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Abstract 

We obtain estimates for the distribution of values of functions Íll the 

weighted BMOq, spaces, BMO�(R), that let us find equivalent norms. It is 

also obtained that a suitable redefinition of the HilbeÍt transform is a bounded 

operator from these spaces into themselves. This is achieved for a certain 

cIass of weights w. 

1 Introduction. 
A non negative function w defined on R is called a weight if it is locally integrable. 
We denote by 111 the Lebesgue rneasure of 1 and w(I) = J w(x)dx. The letter e 

1 
denotes a constant, not necessarily the sarne at each occurrence. A weight is said to 

belong to the class Ap, 1 < p < 00, if there exists a constant e such that 

(I�I ! W(X)d.<) (I�I! w(x¡- , ' , d.< f' oS e 

for every interval 1 e R. The class Al is defined replacing the aboye inequality by 

I� I J w(x) dx :::; e ess)nf w. 
1 

On the other hand w is said to belong to Aoo if there exist a and f3 such that 
O < a, f3 < 1 and for every interval 1 and every rneasurable subset E of 1, J w dx < 

E 
f3 J w dx holds whenever IEI < alII· The staternent that w E Aoo is equivalent to 

1 . 
w E Ap for sorne p. A proof of thcse facts may be found at [1]. 
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2 MARCELA MORVIDONE 

A weight is said to satisfy a doubling condition if there exists a constant C such 
that 

w(2I) � Cw(I) 
for every interval J e R. As it is easy to check any weight in Ac", satisfies a doubling 
condition . 
Now let us introduce the rnain function spaces which concern us in this work . Let 
rjJ : R+ -7 R+ be a non-decreasing function satisfying the 62 Orlicz's condition 
rjJ(2r ) � CrjJ(r) for sorne positive constant C and every r > O. 

Definit ion 1.1 Let J be a loeally integrable funetion on R. We say that J belongs 
to BMO�(R) if there exists a eonstant C su eh that 

w(I)�(IJI) J If(x) -f¡l dx � C (1) 

I 

for every finite interval 1 e R. Here f¡ denotes the average of J oveT the interval 
1, i.e., 

f¡ = I�I J f(x)dl:. 
I 

The srnallest constant C satisfying (1) will be denot�d by IIJII and it defines a nonn 
in BMO�(R). In case that (1) only holds for those J lying in sorne fixed interval 
Jo, not necessari1y of finite measure , we say that f belongs to BMO�(Io). In that 
case, the smallest constant C satisfying the inequality will be called Ilfll/o' We 
note that if rjJ == 1 the space BMOr coincides with the space BMO(w) defined by 
Muckei.houpt and Wheeden in [5]. 
We now introduce a class of weights which appears in connection with the bound
edness of the Hilbert transforrn on the BMO� spaces . 

Definition 1.2 Let w be a weight. We say that w E H (rjJ, (0) if thcTe exists a 
constant C such that 

1 I1 J w(y)rjJ (Ixo -yl)d Cw(I) -- y < --rjJ (IJI) Ixo - yl2 - 1 I1 
R-I 

for eveTy finite intervall e R, where Xo denotes the eenter of J. 

In the previous definitions we have not imposed any constraints on the growth of rjJ. 
It is known that if w == 1 and rjJ(t) = t{3, with j3 > 1 ,  the unique functions belonging 
to B M O� are the constant ones . In the weighted case, the spaces B M O� rnay be 
non-trivial for such functions rjJ: that depends on the weight W. In fact , there are 
examples showing this situation. However, it rnay be proved that if the function 4>S) 
is still increasing then BMO� is trivial for ever'y weight W. 
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Similar considerations hold for the classes H (rjJ ,  00 ) . In other words, if rjJ increases 

in such a way that <PS) is non-decreasing, the only weight belonging to the class is 

w == O. We can also point out that if rjJ(t) grows faster than t (let us say <P¡t) is 
non-decreasing) but slower than t2 , then the class H( rjJ, 00 ) is non-trivial, although 
the weight w == 1 does not belong to it. 
Finally, though we will not impose additional restrictions on the functions rjJ in the 
statement of the theorems, it is clear that they become trivial when rjJ increases 

faster than t2. 
We present now a pair of lemmas that will be necessary later. See [51 for a proof of 
the following lemma. 

