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Abstract 

For the non-linear operator 

n a (I au 1
P- 2 au) Au =- -. - -( ) .. Lax. ax' ax·' 

i=l' • • 

p> 2, 

we consider the existence of solution, in W~,p(n), . il, open. and bounded in 
]Rn for the equation A( u) + g( x, u) = f (x) with appropriate f and g, using 
motonicity methods. - -

1. Introduction 

Let 

p> 2. 

The problem: solve 

A(u) + g(x, u) = f(x) 

9 

in n c lRn , open and bounded subset is considered for instance in [3], in the cases 
9 == 0, and g(x, r) = Irlp - 2 r, using Galerkin method. We will consider the problem 
with more general g, using monotonicity methods. Here, the function g(x, r) will be 
supposed to have the properties: 

(a) g(x, r) is measurable in {f E n, for fixed r E R It is a continuous function in 
r, for each fixed x. For each x E n, g(x,O) = 0 and, for all r E lR and x E n, 
g(x, r)r 2:: 0; 

(b) there exists a non-decreasing continuous function h: lR ~ lR with h(O) = Osuch 
that for a given C E lR: Ig(x, r)1 :::; Ih(r)1 and Ih(r)1 :::; C{lg(x, r)1 + Irlp - l + I}, 
for all x E nand r E R 

We remark that u E W~,p(n) = V is a solution of (*) if equality, there, holds in the 
sense of distributions, that is, for each cp E V(n), 

(A(u), cp) + (g(x, u), cp) = (j, cp) 

1 Key words and phrases: non-linear, existence, solution, Sobolev spaces, motonicity. 
Subject Classifications. Primary: 35A15j Secondary: 35A35. 

Rev. Un. Mat. Argentil1a, Vol. 42-2 



10 A. WANDERLEY AND N. RIBEIRO 

where (., . ) is the duality between V' and V. 

2. Existence of solution 

Let us define the functions gn (x, r), by: 

{ 
g(x, r) 

9n(x,r) = n 
-n 

if Ig(x,r)l$ n 
if g(x,rY~n 
if g(x, r) $ -n 

Lemma 1. For each n, natural and f E V' there exists Un E V such that 

Proof. Let u E V. Since 19n(X, u(x)) I $ n, the function from 0 to JR, that to each 
x E 0 associates 9n (x, u( x)) belongs to if (0) and since u E V (0), the functional 
from V to JR associating to each v E V, 

J g(x, u(x))v(x) dx 

is well defined. It is bounded on V and therefore, is an element of V', denoted by 
gn (x, u). Hence the functional: 

U I-t A(u) + 9n(X, u) 

is (non-linear), bounded on V. By the definition of 9n(X, r) and the hypothesis (a) 
on g( x, r) we will have that 

A(u) + 9n(X,U) (1) 

is coercive since A is coercive. A(u) is bounded, hemicontinuous and monotonic and 
therefore 

A(u) + gn(x,U) 

is pseudomonotonic, since gn(x, u) is pseudomonotonic (see [3], p. 189). We also 
have 

A(u) + gn(x,U), 

is surjective (proposition in [3], p. 247) and for each !h natural and f E V' there 
exists Un E V such that 

A(un) + gn(x,Un) = f· 
Since Un E V and 9n(X, un) E V'is an element of Vi (0) we may write 

(2) 

Since gn(X, un)un ~ 0, we have 
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for some a E lR and there is M > 0 such that 

Ilunll ::; M, for all n E N. 

V beeing reflexive there is a subsequence also denoted by (un)n such that Un con­
verges weakly in V to U E V and A(un ) converges weakly in V' for 7] E V' that 
is 

(3) 

Lemma 2. In the conditions of Lemma 1, 

Proof. We will verify that gn(x, un) are equiuniformly integrable, that is: for each 
c> 0 there is 8 > 0 such that for each Ben measurable, with /-l(B) < 8, 

hlgn(X, un)1 dx < c, for all n E N. 

