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Abstract

In this paper we study the polytope generated by an application of the
Disjunctive Operator on the linear relaxation of the matching polytope. We
find a characterization of all the valid inequalities that .allows us to give an
alternative proof of the well-known result of the integrality of the matching
polytope on bipartite graphs.

1 INTRODUCTION

A Combinatorial Optimization Problem can be formulated as finding the maximum
(or minimum) of a linear function on a subset Ko of {0,1}". Clearly, optimizing such
a function over Kj is equivalent to do so on its convex hull, conv(Kp). Although in
many problems Ky can be described as

Ko={z € {0,1}": Az < b} (1)

where A is an m X n real matrix and b € R™, in general, it is not easy to find a
description of conv(Kj) in terms of linear inequalities.

A linear relazation of Kj is any polyhedron K such that K N {0,1}" = Kj. If K is
defined as in (1) then

K={m€R":O§:cSl;Abe}={xER":Az§l~)}

is called the original linear relazation.

Given a linear relaxation @ of Ky, there exists a wide variety of tightening procedures
that find, at every step, a tighter relaxation of @, in order to arrive to conv(Kjy)
after a finite number of applications.

In this paper we particularly work on the Disjunctive Procedure, developed by Balas,
Ceria and Cornuéjols in [2]. The Disjunctive Procedure can be described as follows:
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Let K = {z e R*: Az < b} be a linear rela.xatxon of Kp. For fixed j, 1 < j <mn,
every inequality in the system Az > b is multiplied by z; and 1 — z;, obtaining
a system of, in general, nonlinear inequalities. Then, a: is replaced by z; and the
products m,z], for ¢ # j, by new variables y;, obtalnmg a new system of linear
inequalities in the variables z and y. The polytope defined by this system of linear
inequalities is denoted by M;(K). Finally, the polyhedron P;(K) is obtained by
projecting back M;(K') onto the z-space, by eliminating the y variables.

The following result, proved in [1], gives an alternative definition for P;:

Theorem 1.1 For any j, Pj(K) = conv{z € K : z; € {0,1}}. In particular,
conv(Kp) C Pj(K) C K. ‘

Defining, for {i1, ...t} C {1,...,n},
Pix---ik (K) =P, (PiZ--‘ik (K))v

the following lemma characterizes the Disjunctive Procedure as a sequential tight-
ening procedure.

Lemma 1.2 For a polyhedron K C [0,1]" the following assertions are true:
1. Py (K)=conv{z € K : z; € {0,1} for any j € {1, ...,ix}}
2. P,.n(K) = conv(Kp).

Integer polyhedra can be described in terms of the Disjunctive Procedure by the
following lemma

Lemma 1.3 K = conv(Ko) if and only if Pj(K) =K for any j € {1,...,n}.

Therefore, K is an integral polyhedron if and only if for all j € {1,..., n} every valid
inequality of P;(K) is also valid for Kj. In general, to obtain explicitly the whole set
of valid inequalities for P;(K) is an exponential task. Nevertheless, in some cases,
it is possible to characterize these inequalities in terms of the particular structure
of the problem. ‘We will study the matching polytope, following Ceria in his work
upon the stable set polytope [2].

1.1 THE MATCHING PROBLEM

Let G = (V, E) a graph with n nodes. We denote by [4, j] the edge in F with extreme
points i and j for 4, € V. Given a subset U of V, E(U) will denote the set of edges
of G with both extreme points in U. If U C V is such that UNU = @ then (U : U)
will denote the set of all the edges with one node in U and the other one in U. For
each node ¢ € V we define the following set of nodes

I() ={jeV:[ij €E}

Definition 1.4 Given the graph G = (V, E) a matching is a subset of edges M such
that in the induced subgraph G(M) = (V, M) each node has at most degree 1.
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The set of all the matchings in G can be characterized by

Ko(G)={z € {0,1}": " 2, <1, forallie V} = {z € {0,1}® : Dz < 1}.
Jjer(i

where D is the node-edge incidence matrix of G. Let
K(G)={zeRE: Dz <1}, 2)

In general, K(G) it is not an integral polyhedron. In particular, if G contains an
odd cycle C C E, the point 7 € RI®! defined as 1/2 over C and 0 in any other case,
belongs to K(G). It is easy to prove that if z € Ko(G),

3 3y < ['—SIJ C (3)
lijleC

therefore, r ¢ conv(Ky(G)).