Lemma 1.1 Let 1 < p < 00 and � + ? = 1. lf w E Ap, there exists a constant e 
such that 

w({x El: w(x) < /1}):S e (/1 �U))PI w(I) 

for ever-y inter-val 1 and ever-y /1 > O. 

Lemma 1.2 is quite similar to Lemma (4.7) in [4]' which has been adapted to this 

contexto 

Lemma 1.2 Let w be a weight satisfying a doubling condition. lf fE BMO� (R) 
then there exists a constant e such that 

j' I f(y ) - J¡ldy :S ellf ll J w(y) rjJ (I xo - y l) dy 
I xo - y l2 I xo - y l2 

R-I R-I 

for every inter-val 1 e R, where Xo is the center of l .  

Proof. Given an interval 1 
BMO� (R), we have 

l(xo , R) let lj l(xo , 2j R) . Using that f E 

J I f(y) - J¡ldy = � J I J:o - y l2 � 
)-02j R:Slxo-yl<2J

+l R 

If(y) - J¡I dy 
I xo - y l2 

R-I 

00 1 j' 
:S � 22jR2 I f(y) - J¡ldy 

)- IJ+l -Ij 

:S Cl11-1 f I;
-j 

I J If(y) - J¡ldy 
'-0 )+1 )- IJ+! 
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4 MARCEL A MORVIDONE 

The last inequality is a result of using the properties of 4>, the doubling condition 
for w and the following relations 

! w(y)4> (Ixo -yl) dy = � ! w(Y)4> (Ixo -yl) dy Ixo -yl2 � Ixo -yl2 
R-I - 2kR::::lxo-yl<2k+lR 

> CIII-l � 2-k4> (Ihl) w (1 - 1 ) 
- L 1 11 

k+l k 

which completes the proof. O 

k=O k 

> Clll-l � 2-k4> (Ihl) w(1 ) - L 1 11 k, 
k=O k 

2 Behavior of the distribution function and equiva
lent norms 

Let f E BMO�(Io ). The question is: how does the distribution function w({x E 
1 : lJ(x) -JIlw-:(x) > a} ) , for a > O and 1 e 10 , behave? An answer is given 
in [51 for the case 4> == 1 and it may be used in our case. The result obtained by 
Muckenhoupt and Wheeden is the following theorem: 

Theorem. Let f be of bounded mean oseillation with weight w on 10 , that is 

J If - JIj dx 5, C ! w dx; 
1 1 

JI = I�I ! f dx, 
1 

a) If w E A11 there are positive eonstants Cl and C2 su eh that 
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for o: > O and 1 e lo. 
b) Jf w E Ap, 1 < p < 00 and ! + 1, = 1, there is a constant C3 such that p p 

w( {.'r El: If(x) - hlw-l(x) > o:}) ::; C3 ( 1 + o:rp' w(I) 
for 0:'> O and 1 e lo. 

5 

H we denote by [1]10 = sUPw�I) J If(x) - hldx, a careful look at the proof shows 
lelo 1 

that in the case [1ho ::; 1 the constants in the aboye estimates depend only on the 
Al or Ap condition for the weight w and not on f neither on the interval lo. From 

this, the general case fol!ows, as usual, taking g = uL. Therefore a) and b) can be 

written as 
a' ) Jf w E Al, there exist positive constants A and B such that 

B 
w( {x El: If(x) - hlw-l(x) > o:}) ::; Ae -(fIlO a w(I) 

for o: > O and 1 e lo. 
b') Jf w E Ap, 1 < p < 00 and � + ? = 1, there is a positive constant D such that 

w({x E J: If(x) - hlw-l(x) > o:})::; D ( 1 + [j�IJ -p' 
w(I) 

for o: > O and 1 e lo. 
To estimate the distribution function for f E BMO� (Io) let us take a finite interval 
1 e lo, then BMO� (Io) e BMO� (l) , and the inclusion is a continuous operator, 
in fact, IlflII::; IlfllTo' 
Since by definition we have 

w(I)� (III) J If(x) - hldx ::; IlflII, 
1 

for al! 1 e l, the fact that cjJ is an increasing function implies 

[J]¡ ::; cjJ(lll) IlflII· 
Therefore, combining inequalities we may write 

[J]I::; cjJ(lll)llflllo' 
for f E BMO� (Io) and for all l e lo. Final!y noting that h(x) = e-�, c > O, is an 
increasing function of x we may apply a' ) and use the previous inequality to obtain 
for f E BMO� (Io) and w E Al 

