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ABSTRACT. Given a complex Banach space X and a joint spectrum for complex
solvable finite dimensional Lie algebras of operators defined on X, we extend this joint
spectrum to quasi-solvable Lie algebras of operators, and we prove the main spectral
properties of the extended joint spectrum. We also show that this construction is
uniquely determined by the original joint spectrum.

1. Introduction.

Given a Banach space X, Z. Stodkowski and W. Zelazko studied in [9] the main
spectral properties of joint spectra of commuting, either finite or infinite, families of
operators defined on X. In addition, in order to prove the projection property for

these joint spectra, they showed that if a joint spectrum is defined only for finite
families of mutually commuting operators, and if it has the projection property,
then, by means of the notion of inverse limit, this joint spectrum can be uniquely
extended to a joint spectrum defined on the family of all subsets of £(X ) consisting
of pairwise comnuting operators. Moreover, this generalized joint spectruin also has
the main spectral properties, i.e., it is a compact nonempty set and the projection

property still holds.

On the other hand, in the last years some joint spectra for operators generat-
ing nilpotent and solvable Lie algebras were introduced. For example, in [5] was
considered the first non-commutative version of the Taylor joint spectrum, [10], for
nilpotent Lie algebras of operators. Working independently, in [2] and in [3] we
extended the Taylor, and the Stodkowki joint spectra, (10] and [8], of finite com-

muting tuples of operators to complex solvable finite dimensional Lie algebras of
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operators. Moreover, in [1] it was introduced a new concept of spectfum for com-
plex solvable finite dimensional Lie algebras of operators, which agrees with one of
[5] and [2] in the case of a nilpotent Lie algebra, but in the solvable case differs, in
general, from the one of [2]. In addition, the joint spectrum introduced in 1] may
be extended to some infinite dimensional Lie algebras of operators, in a similar way

as Z. Stodkowski and W. Zelazko did in [9] for the commutative case.

In this article we consider another non commutative variant of the construction
developed by Z. Slodkowski and W. Zelazko in [9]. In fact, we consider a joint
spectruxh defined for complex solvable finite dimensional Lie algebras of operators,
such as the Taylor and the Slodkowski joint spectra, and we extend it to quasi-
solvable Lie algebra of operators, see section 2. In addition, we prove the main
spectral properties for our joint spectrum, and we show that this construction is
uniquely determined by the original joint spectrum. On the other hand, this joint

spectrum will be, in general, different from the one considered in [1].

The paper is organized as follows. In Section 2 we recall several definitions and

results which wé need for our work, and in Section -3 we prove our main result.
2. Preliminaries.
Let us begin with the definition of joint spectrum which we shall consider.

Definition 1. Let X be a Banach space. A joint spectrum is a function, o, which

assigns, to each complez solvable finite dimensional Lie algebra L of operators de-

ﬁned on X, a compact nonempty subset o(L) of characters, such that if H is a Lie

. ideal of L, and 7 is the restriction map m: L* — H™*, then the projection property
for ideals holds, i.e., w(o(L)) = o(H).

The joint spectra that we are considering are the Taylor joint spectrum and
the Slodkowski joint spectra for complex solvable finite dimensional Lie algebras of
operators, see (8], [10], [2], 3] and [6].

We now recall the definition of a quasi-solvable Lie algebra.
Definiton 2. A quasi-solvable Lie algebra L is a complez Lie algebra such that

L =73 crla, where I is an indez set, and for each o € I; I is a complez solvable

finite dimensional ideal of L.

In order to see the main poperties of the quasi-solvable Lie algebras and their

behaviour under representations in Banach spaces, we refer to [7] and [11].
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Our main result concers with the notion of inverse limit. We recall the most

important facts related to this notion; for a complete exposition see [4]

. Definition 3. An inverse system of sets and maps {X,7}, over a directed set
(M, <), is a function which attaches to each a € M a set Xy, and to each pair a
and B such that a < B in M, a map 78: X5 — X, such that

7o = Idp, nﬁow}:wg,
where a, 3, v belong to M and a < B < 7.

