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ABSTRACT 

9 

We study the general semilinear second order ordinary differential equation (1) 
with a nonlinear boundary condition (H). By Schauder's Theorem we obtain 

solutions ofthe problem (I-H) under growth conditions on J and h. Moreover, 

we show that a solution may be constructed using an iterative procedure. 

INTRODUCTION 

We con�ider the general second order semilinear equation 

(1) u"(t) = J(t, u, u') 

with nonlinear boundary conditions 

(H) u(O) = ho(u(O),u'(O)), u(T) = hT(U(T), u'(T)) 

where J : [0, T] x IR.2--+ IR and h = (ho, hT) : IR2 --+ IR2 are continuous 

functions. 

Ina previous paper [AMS], we have studied the particular case of the two

point boundary value problem (Le. the Dirichlet problem), which corresponds 

to constant h, proving that at least one solutioh exists if J grows linearly on 

(u, u') , namely 

IJ(t, U, x)1 � cl( u, x)1 + d for any u,x E IR and t E [0, T] 

with slope c small enough. Furthermore, we have shown that a solution of (1-
Dir) can be obtained constructively by a continuation-type method. Related 
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cases and also periodic type and Sturm-Liouville conditions are studied in [AS], 

[B], [Br] , [FM], [M], among .other authors. Topological methods have been 

applied from the pioneering work of Severini [S]. 

Nonliriear boundary conditions are not 1)0 widely treated in the literature, al-I though they appear frequently in different models. For example, in 1995 Rebelo 
and Sanchez considered the problem 

u" + g(t,u) = 0, u(O) = h(-u'(O)), u(7r) = f1(U'(7r)) 

with f;l E C(IR, IR) continuous and strictly increasing, which may be re

garded as a mathematical model for the axial deformation of a nonlinear elastic 

beam [RS] . 

In this work, we
. 
show that some topological techniques may be applied also 

in this case. More precisely, we extend the results of [AMS] for the nonlinear 

case, showing that (I-H) can be solved under linear growth conditions for f 
and h. Moreover, we find solutions by a recursive method. 

1. A FIXED POINT OPERATOR AND SOLVABILITY OF (I-H) 

In order to find solutions of (I-H) we will define a fixed point operator on 

Cl [0, T]: recalling the Green function G associated to the second de�ivative 

{j2 , i.e. { t(s-T) 
G(t,s) = (t!'T)s T, 

ifs � t 
if s � t 

we define K : Cl [0, T] -+ Cl [0, T] by 

iT . Ku(t) = c,ou(t) + 0 G(t,s)f(s,u,u')ds 

where 

c,ou(t) = 
hT(u(T),u'(T)):; ho(u(O),u'(O))t + ho(u(O),u'(O) 

It is immediate to see that K is compact, and that any solution of (I-H) may 
be regarded � a fixed point of K . Moreover, 
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and , 8G II(Ku)' lIoo :5 IIcp�lIoo + sup {1I �(t, ·)lIp}lIf(·,u, u')lIpl 

with ! + 1; = 1. As N P 

we conclude that 

In the same' way, 

, O$;t$T V� 

, T ( T )l/P 
sup {IIG(t, ·)lIp} = - -1 O$;t$T 4 p+ 

, We·will state an existence result for (I-H), assuming that f and h satisfy the 

linear-growth conditions 

If(t,x,y)1 :5 kfl(x,y)1 + If 

for some positive constants kh' kf' Ih, If. In this case, we will also see'th:at 

p = 1 is the best choice for the previous apriori bounds for G . 

THEOREM 1 
(l-H) admits a solution in any of tile following cases: 

'i) T � 4a.qd kh + �2 kf < 1. 
ii) T � 2 and �kh + fkf < 1. 
iii) 2 < T < 4 an� (k"kh) E Co, where C c m,2 is the convex hull of the 

points (0,0), (0,1), (�, 0), (4(i-;2), 42T). 
Proof 

From the growth conditions we obtain: 

and 

11 cpu 11 00 = max{lho ( u(O), u'(O»I, IhT(U(T), u'(T»I} :5 khllulll,oo + I" 
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and 

11 ' 11 = IhT(u(T),u'(T)) - ho(u(O),u'(O))1 < �(k 11 11 1 ) <.fJu 00 T - T h U 1,00 + h 

Then, using the previous computations, we have: 

and 

for some constant c. Let us suppose that 

holds. Then, for large R we conclude that K(BR(O)) C BR(O) and by 

Schauder Theorem K has a fixed point. As (p + 1)1/p is nonincreasing, its 

maximum value is achieved for p = 1. Hence, it will suffice to prove that ( *p) 
holds for p = 1 , namely 

If T � 4 and kh + ;2 kf < 1, then kh + �2 kf < 1 + ;2 kf < 2 - kh < f, and 

( *1 ) holds. 

If T ::; 2 and kh + 1�2 k f < f , then kh + �2 k f < f ::; 1 and ( *1 ) holds. 

