Lp [t2,)'2] ::;; 11 M n(g(x)(j(u) - f(x»),k,x)lItp[/2')'21 
. ,+IIMn(/(u)(g(u)-g(x») ,k,x) IIL [I l' >.. p 2.)'2 

Now,g(u)-g(x)=(u-:-x)g'(�) for some � lying between u and x . Using moment 
estimates and the compactness of f to estimate the second term and statement (3 . 1 ) for 
the first term we have , 

IIM n(jg,k,.)-fg 11 = O(n-a/2 )+ O{n-i/2 )=; O{n-a/2 ) . 
Now, we assume (3.2) to hold true for all values of ex. satisfying r - 1 < a < r and prove 
that the same holds true for r < a < r + 1 . Thus, we have , 

. OJ2k+2(j,;,p,[c,d}) = O(rr-:1+p ) , • � 0" ° < /3 < 1, 
for any [c,d] c (al ,.bl) , Let ,p(u) denote the' characteris�ic function of [/1,yd. The 
assumed smoothness of f implies [9rthat 

r-2 1 ( ) 11 Mn(fg,k,.)- fgllL [Iy 1::;; L'1llf{i)(x)Mn\(u-x)i(g(u) -g(x»),k, 11 p 2. 2 i=O I. Lp[/2,Y21 

+ (r � 2)! M (I>(U)(g(U) -g(X)>[j(u -w)�2(r1�1)(w)-[1,-1) (x»),iw }k,] 
Lp [/2,Y21 

+ I1 M n (F(u,x)(l-,p(u))(g(u) -g(x») ,k,·) IILp[/2,Y21 
:= JI +J2 +J3 , 

r-2(u - X)i i) . Where F(u,x)=f(u)- L ' f{ (x);ue[O,00),xe[t2,Y2]' The direct theorem 
" i=O' I! ' • 

and moment estimates [lJ,[2] imply that J1 ,J3 = O(n-(�+I) ),n � 00. Using Jensen's 
inequality, mean value theorem on g and breaking [x,u] as in Lemma 2.2, we have 

1 M.(;(U)(g(U)-g(X»O(u-Wr-2(r(�I)(W)-[I'-I)(x»).iw }x) P dz 
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SCII YJIWn(x,u)lu _xlr��1 11j>(w)\f(r-I)(W)-t<r-I) (x)r dwdudx 
�� X .  

7-

SC11L 1 r WII(x,u)(n2r4tlu-xlrp+4p-1 f 4'(w)lf(r-l)(w)-f(�-I)(xr r Y {x+tI+l)n-1/2 . x+(/+I)n-1/2 , 
.1=112 x+ln-1/2 x . 

x_ln-1/2 x 
xdwdt + . J Wn(x,u),(n2r4)Plu-xrp+4P-1 J _4'(w) \f(r-I)(w)-f(r-I)(xf 

x-(/+I)n-1/2 x-(l+I)n-l/� 

X dWdl}dx+ YJY2+'f/2 Wn(x,u)lu _xrp-1x+njll2 4'(�) \f(r-I)(w) - f(r-I) (x)\dwdudx 
12 12-n-1/2 • x_n-1/2 . { r (/+I)n-1/2 -

SCI2 tr (n21�4'r n-«r+4)p-l)/2 1 (m(r(i'-I),w,p,[/I,Yd)'r dw 
I 

+ n-(rp-I)/2 n-r (m(r(r-l), W,lb[tl 'YI ])r dW} ... 
o . 

on using the moment estimates [1] ,[2] and then interchanging integration in x and w. 
Lastly, utilizingm(r(r-�), W,p,[/I'YI])= O(wJ3), we find -

. J2=O(n-(r+J3)/2), n�·CX).· - . Combining the estimates of J1,J2 and J3, we obtain(3.2).The proof of (3.2) shows that 
(3:3) m2k+2 (r,'t, P,l3) = O('ta ) , a. < 2k + 2,0. * 2,3,:··,2k + 1. 
This statement implies that it is true for integer values 2,3, .. ·,2k+ 1 also. To prove this, 
let a. = r where r takes. any value from 2,3,,,, ,2k + 1. Then, since (3.3) is true for 
(r, r -+-1) , it follows that 

m2k+2 (r, 't,p,I3 ) = O{tr+9) , 0 < e <1 
=O{tr). 

This completes the proof of the inverse theorem. 
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