Definition 4. Let {X,n'} be an inverse system of sets and maps over a directed
set (M,<). Then, the inverse limit Xoo is the subset of the product MaemXa
consisting of those elements £ = (zq)aeM, such that for each relation a < B in M,

wg(m,g) = Zq.

If all the sets X, are topological space, then to X oo 18 a,ss1gned the topology as
subspace of I[IoepmXo. Naturally, the projections

Ta't Xoo = Xay . T(Z) = Za,

are continuous maps. Moreover, if for each @ € I, X, is a nonempty compact space,

then X is also nonempty and compact, see [4;VIII,3.3,3.6].

3. The Main Result.

In this section we extend the joint spectrum which we have defined from complex
solvable finite dimensional Lie algebras of operators to Quasi-solvable Lie algebrés
of operators. As we have said, in order to define this joint spectrum and to prove
its main spectral propertieé, we work with the notion of inverse limit as in [9] and
in [1]. On the other hand, we first give a definition of the joint spectrum which
depends on a particular presentation of the algebra £, and then we show that this

definition is the correct one. We proceed as follows.

Let us consider X a Banach space, £ a complex quasi-solvable Lie subalgebra
of £(X) and an index set I such that £ =) I, where, foreach a € I, Io is a
complex solvable finite dimensional ideal of £, and such that I, with the inclusion,
is a directed set, i.e., if I, and I are solvable ideals of £ such that a and § belong
to I, then there is a solvable ideal I, 4 € I, such that IoUIz C L,. For example, if
Iis the set of all complex solvable finite dimensional ideals of £, then I is a directed

set.
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In addition, if I is as above, let us conmder the family of maps 7 = {x8:13 - I3},
where a and 8 belong to I, &« < ﬂ, and 7 is the usual pojection, i.e., the restriction
map. Let us also consider the famlly of sets X = {0(I4)}acr- Then, by the
projection property of the Jomt spectrum, we ‘have that {&,n}is an inverse system
of topological spaces. Now, we may state our definition of the joint spectrum for
quasi-solvable Lie a.lgebra.s

Definition 5. Let X, LI, (Ial)aef and {X,n} be as above. The joint specirum
of the quasi-solvable algebra L, relative to the presentation of L defined by I and
by (Ia)aer, is the inverse limit of the inverse system {X,=}, and it is denoted by

o(L, (Ia)aer) = Xoo

We observe that this definition depends on the set I and on a particular pre-
" sentation of £, however, Proposition 3 shows that the extended joixit spectrum is
independent of the presentation of £, a.nd Theorem 6 that it is umquely determined
by its properties.

On the other hand, by [4VII],3.6] we have that (L, (la)acr) is a compact
nonempty subset of Iloe70(lo). Let us now study in more detail the properties. of
the introduced joint spectrum.

Proposition 1. Let X, L, I, (Ia)acs and {X,n} be as above. Then, the joint
spectrum (L, (Is)acr) may be identified with a subset of the characters of L. '

Proof.

Let (fa)aer belongs to &(L, (Ia)aer), and let us associate to this element the .
function f deﬁned by f | I« = fa. Let us see that f is a well defined character of -
L. ‘ e

First of all let us consider z € I ﬂ Ig, where o and B € I. Thus, since [isa
directed set, there is an ideal I, ¥ € I, such that T, U T, s S C I,. Then, since {X, 7}
is an inverse system we have that fa(z) () = fa(=).

. Now if z € L, let us present 1t asz = Z;Z;‘ o = E::i" ol s where zq; € L4,

Tyl GIQ;, anda] a.ndakbelongtol' 1<j<nl1<k<m Sncelisa
~ directed set, there is a finite dimensional solvable ideal of £, Ig, B € I, such that
j__.?Ia, U U',ﬁf;"I c I,g Then

J"" k=m

> fay(2a;) = fa(z) = wa(#;;)-
k=1

=1
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Thus, f is a well defined map.

By a similar argument it is easy to see that f is a character of £. Moreover, by

construction, the above assigment is an injective identification.

Proposition 2. Let X, £, I, (Ia)act and {X, 7} be as above. Then

(L, (Ia)acr) ={f/f i3 a character of L, and for each a € I, f | Io € 0(14)}-

_ Proof.