That means that if G is not bipartite, K(G) is not an integral polyhedron. The
converse is also true, it can be obtained as a corollary of the following strong result
due to Edmonds (3] which gives a description by linear inequalities of conv(Ko(G)).

Theorem 1.5 The convex hull of the matchings in G is given by

Y ;<1 forallieV,
JEr()

Z zi; < [I—zU—IJ forallUCV such that |U| > 3 odd,
[i.j]eE(U)

:vE]R'fl.

Another way of proving the integrality of K (G) in a bipartite graph, is a consequence

of the total unimodularity of the matrix D. In this work, we present an alternative
proof, independent form the ones already mentioned, that uses the characterization
of the valid inequalities of P; (K (G)).

2 THE DISJUNCTIVE PROCEDURE AND
THE MATCHING POLYTOPE

Let G = (V,E) and K(G) be the linear relaxation of the matching polytope given
by (2). Our purpose is to find a description of the whole set of the valid inequalities
for Pyq(K(G)), where P, denotes the Disjunctive Operator related to the edge
[r,s] € E.

After eliminating redundancies, M.,)(K(G)) is given by the following system of
linear inequalities

Z zi; <1 1€V,
a0
T T+ T —1< Y gy < T i€V =V\{rs)},
JET(3) Jer'(i)
0< i <z [L,j] € E'=E\{n4]},
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where IV(i) = ['(z) \ {r, s} for every i € V.
Therefore, given z € K(G), = € Py4(K(G)) if and only if there exists y € RI¥'
such that »
Yo Tt Tes— 1< Y ¥ij STy forie V/,
#T() 5€0)
0< Yij <y for [4,5] € EY,

or, equivalently, if and only if the system

Z Yij + 2 = Trs fori € VI,
JET ()
0 S yij S .’L‘,;j fOI' [’L,]] € E” = E(VI), (4)
0< % <1- Y =z fori e V'

JEr()

is feasible.
By Farkas’ lemma, the system (4) has a solution if and only if the system

—(ui+u;)+v; > 0, for [¢,7] € E”,
—Uu; + W Z 0, fori € V,,
bt Z UiTrs + Z Ti5Vij + Z w,(l - Z .’E,’j) < 0, (5)
eV’ lijlEE eV’ JET()
v,w 2> 0,
is unfeasible.
Rewriting (5) as
max(0,u; +u;) < vy for [1,5] € E”,
max(0,u;) < w; forieV’,
- Z UiTrs + Z T;jVij + Z w,(l - Z .’IIij) < 0,
eV’ [i,7leE i€V’ Jjer(i)

it is easy to prove that (5) is unfeasible if and only if there is no u € RVl such that

- Z UiZrs + Z i max(0, u; + u;) + Zmax(O,ui)(l - Z zij) < 0.

eV’ [i,5)eE" eV’ JET(3)

In other words, given z € K(G), z € P4 (K(G)) if and only if, for every u € RV,

Z UiTrs — Z max (0, u; + u;)Ti; + Z Z max(0, u;)zi; < Z max (0, u;)

eV’ li,jleE" i€V’ jeI(s) iev!

or, equivalently, if for every u € RV,

Zuixrs - Z (ui + uj)zij + E Z Ui < Z u;.  (6)

eV’ [i,7)€E", ui+u;>0 1€V, u; >0 jer(i) i€V, u;>0
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Let us observe that for every u € R!V'l, we have a natural partition of V' given by
P={ieV :u;>0} and P=V'\P={ie V' :u; <0}

For all the nodes i € P, redefine u; as —u; in (6) to obtain

Zui - Zuj Tpg — Z zii(u; — uj) — Z zij(wi + uj )

i€P jeP [4,5)€(P:P), ui—u;>0 [i,7)€E(P)
+ Z UiTij + Z U;Tij + Z UiTis + Z uzzw < Zw
[¢,5)€(P:P) [i,5)€E(P) i€ PNI(s) i€ PNI(r i€P

or equivalently

Zul Zu, Trs + Z UiTis + Z u,x,r

i€P jepP i€ PNI'(s) €PN (r

E min(u;, u;) T < E Uj.

