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A SIMPLE PROOF OF THE IRRATIONALITY OF THE TRILOG

PABLO PANZONE

ABSTRACT. We use orthogonal polynomials to give a simple proof of the irrationality
of the trilog. An appreximating formula for Riemann Zeta-function in the critical
strip is derived.

0. Introduction.

In this note we give a simple proof of the irrationality of the trilog for certain values.
More concretely we prove that Lig(1/d) = Y oo | —hxis irrational for 1173 < d € N.
This result was first proved by M. Hata [6,7].

We want to point out that improved results had recently been obtained by Miladi in
his thesis. Also the the techniques developed by Tanguy Rivoal in his thesns can be used
effectively to get much better results.

This note is divided in two sections which are almost independent. In the first section
we give an approximating formula for Riemann Zeta-function on the critical strip. In the
second section we prove the mentioned result on the irrationality of the trilog,.

In both cases we use orthogonal polynomials as in Borwein and Erdeli’s book [1],
appendix A2. Indeed the point to stress here is that orthogonal polynomials have an
integral representation ([1] pg. 373) that permits to guess, at least in some cases, what
kind of polynomials are needed to prove the irrationality results.

1. Let

. 1 A
f = f(d,AlﬁA%e) = /0 Gﬁ/—)—)\;dm? (10)

with parameters A;, Az, d, ¢ ranging in certain sets of values given below (here y* will
stand for the positive A-root of y if y, A > 0).

We sometimes use the well-known notation (a)o =1, (a), = a(a+1)...(a+n—1).
In what follows Ay, By, Fr(z), an, Bn,yn may depend on d, A1, A2, £ but to simplify the
notation dependence on n is only written. For 1 < n we define

(n—7)!5!

=. n )n+]( +J__)nmﬂ
=5

| /1 (Fa(®) = Fu(GA)D) s, g,
o  (dEzb)re

By = Fo((Fd)?), (—d)*/*:=d"/*e?
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Proposition 1. Let f be defined by (1.0) with Al,)\g,d €ER,0< A, 0K Xg £1,1<d
and ¢ =1,2,3,... (if d = 1 and the sign is - then we restrict 0 < Ao < 1). Then the

following holds ‘ i : L ; .

i)
VB (x)zh
2T dr= A :
./o o= Ao+ B,

Fo(z)z 1 (Ao)n 1
0<|/, (d £ 2°) d 1< h(d)” d’\2£27rI’(n+1)_/0 T

h(d)—- (\/a—vd—-l)2 if the sign is -
| (VdF1—-Vd)? if the sign is +

ii) We have the following recurrence relation for 3 <n

(1 2)edr,

where

B + (?O‘nd + ﬁn)Bn i + 'WLBn 2 = 0

: 1
An + ($O{,,d + ;Bw) n—1 + ’Y’n,An—2 = Fay / Fn 1( )(d Tz )1 )\) /\1
0 .

dz,

where : S
o = ;(2 -1+ —1——)(2n 2 4 2ty
n n( 1+ +1) )
_on_2p MLy (2n— 1+ 220 = 2+ 2 (n — 2+ M) (n - 1)
1 n(n—1+ }‘1+1)(2n -3+ ’\’ﬂ"H) ,

(n—1)(2+ 202 — 3341 ¢ (Autl)2 3 Akl )
n(n -1+ —/\—12_—1)(2']1-'— 2‘1_+1 — 4)(271 -3 + )\1;-1 )2 )

Yn =

if 3 < n. Moreover, if \g =1 and 3 < n then fo e 1( )(d £ zf)~ 2zt dr = 0.
PROOF. We havefor 0 < z < 1

a™ 1y At XA +1) 2t

i 1 —
(d £ zt)r v A R R TR 2!