Since A( u) + 9n (x, u) is coercive, we obtain 

Let R E N, R> 0, arbitrary. 

For almost all x E n such that lun(x)1 ::; R, 

and almost all x E n such that lun(x)1 ~ R, 

by conditions (a) and (b). 

Hence, for each R > 0, R E N and for almost all x E n, 

and it follows that 

hI9n(x, un)ldx ::; R-1h ungn(x, un)dx + /-l(B){h(R) + Ih( -R)I}, 

for each R > 0 and for all Ben, measurable. Let c > 0 and R be such that 

and 
c 

8 = 2{h(R) + Ih( -R)I} 
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12 A. WANDERLEY AND N. RIBEIRO 

To the first step we recall that the L1(0)-convergence of gn(x, un) to g(x, u) given in 
Lemma 2, may be interpreted as a 1)'(O)-convergence as well as a weak-convergence 
in V' of A( un) to 7]. 

Hence, by (1), (3) and (4), 

7] + g(x, u) = j, in 1)'(0). (5) 

Let H(r) = J; h(s) ds. H is continuous, convex and H(O) = O. Moreover, 

(,,(x) 

IH(u)1 = Jo h(s)ds::; Ih(u(x))u(x)1 = lullh(u)1 ::; Clul{lg(', u)1 + lulp - 1 + I}. 

Therefore, H(u) E L1(0) and there is a sequence (Vj)j in C8"(O) such that 

Vj -t u strongly in V 
Vj -t U a.e. in 0, 

and by Lemma 3, p. 11, [1], H(vj) is bounded for all i by a fixed function in £1(0). 

Let v E V and x E O. If u(x) < v(x) then, for some u < ( < v, 

H(v) - H(u) = H'(()(v - u) = h(O(v - u) ~ h(u)(v - u). 

If v(x) < u(x) then, 

H(u) - H(v) = H' (()(u - v) = h(()(u - v) ::; h(u)(u - v). 

Therefore H(v) - H(u) ~ h(u)(v - u) or 

h(u)v ::; H(v) - h(u) + h(u)u ::; H(v) + h(u)u 

since H(u) ~ O. 

Now, if x is such that u(x) and v(x) have the same signal, then 1!. has the same 
signal as h( u); therefore, 

Ig(x, u)vl ::; Ih(u)vl = h(u)v ::; H(v) + h(u)u. 

And, if ~ and 1!. have different signals then g(x, u) and 1!. have distinct signals. Since 
H(v) + h(u)u ~ 0 we have: g(x, u)v ::; H(v) + h(u)u. 

By the above inequalities, 

The second member of the inequality is dominated by a L1(0) function, for each 
j EN. 

We have (g(x, u)Vj)+ -t (g(x, u)u)+ = g(x, u)u, a.e. in O. 

Therefore, by Lebesgue theorem, 
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To the first step we recall that the £1 (O)-convergence of gn(x, un) to g(x, u) given in 
Lemma 2, may be interpreted as a 1)'(O)-convergence as well as a weak-convergence 
in V' of A(un ) to TJ. 

Hence, by (1), (3) and (4), 

TJ + g(x, u) = J, in 1)'(0). (5) 

Let H(r) = J; h(s) ds. H is continuous, convex and H(O) = O. Moreover, 

t(x) . 

IH(u)1 = io h(s)ds:::; Ih(u(x))u(x)1 = lullh(u)1 :::; Clul{lg(' ,u)1 + lulP- 1 + I}. 

Therefore, H(u) E £1(0) and there is a sequence (Vj)j in Coo(O) such that 

Vj --? U strongly in V 
Vj --? U a.e. in 0, 

and by Lemma 3, p. 11, [1], H(vj) is bounded for all i by a fixed function in £1(0). 