[hJ €(P:P i€P

Therefore, we have proved the following theorem

Theorem 2.1 Let D denote the node-edge incidence matriz of a graph G = (V, E). |
Let K(G) = {z € R'f' : Dz < 1}. If[r,s] € E and V' = V \ {r,s} then z €
Py (K(G)) if and only if x € K(G) and

dz,s + Z UiTis + Z u,xw+ Z min u,,uJ)z”<Zu, (7

i€ PNI(s) i€ePNI(r li,jle(P:P) i€P

for every PC V' andu € RY'!, where P=V'\P andd= Y u; — ¥ u;.
+ 2 4 U
1 je

Let us analyze the inequalities described in the previous theorem, with the purpose
of eliminating redundancies.

Remark 2.2 Given P C V' and u € RIX 1 such that d < 0, the inequality (7)
associated to P and u is dominated by

Z ulww+ Z u,mw+ > uzxu<zu1

i€PNI(s i€ PNl (r [i,jle(P:P) i€eP

which is a non-negative linear combination of the inequalities that define K(G).
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Remark 2.3 Leti € V', P = {i} and u given by

1 if k=i
W‘{o if ki

If U; = {i,r, s} then the inequality (7) is

Z Tw < 1. (8)

[k )€ E(U;)

Remark 2.4 Let P C V' and u € RY" such that u; = 0 for every j € P, then the
inequality (7) becomes

Dowd Y wmet Y wse <Y
ieP 1€PNI(s) i€PNI(r) ieP
or

Yo > < u

i€P  [kI€E(U;) i€P
which is a non-negative linear combination of the inequalities (8).

Taking into account Remarks 2.2, 2.3 and 2.4, in the description of Py, (K(G)) we
need to consider the inequalities defining K(G), the ones of the form (8), and the

inequalities (7) such that d > 0 and > u; > 0.

ieP
We close this section by proving that the odd cycle inequalities (3) containing the
edge [r, s}, are valid for P (K (G)).

Lemma 2.5 Let G = (V,E), [r,s] € E and C an odd cycle in G such that [r,s] € C
and |C| > 5. Then

e
[i.5leC

is a valid inequality for Py q(K(G)).

Proof.

If V(C) is the set of nodes in C, let us color the nodes in V'(C) = V(C) \ {r, s}.

Suppose that we begin with the node next to r in C (different form s) in red, and
we color alternatively, in blue and red until the one next to s (different form r). If

P denotes the set of all the red nodes, then |P| = [J%J .
Let us define u € RLY’I such that

w={1 ifi e V'(C), 9)

0  in any other case.
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The valid inequality (7) for P (K (G)) related to P and u becomes

Zrs + Z xw + Z Tip + Z z‘l«j = l_—J

i€PNI(s 1€PNI(r) [s,51€(P:P)

which is clearly stronger than

5 weld]

[ijleE(C
n

3 MATCHING ON BIPARTITE GRAPHS AND
THE DISJUNCTIVE PROCEDURE

In Section 1 we have mentioned some well-known proofs of the integrality of K(G)
when G is a bipartite graph. In this section we give an alternative proof of this
result using Theorem 2.1.

Theorem 3.1 If G is a bipartite graph then K(G) = conv (Ko(G)).

Proof.

Let G = (V, E) be a bipartite graph. If |[V| < 3 then the proof is obvious. Therefore
we prove the general result by induction on |V|. Let us suppose that for every
bipartite graph G with |V| < k, K(G) = conv (Ko(G)).