F...). (L1)

The idea is to construct polynomials which are orthogonal to the powers of = that appear

n (1.1). For this we define F,,(x) as

1 [ t+M+DE+MHL+D)E+FNF 2+ (E+ A +bn—1)+ 1)

- ' xtdt
2mi tt—0)...(t—nb) "o
1 " i :
= [ P@)stdt, (1.2)
27rL ~ .

where « is a positively oriented closed curve enclosing 0,¢,2¢...né lying in the half
plane Re(t) > —1/2. Using residues one easily sees that F,(r) is of the form stated
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in Proposmon 1. Now F, () is orthogonal to z*1, zf+*1 g2e+ s g(n=DéA op [0, 1)
ie. fo Ya*+ide = 0 if 7 = 0,...,n — 1. This is straightforward upon using the
deﬁm’clon of F w(z), integrating first in z, then in ¢t = Re® and taking R — oo ( see [1]).

Now we compute the integral fo %dw in two ways:

i) Due to the orthogonality of F,,(z) and (1.1) we have (here 5= (- ifd+zb 6 =1

ifd—zt) | ‘
[t Fn(m)m)‘l'
/0 (d £ zt)*2 do =

1 ] . nl+Ay (n+1)€+X
. 1 A.oo(Ma+n—-1)z + )\2...()\2+n)m
_6/ (o) 35 ( i n+ 1l

+...)dz =

—5/ Fo(z)w m)dm— — OILP() (z)x tdtdx— // P t)w(a:)ztda:dt

Ao (A +n—1) v A (A2 +n)
d'\227m [y ( )(d"n!(t+rf€+ AL+ 1) + drtl(n + 1)'2(t+ (n+1)l+ M + 1) o)t
(1.3)

Ifj=q¢,qg=nn+1,... and 'y ~" are positively oriented. curves, the first around
—j— A1 —1 of radius € < 1 and the second a circle centered at zero of radlus much larger
than nf or 5+ A; + 1 then

1 1 1
27m/ ()(t+]+)\1+1) t+2m/P()(t+J+/\1+1)d

1 1

omi oy ()(t+j+)\1+1) (14)

Also 21” f " P(t)mdt = 0 upon takmg the radius of 4” tending to infinity.
Using this fact (1.4) yields

1 / 1 . (g—n+1),
— | P)———————dt =—P(—j = A\ — 1) = — I 15
2mi [, ()(t+.7+)\1+1') (Fi=%-=1 E(q+—*——-)‘;'1)n+1 (15)

Let us recall the hypergeometric function formula (valid for Re(c) > Re(b) > 0) |

T'(c _ c—b a (@)n(O)n _,,
2F1(abcz) F(—(—Z—Lb))f@/ b 1(1-"7') b 1(1 ) dr _Tg (z):'l’l,)' '

Using this formula and (1.5) we have that the last formula of (1.3) is equal to

d (A2)n (1 ()\2+n)1(n+ﬁl—;‘—1)1 (A2 +n)2(n+ 5\421"—1)2
d*2 0273 dn(n + 2EL), 4y (@n+1+2E)11d - (2n+ 14 24HL),2162

:F...:

R (A2)n [(2n + 1+ 2iL)
- delamidn(n+ 230 T(n o+ D0(n + 243

1 .
/T"+3‘f—1-1(1—T)"(ui)—"wdr
) Jo d
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- Therefore we get that our integral is different from zero and this yields the left in-
equality of 1).. Now. T(gl_f)) has its maximum at 79 = d — y/d(d — 1) being this maximum
equal to d(vd — Vd . Also 7(& T)) has its maximum at 79 = \/d(d + 1) — d being

this maximum equal to d(\/d +1 - +/d)2. Therefore '

1 _ .
/ Tn+£‘lg+—l—1(1__7_)n(1:t§)—n-—)\2d7- < (ma,xTG[O 1](_(11:*:._—2—_ / --.1_*'_1 1(1:|: ) A2 -
0

r(2n+1+2172)
Also

(e JEL) 1 T (e 255
ii) We compute the integral in a second way showing that it satisfies a recurrence

relation.
/ F,(z)z™ dr —
o (dEazt)r

L (Fo(z d)?
It ”( G b+ Rl

= 1. From this the right inequality of i) follows.