Finally, if 2 < T < 4 we have that (*1) holds if and only if (kf' kh ) lies in 

the first quadrant below the lines 

2. AN ITERATIVE PROCEDURE FOR (I-H) 

In this section we will embed the problem (I-H) in a family of problems 

{ U"(t) = )..f(t,u,u') (I-H) ,\ 
. u(O) = ho(u(O),u'(O)), u(T) = hT(U(T),u'(T)) 

o 
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The aim of the method is, starting at a solution Uo for >'0, to define re cursively 

a sequence which will converge in CI([O, T]) to a solution of (I-H) Ao+e for some 

step c. We recall the following result from the theory of linear operators (see 

[AMS]): , 

LEMMA 2 
Let L be tIle linear operator given by Lu = u" + r(t)u' + s(t)u, witll r,s E 

Loo(O, T), s :::; o. TIwll .tIlere exists a constarlt c depending only 011 //'.//00 
and IIslloo such that 

for any u E H2 n HJ (0, T). Moreover, the problem 

{ Lu= tP 
UI8I.= <p 

is uniquely solvable in H2(0, T) for any tP E L2(0, T) and any boundary 

Dirichlet data <p. 
Assuming that Uo is a solution of (l-H) AO we define the sequence {un} C 
H2(0, T) by the problems: 

. { �;t� = U( t, Un, u�)( Un.+l - Un)' + �(t, Un, u�)( Un+l - Un) + j( t, Un, u�) 
UnH(O) = ho(un(O),u�(O», un+I(T) = hT(Un(T),u�(T» 

As a basic assumption, we will suppose that f is C2 with respect to u, u' , 
and �(t, uo(t), uti(t» � o. 
We remark that if {un} is well defined and Un -+ U for the Cl -norm, then u 
is a solution of (I-H) AoH. Moreover, if �(t, Un(t), u�(t» � 0, from lemma 

2 we conclude that Un+l is well defined. In this case, for Zn = UnH - Un we 

have: 

Lnzn := z� - (>'0 + c)[rn(t)z� +<9n(t)znl = ('\0 + c)Rn 

with rn(t) = �(t,un,u:J, sn(t) = �(t,un,U�) and Rn the Taylor remain-

der 
' 

I [82 f fj2 f 82 f ] Rn(t) = 2" au2(t,�)Z!-1 +2auau,(t,�)Zn-IZ�-1 + au'2 (t,�)(Z�-I? 

for some mean value � E Loo([0,Tl,IR2). Writing 
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where the slope mn is given by 

mn= 

we obtain from lemma 2 and the imbedding H2(O, T) <--t C1([O, T]): 

for some constant Cn depending only on IIrnlloo and IIsnlloo. 
Thus, if Un-I, Un E B R( Uo) we have that 

where the constants c, C can be choosen depending only on R .  Furthermore, 

if h is Lipschitz with constant kh then lI<t'nlkoo :::; kh max{l, �} IIZn-llkoo . 
Hence, 

for b = (1 + C)kh max{l, �} . Moreover, 

11 " _ ) [ai( ' ) ' a!( ' ) ] ( " ) Zo - (AU + I:- au' t,uu,uu zo+ 
au 

t,uo,uu Zu =c:!t,uu,'Uo 

and as Zo la! = 0, we obtain: 

Thus we have: 

THEOREM 3 
Witb tbe previous notations, let us assume tbat Uo is a solution of (l-H) Ao , 
and 

i) �(t, x, y) � 0 for (x, y) E]{R = BR(UO([O, T)) xuri([O, T])) 

ii) h is Lipscbitz on ]{R witb constant kh < mi0��t} . 
Tben tbe sequence {un} is well defined and converges in BR(uo) C Cl([O, T)) 
for any step c: sucb tilat 

, R(1- b) 
c:c()II!C·,uo,uo)1I2 < (1 + cR) 
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Proof· 

From the previous computations and (* ),it follows that IIzoH1,00 :::; R or, 

equivalently, U1 E BR(UO)' This proves that U2 is well defined. Moreover, as 

we conclude that b+cllzolh,oo < 1 and IIzd11,00 :::; (b+cllzollt.oo)lIzolb,Oo < R. 
Inductively, we see that the sequence {un} is well defined, and 

Hence 

� 11 11 11;0111,00 �. Ztl. 1,00 :::; 1- _(b-+ cllzoIl1,00) :::; R
, 

which implies that {un} is a Cauchy sequence with limn_oo 'I!-"; = U E B R(UO) • 

o 

Furthermore, if f and its first and second order derivatives with respect to 
U, u' are bounded in [0, T] X IR.2 , with � �.O the step c can be choosen 
independently of Uo . Hence we have: 

COROLLARY 4 
Let us assume that Uo is a solutio:p of (l-H) AO , and 

i) f, of and 02 f are bounded, and � � 0 in [O/£'] x IR2 . 
ii) h is Lipschitz with constant kh small enough 

Then there exists a sequence ).0 < ).1 < ... < ). 11. = 1 such that a solution of 

(l-H) Ai can be constructed recursively. 

REMARK: 
By Theorem 1, as Ih(x, y ) 1 :::; khl(x,y)1 + Ih(O,O)1 we conclude that (l-H)o 1S 
solvable for kh < min{l, f} . 
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