Let G be a bipartite graph such that V =V, UV with ViNnVa =0, E C Vi x Vs
and [V| = k+ 1 > 4. We will prove that every [r,s] € E, any valid inequality for
P (K(G)) is also valid for K(G). ‘

From now on we make use of the notation introduced in the previous section. Let
[r,s] € E withr € V] and s € V,.

It is clear that if G is bipartite, the inequalities (8) can be obtained as a linear
non-negative combination of the inequalities defining K (G). Therefore we only need

to prove that for every P C V' and u € lell such that ¢ > 0 and }_ u; >0,

jeP
dz,s + Z UiTis + z u,zw + Z min(u;, uj)x” < Zu,, (10)
i€ PNI(s) i€PNI(r [i,5)€(P:P) i€P

is a valid inequality for K(G). g
Let us consider first P =V, \ {r} and P =V, \ {s}, where (10) takes the form

dx,s + Z UiZis + Z min(u;, u;)Zi; < Z (7 (11)
iep [i,j]€(P:P) ieP
Let us observe that if z € K(G) and ’

Z<u" —d)zis + Z min(u;, u;)Ti; < Zuj

iep [i.7]€(P:P) jeP
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then z satisfies (11) because

dr,s + Z Ui Tig + Z min(ui,uj)a:ij

ieP - -[ijle(P:P)
d(1 - Zx,s) + Zu,ac,s -+ Z min uz,u,)a:”
ieP iep li.gle(P:P)
=d+ Z:(u1 —d)zis + Z min(u;, ;)T
ieP * [i,]e(P:P)
<d+d u=) u
jeP i€eP

Therefore, it is enough to prove that for every z € K(G), .

Z(ui —d)Tis + Z min(u;, u;)Ti; < Z u;.

ieP li,jle(P:P) jebP

(12)

Let us consider G = (V, E) the subgraph of G induced by V =V \ {r}. Clearly,
if z € K(G), defining & € RIZl such that & = xy for all [4,5] € E, we have
that # € K(G). Since the variables with positive coefficients in (12) are variables

associated to arcs in E, and G is a bipartite graph with IV’ = k, by inductive

hypothesis it is enough to prove (12) for every z € K (@) such that z € {0, 1}|E |

Let z € K(G) n {0, 1}/,

o If z;, =0 for all i € P then
Z(ui —d)zis + Z min(u;, ;)T
ieP ile(P:P)

Z min(w;, u;)Ti;

[i.5]€(P:P)

ey < Y

jep  ieP jepP

IA

o If 7}, = 1 for some k € P, then z;, = 0 for every i € P \ {k} and xx; = 0 for

every j € P. Therefore

Z(ui —d)zis + E min(u;, ;)T

ep lij)e(P:P)
=u—d+ Z Z min(u;, ;)T
i€P\{k} jeP

Su—d+ Z uinij

i€P\{k} jeP

SZui—d=Zuj.

ieP jep
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In this way we have proved that for P = Vi \ {r}, (7) is a valid inequality for K(G),
for any u € RIXII.

Now, suppose that P is any subset of V/, P=V'\ P and u € Rfll.

Let us define

P=PnV;,, PB=PNW

Ph=PnVy,, PB=PnV,
Moreover, let us consider v’ and u” given by

Ui ifiEP;[UPg Ui ifief’luPz

]
£
I

0 in any other case 0 in any other case

;From the previous case, if P’ = V; \ {r} the inequalities (10) associated to P’, '
and u”, are valid for K(G) and they can be written as

Z u; — Z Uj | Trs + Z UiTis + Z min(ui, uj)m,-,- < Z Uj. (13)

iePy - jeb, ieP [i,5]€(Py:Py) i€P
and
Z u; — Z uj | Trs + Z Uilir + Z min(u;, u;)Ti; < Z Us. (14)
i€P, jePy i€Py fi.d)€(Pa:Py) icP;
Clearly, the sum of (13) and (14) gives
dz,s + Z UiZis + Z Ui + Z min(u;, uj)zi; < Z Ui,
i€h i€Py [é,5]€(P:P) i€eP

a valid inequality for K(G). ®
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