By the definition of (L, (Is)aer) and by Proposition 1, we have that the joint
spectrum is contained in the right hand set of the identity.

On the other hahd, if f is a character of L such that f | I, € o(Iy), then by
the projegtion property of the joint spectrum, (fa)aer belongs to o(L,(Ia)acr)-
However, by Proposition 1, (fa)aer is identified with f.

[ ]

As a consequence of the Proposition 2 we have that the joint spectrum is inde-

~ pendent of a particular presentation of the quasi-solvable Lie algebra L.

Proposition 3. Let X and L be as above, and I, j =1, 2, two directed indez sets

such that L =32, o1 Tay = X, er, Loz where In;, j =1, 2, are complez solvable
finite dimensional ideals of L. Then

0(L,(Iay)areny) =.0(L, (Iay)asels)-

Proof.

It is enough to see that if I the set of all complex solvable finite dimensional
* ideals of £, then o(L,(Ia)aer) = (L, (Ia)acl), Where I is a directed index set and
(Ia)aer is a particular presentation of L.

First of all, by Proposition 2 it is clear that (L, (Ia)acl) € 0(£, (Ia)acr)-

On the other hand, if f € o(L,(Ia)aer), let us consider I, an arbitrary complex
solvable finite dimensional ideal of £. Since £ = ) Ia, and I, with the inclusion,
is a directed set, there is § € I such that I, € Is. Now, since f € o(L,(Is)acl),
by Proposition 2 we have that f | Is € g(I3). However, by the projection property
of the joint spectrum, o(Ig) | In, = 0(la,).- Then, f | Io, € 0(Is,) and f €
(£, (Ia)aer)-



20 : . - ‘ Enrico Boasso
.
In the following propositions we prove two of the most important properties of

the joint spectrum for quui-solﬁble Lie algebras of operators.

Proposition 4. Let X, L, I, (Ia)aer and {X,7} be as above. Then, if L is a

complez solvable finite dimensional ideal of L,

o(L, (L0 L)aer) = o(L)

Proqf.

First of all we observe that L =Y ;LN L.
‘Indeed, it is clear that DaerL NIy © L. On the other hand, if z € L C £,

there are a; € I and z; € I, i =1,... ,n, such that z = ), z;. However, since
I is a directed set with the inclusion, there is a € I such that U}, I,; C I4. Thus,

zeLlnl,C zaeILnIa'
Now, since L = Zae ;L NI, we may construct the inverse limit set.

In addition, since L is a finite dimensional ideal of £, and I is a directed set,
there is a solvable finite dimensional ideal of £, I, § € I, such that L = L N I.
Now, if f is a character of L, by construction of ¢(L,(LNIy)aer) and of Proposition
2 we have that flLNnIge a(LﬂIpv). Since L =LNIg, f| LNLg = f, then
o(L, (LN Ta)acr) Co(L).

On the other hand, if f € (L), by the projection property for ideals of the joint
spectrum, f | LN I4 € o(L N I,), thus, as f is a character of L, by Proposition‘2'

we have the reverse contention.

[ ]
Proposition 5. Let X, £, I, (Io)acr and {X, 7} be as above. If M is an ideal of
L. Then, the joint spectrum has the projection property for ideals, i.e.,

o(L,(Ia)aer) | H=o(H,(H N Ia)aer)-

Proof. .
First of all, let us consider the directed set I. Then, an easy calculation shows
that H =3, H N I,. Thus, we may consider the set o(H,(H N Ia)ael)-

Now we consider the inverse systems {X, 7} and {X', 7'} defined by Xo = o(I4),"

X(; =o(HNI,),and 7 and 7 are the families of projection maps defined between
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the corresponding spectral sets. Then, if we consider the map Id: I — I, and if for
each a € I we also consider Po:0(Ilo) — o(H N I), the canonical restriction map, |
then, it is easy to verify that the identity map of I and the family (Py)aer is a
map of inverse systems, see [4;VIII,2.3]. Thus, we have a well defined and continuos
map Poo: 0(L,(la)aer) = o(H,(H N Ia)acr), see [4;VII],3.10,3.11,3.13]. However,
by the identification of Proposition2 we have that

(£, (Ia)aer) | H = Poo(0(£, (Ia)aer)) € o(H, (K N Ia)aer).