Let v E V and x E O. If u(x) < v(x) then, for some u < ~ < v, 

H(v) - H(u) = H'(~)(v - u) = h(~)(v - u) ~ h(u)(v - u). 

If v(x) < u(x) then, 

H(u) - H(v) = H' (()(u - v) = h(()(u - v) :::; h(u)(u - v). 

Therefore H(v) - H(u) ~ h(u)(v - u) or 

h(u)v :::; H(v) - h(u) + h(u)u :::; H(v) + h(u)u 

since H(u) ~ O. 

Now, if x is such that u(x) and v(x) have the same signal, then 1d. has the same 
signal as h(u); therefore, 

Ig(x, u)vl :::; Ih(u)vl = h(u)v :::; H(v) + h(u)u. 

And, if:g and 1d. have different signals then g(x, u) and 1d. have distinct signals. Since 
H(v) + h(u)u ~ 0 we have: g(x, u)v :::; H(v) + h(u)u. 

By the above inequalities, 

The second member of the inequality is dominated by a £1(0) function, for each 
j EN. 

We have (g(x, u)Vj)+ --? (g(x, u)u)+ = g(x, u)u, a.e. in O. 

Therefore, by Lebesgue theorem, 

in (g(x, u)Vj)+ dx --? in g(x, u)udx. (6) 
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Using (5), we have (TJ,rp) + (g(x,u),rp) = (f,c.p), foraH rp E'D(O). 

For the functions (vi) E Co(O) in Lemma 3, page 11, of [1], we have 

(TJ,Vj) + (g(x,u),Vj) = (f,vi)' for allj E N,and(TJ,vj) -+ (TJ,u). (7) 

Similarly (f,Vj) -+ (f,u), and (g(x,u),Vj) = Ing(x,u)vjdx. 

Therefore 

and 

and 

(TJ, u) ~ (f, u) - 10 g(x, u)u dx, when j -+ 00. 

Let Yn = (Aun - Av,un - v), v E V, arbitrary. 

By (2) we have 

Then, by (9), 

o ~ Yn = (Aun, un) - (Aun, v) - (Av,un) + (Av, v) = 
= (f, Un) - In gn(X, Un)Un dx - (Aun, v)­
-(Av, Un) + (Av, v). 

o ~ lim sup Yn'~ (f, u) -liminf In gn(X, Un)Un dx - (TJ, v)­
-(Av, u) + (Av, v) ~ (TJ - Av, u - v). 

That is, (TJ - Av, u - v) ~ 0 for each v E V. 

Let v = u - AW, W E V, A E JR arbitrarily chosen. 

Then, (TJ - A(u - AW), AW) ~ 0, and, for A > 0 : (TJ - A(u - AW), w) ~ O. 

As )..+ -+ 0, we have, by the hemicontinuity of A: (TJ - Au, w) ~ O. 
If A < 0, then (TJ - A(u - AW),W) ~ 0 and as A -+ 0, we have (TJ - Au,w) ~ O. 
Hence, for all W E V, (TJ - Au, w) = 0, and TJ = A(u). 
Using (5), we have 

Au + g(x, u) = J, in V'(O) 

Finally we will prove that 

(Au, u) + 10 g(x, u)udx = (f, u). 

Recall the equality (2) 

Rev. Un. Mat. Argentina, Vol. 42-2 

(8) 

(9) 

(10) 



ON A NON-LINEAR ELLIPTIC PROBLEM 

From (9), we obtain 

(f, u) :s; (Au, u) + in g(x, u)u dx. 

On the other hand, 

(f,u) = lim (f, un) = lim [(Aun, un) + In gn(X, Un)Un dX] 
n-+oo n~oo 

;::: lim inf [(Aun, Un - u) + (Aun, u) + In gn(X, Un)Un dX] 

;::: (Au, u) + In g(x, u)u dx, 

since lim inf (Aun, Un - u) ;::: O. 

From (11) and (12), we have our result. 
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