ENE

1 M ’ .
)/0 md“’ = A, + Bnf,  (16)

where (—d)Y/¢ := d'/te¥ . From the orthogonality relations for Fy,(z) one has, if 3 < n

H,(z) := F,(z) + (anze + Bn)Fn_1(x) + Y Fr—2o(z) = O,i (1.7)

for some constants o, Bn, ¥n. In fact, the coefficient of 2™ in F},(z) is not zero and o, By

can be adjusted to give Fy,(z) + (an® + Bn)Fn_1(z) = ao + a1zt +--- + Ay (M2,

This can be written as a linear combination of F,_s(z),..., Fi(z),1. If this equality is

multiplied by 2** and orthogonality is used then only the coefficient of F,,_a(x) survives.
So if we let z = d'/¢ or z = (—d)'/* in (1.7) then

Bn + (iand+ ﬁn)Bn—l + ’Yan—2 = 07

respectively. Also

dx:

[ (Haw) — Ha(FDY) [ (Bae) — Bul(F)1)
-, (d+at)% wo= [

Fro1(z) = Foo 1 ((Fd)V*)

1 1
A 1—)\2 )\1 ( >\1
:l:an/0 Fo_i(z)(d+z") "Mz dm+($and+ﬂn)/o ALz ™M dz+
1 1/¢
(Fu2(2) = Fuoa(FD)VE) 5,
+7nA (d:':.’Ee)’\z x tdx.

Thus,

1 .
An + Qi / Fn_l(iﬂ)(d + Iz)l—)\zx)\ldﬂﬁ + (:FOlnd + ,811,)An—1 + ’Y'n.A'n,—2 = 07
0
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and one gets the recurrence relations of ii). Observe that in the last formula the integral
is zero due to the orthogonality if Ao =1 and 3 < n.

Finally, an,Bn,vn are obtained from (1.7) making the coefficients of zt (=1t
z("=2)¢ equal to zero. This tedious calculation is omitted. W

Next we give two applications of Proposition 1.

In the next two examples we take the + s1gn in (1.0). Example 1 is qulte well known.
See [10] for example.

Example 1. If one puts Ay = 0,£ = 1, Ay = 1, then F,,(z) are the Legendre polyno-
mials. They can be written more 81mp1y as

Fy(z) = é(:)(_l)n+j (njj><gz)$] .

Thus if A,, B, are as defined in Proposition 1 then A,r,, B, € N whefe
=lem{1,2,...,n} (recall r, = O(e(**)") by the prime number theorem). Thus by i)
of Proposition 1 ifl1<deN

0< |Anrn + Logd:l' 1Bnrn| _ /_d+ - \/_)Zn (1+e)n)

giving the irrationality of Log"l‘"1 for1<deN.
The following example seems to be new.
Example 2. Assume £ =1,\ =1,d =1in (1.0) and A\; = A\. Then

1z 1 1 1
= [ st = T 5 T
o I+2) 14X 24X 3+

Our interest in this function comes from the fact that if 0 < 6 < 1, s = o + it then

sin(ms) s
¢(s) = A =219 / FAT2dA,
where ((s) is the zeta function of Riemann (3] formula (1.3)).
Let g(s) := f0°° FAT2dA = CmA-27%) [y this case in Proposition 1 one gets

sin(ms)

An = An(\) = [y BB EN A 4 and (<1)"By o= (-1)"Ba (V) = Yy L2020,

o0 An (A

- Theorem 1. The analytic function gn(s) = = [, B IA- *d)\,0 < o < 1, converges

uniformly to —g(s) ’inside’ the critical strip, i.e. |gn(s) +g(s)] < L‘(T'ly)'?r_e if € <
<l-eand0<e<1/2.
Proof: Note that A,()) is continuous in [0, +o00) and O()\" 1. Also (- 1)"B ()\) is

a_ positive, increasing function on [0,+00) and behaves asymptotically as cA™ as A —
+00, (¢ # 0). From this it is easily seen that g,(s) is analytic in the strip 0 < ¢ < 1.