On the other hand, let us.suppose that there s fe &('H, (HNIy)aer)\Poo(o(L, (Ia)aer)-
Since o (L, (Ia)aer) is a compact set and- Py, is a continous map, there is an open
set U, which may be chosen in the base of the topology of o(H,(H NIa)acr), such
that f € U and that U N Peo(0(£, (Ia)aer)) is the empty set. '

In addition, by [4;VIIL,3.1,3.3,3.9] we have two well defined families of surjective

and continuous maps, (T« )aer, and ('n'; )ael, , Which satisfies
Ta: 0([:, (IO!)OIEI) - U(Ia)v

T 0(H, (H N Io)aer) = o(H N Iy).

Moreover, it is easy to see that 7r; 0 Py, = P, 0 mq, [4;VII,3.11].

Now, by [4;VIIL,3.12] we know that there is an a € I and V in the topology of
o(H N I,) such that U = 7, }(V). Since P, and 74 are surjective and continous
maps, (Paome) (V) is an open nonempty set. Then, (0Peo) L (V) = (Poo)~1(U)
is an open nonempty set, which is impossible for UNPyo(0(L, (Ia)acr)) is the empty
set. )

We now state our main result.

Theorem 6. Let X be a complez Banach space and o(.) a joint spectrum for
complez solvable finite dimensional Lie algebras of operators defined- on X. Then,
for each complex quasi-solvable Lie subalgebra L of L(X), there is an uniquely well

defined map, also denoted by o(.), such that the following conditions are fullfilled.

i) 0(L) is a subset of characters of L and a compact nonempty subset of Haero(ly),

where I denotes the set of all complez solvable finite dimensional ideals of L,

%) if H 13 a complez solvable finite dimensional ideal of L, then o(H) coincides

with the joint spectrum of H defined in the finite dimensional case,
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viii) if M is a subalgebra of L, and H is a Lie ideal of M, then for the joint

spectrum the projection property for ideals holds., i.e.,

o(M) | H = o(H).

Proof.

By the propositions we have proved, in order to see the existence of such joint
spectrum, it is enough to consider the set I of all complex solvable finite dimensional
ideals of £, and the presentation of £ = Zaen.Ia' In fact, if M is a Lie subalgebra,
or ideal, of L, an easy calculation shows that M = 2 aerM N Ia, thus, we may
define o( M) as ,

(M) = o(M,(M N Iy)aer)-

With this definition, the joint spectrum satisfies properties 1)-iii).
In order to prove that this map is vuniquely determined, we proceed as follows.

Let us suppose that & is an assigment which satisfies the previous conditions.
Then, by Proposition 2, and by conditions i)-iii), (L) C o(L).

On the other hand, if f € o(£) \ (L), since both joint spectra are compact
subsets of Ilae10(I,), there is an open set U, which may be chosen in the base of
the topology of o(L), such that f € U and UN&(L) is the empty set. Moreover, by
[4;VIIL,3.12] there is a € I and 'V in the topology of o(I,) such that U = #;1(V).

Now, by condition ii) we have that f | Io € 0(la) = 6(£) | Ia. Thus, by
condition iii), there is g € (L) such that g | Io = f'| I. However, since g | Io =
f | Ia, g belongs to U, which is impossible for g € &(E).‘ »

. .

As we have pointed out, this construction may be applied to the Taylor and
the Slodkowski joint spectra for complex solvable finite dimensional Lie algebras of
operators, see [2], [3] and 6], and then we extend these joint spectra to quasi solvable
Lie algebras of operators. Moreover, this construction gives a non commutative
version of the one developed by Z. Stodkowski and W. Zelazko in [9], which, in
general, differs from the one considered by D. Beltita in (1]. In fact, in the solvable

finite dimensional case the joint spectrum of [1] does not, in general, coincide with

the one of [2], [3] and (6].
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