From i) of Proposition 1 we get |An(A) + Bn(A)f(A)] < (vV2-1)°" Thus,

2r(A+1
&

. 4. + B,
o [ e
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< (-2 D /Oo A7
= 2B, (0) Jo A+1 77

Notice that (2n) (-1)"B, (0) and fooo i‘\;ld)\ 2/e. This proves the theorem.l
2. On the trilog. We prove in this section the following: ;o

Theorem 2. The number Liz(1/d) = Yoo 75 = %01 L‘{’;’_(ﬁ)z dx is irrational for
de N,1173 < d. '

Proof : Let n € N and define

(t+1)3...¢t+n)® , 1 / .
F, zdt = d
(z) = 27rz O BN D i s
Here « is a positively oriented curve enclosing 0,1, ..., 3n in the half plane —% < Re(t).
Notice that F},(z) is orthogonal to Log(z)?, xLog(x)?,. .., 2™ 1 Log(x)2.

Observe that

! Fu(z) 2, [t Fa@) — EA@ 2 " Log(z)® , _
/0 d_xLog(a:) d:c—-/o p Log(z) dx—i—Fn(d)/O: T dm-—’_

:= A, + Bn2Lis(1/d)

and also that

d—zx

1
¢
2md/ /P(t Log(z ( dn+1 +...)dtdz.

Changing the order of integration we obtain,

1 E-L(.’lf) ) 1 [t o pntl
/0 ———~Log(z)“dz = 3/0 v (z)Log(z)? (d" prESY +...)dz =

1 1 1
— | P L )dt =
Wid/y ()((t—f—n+1)3dn + (t—l—n+2)3d”+1 + ) t

1,1 d? 1 d?
We have used the same idea of Proposition 1 to get the equality in the last formula (see
(1.5) above) But dP( ) = P(t)(”ri1 4t 3:% e Tﬁ) = P(t)b(t).

Therefore 552 P(t) = P(t)(b(t)? + V'(t)). Notice that b(—n — )% +¥'(—n — j) = h(n,j)
with h defined by : ‘

P B S 1 1 L

»J j o j+1 n+ji—1 n+j n+l+j dn +

_(3 " 3 n i 3 1 1 ' 1 )
j2 (G +1)? (n+i-12% (n+j)?* (n+1+j)? (4n +j)?
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==Y ey
1 2 3 4
Thus (2.1) is equal to
S(n, d)
dr+(dn +1) (5) (o) ()
with S(n,d) as defined in the following lémma which we prove later. =
Lemma C. Let o o 2

i\’ (D). (n+)) h‘(”’j“)v
B R

=0

a) There exists ng such that S(n,d) is non-zero if 4 < d, no <n :
b) S(n,d) = O(Log(n)(4n + 1)(4")1 3718"  maz,c 01]{t"(1 —t)3"}) zf 1000 < d (the
constant involved in this 0- term is absolute)

We continue with the proof of Theorem 2. Up to this point we have a chain of equalities
so using Lemma C a) we get that (2.3) is non-zero if n is large enough and 4 < d. Usmg
residues in the definition of F},(x) we obtain ; :

= R £ () e

j=0"

and it is easily seen that Anrn e N, B, ( )(2") e Nifr, = (Bn) (2:) (lem{1,2,..., 3n})3
Recall that by the prime number theorem (lem{1,2,...,3n})% < e+ for large n.
Therefore we have proved that '

O S (n, )

0<Ann B,r,2Li3(1/d
|AnTrn + Bnrn2Liz(1/d)] < I+ D

if n is large enough and 4 < d. Using Lemma C b) and Stirling’s formula one ‘gets that

Li3(1/d) is irrational whenever %‘?—3— < 1 or what is'the same when 1173 <d e N.I
The proof of Lemma C depends on Lemmas A and B which we give below.

Lemma A. If0 < w < 1/1000 then
(o5} N 3
Z (n +.7 ’UJ] (10)3(77,-}-1) < 1. 3718n+1

Proof: Recall that 3772 ("'*'j)uj

J

=0 1—ws

m—f Therefore, if 0 <

The lemma follows if we take 0 < w < 1/1000. W
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Lemma B. a) There erists a natural number ng and absolute constants 0<epe such
that
C1 < h(na ])7

if1<j<3n, ng <nand
h(n,J) C2,

ifng<n, 3In<j.
b) We have |h(n,j)| < caLog(n) for all1 < n,j

Proof: a) The proof is divided in four cases. Recall formula (2.2):
Case 1. 1 < j < Log(n). It is easily seen that in this case

3Log(L e ) Z Z ZandZare O(l

So the function h(n, j) is greater than 2Log(m) if n is large enough.

Case 2. Log(n) < j < n. In this case
3Log(2) + o(1 Z Z Log4 + o(1), Z and Z are o
Notice that (3Log2 — Log4) = .69.... So the function h(n, j) is greater than (3Log2 —

Log4)? + o(1) if n is large enough.
Case 3. n < j < 2n. The argument is the same as in case 2, i.e.

3Log(3/2) + o(1) < z Z Log(5/2) +o(1 ZandZareo

But 3Log(3/2) — Log(5/2) = .3.... ThlS yields that the function h(n,j) is greater than
(3Log(3/2) — Log(5/2))% + o(1) if n is large enough.
Case 4. 2n < j < 3n. Similarly,

3Log(4/3) + o(1) < Z, z < Log(2) + o(1), Zandz are o(1).
12 3 4

Notice that 3Log(4/3) — Log(2) = .169... So the function h(n, j) is greater than
(3Log(4/3) — Log(2))? + o(1) if n is large enough. This proves the first inequality.
It is easy to see that the second inequality and b) hold. They are left to the reader.l
Proof of Lemma C: a) Write S(n,d) as an Ly Z] o3, = 25+ 2.6 Thus, using a)
of Lemma B we get that if ng < n then the sum ) is greater than one of its summands,
namely that with j = n. Thus

m\® (n+1)...2n) 1
c1(n) (4n+2) (5n+1)dn\ (2.4)

Also, using a) of Lemma B one gets if 4 < d, (here we use ("+J) < (4") (3)773"if 3n < j

J 3n
which is proved using that ("“"’1) — ntitl ("+J))

J+1 +L \
_ n+7\° (n+1)...(n+j) 1.
IZI an< j,> (4n+2)...(4n+j+1)d.7)”
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4\ X Ao (n+1)...(n+7]) 1 3
=O((3n> Z(§)3( 3)(4n-i—2)...(4n+j+1)5)_'

i=3n
o4\ _(n+1)...(4n)  3.0n (3
_O((3n> (4n+2)...(Tm+1)4 ) —an(

. 44 5. (n+1)...(4n)

= Ol(z5y)’ (4n+2)...(7n+1)>‘

From this and (2.4) it is easily seen that | S | < 3 if n is large enough. This proves
a). .
b) Noticing that (4n + 1)(3") [} ¢+ (1 — t)3ndt = ﬁ% and using b) of
Lemma B one gets that

S(n,d):O(i (n+j>3( (n+1)...(n+37) Log(n))=
=0

i) n+2).. (n+ji+l) &

— O(Log(n) @Z) (4n+1) /0 " - t)3“{§ (“ jj)gz—i}dt).

Now recall that 1000 < d and thus 0 < w = t/d < 1/1000. This inequality together with
Lemma A yields the desired result. W

I want to express my gratitude to the referee for pointing out several references and
for remarks that improved the final form of this note. Also I want to express my thanks
to Tanguy Rivoal for his kindness in sending me his beautiful results and for answering
my questions.
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