_ _ 13 a _ 
w({x El: If(x) - J¡lw-1(x) > o:}) ::; Ae m¡;;- w(I) 

B 
::; Ae - <,6(11]) 1 l!II¡o a w(l) 
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6 MARCE LA MORVI DONE 

for all a > O and 1 e lo. AIso, having that the function g(x) = (1 + �rpl 
with 

e> O and p' > O is also increasing we may use b') for w E Ap, 1 < p < 00, to get 

for all a > O and 1 e lo. 
So we have achieved our goal of knowing the behavior of the distribution function 
for f E BMO� (Io). Next theorem clearly states this result and gives in addition a 
hint on an alternative way to prove it . Moreover, it shows that the condition on the 
distribution of values is not only necessary but also sufficient for an f to belong to 
BMO� (Io). 

Theorem 2.1 Let f E BMO� (Io), i. e. , there exists a constant e such that 

W(I)� (III) J If(x) - J¡ldx ::; e 
1 

for every interval I e lo. Then 

a) Jf w E Al, there exist positive constants A and B such that 

_ B '" w({x El: If - J¡ lw-l (x ) > a} ) ::; Ae tP(IIIlII/Jllo w(I) 

for a > O and I e lo. 

(2) 

(3 )  

b) Jf w E Ap , 1 < p < 00 and � + f¡ = 1, there is a positive constant D such that 

for a > O and 1 e lo. 
Conversely if w E Al and there exist positive constants A and e such that 

(5) 

for a> O and I e lo then f E BMO� (Io). On the other hand, if w E Ap, 1 < p < 
00 and there is a positive constant e' such that 

_p' 
w({x El: If -f¡]w-1(x) > a} )  ::; e' (1 + <P(�ll)) w(I) . (6) 

for a> O and I e lo then f E BMO� (Io). 
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WEIGHTED BMO<p S PACES AND THE HILBERT TRANSFORM 7 

Proof. That the condition 1 E BMO� (Io) implies (3) and (4) has been proved by 
the argument given aboye . This may also be shown following the steps of the proof 
in [5] but changing the definition of the function A(CY, 1) there by 

A(cy, 1) = w({x E 1 : 11(x) - hlw-l(x) > cyrP(lll)})· 
Then the same arguments can be carried out leading us to the required estirnates. 

Conversely, if w E Al and 1 satisfies (5) we have 

I I.f - hldx = 1 11 - hlw-lwdx 
I I 

00 

= I w({x E 1: 11 - hlw-l > CY})dCY 
o 

00 
< Aw(I) rP (111) 

I e- 4>�fl) e dCY 
� C rP (III) o 
� Ow(I)rP (111) ,. 

where o = �. Therefore 1 E BMO� (lo). 
Similarly, if w E Ap and 1 satisfies (6) 

00 

I 11 - h 1 dx = I w ( {x E I : 11 - h 1 W -1 > CY}) dCY 
J o 

lOO ( ) -p' d ::; C'rP (111) w(I) 1 + rP (711) rP (I� I) o 
::; O'w(I)rP (111) , 

We conclude that 1 E BMO� (Io) which completes the proof of the theorem.D 

The characterization of the distribution function of the elements in BMO� given in 
the previous theorem allows us to introduce sorne equivalent norrns . 

Theorem 2.2 Let 1 ::; p < 00 and w E Ap. Then 1 E BMO� (Io) il and only il 
there exists a eonstant Cr su eh that 

(1 I.f - hlrwl-rdx)l/r::; CrrP (lll) (w(I))l/r (7) 
I 
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8 MARCE LA MORVIDONE 

for every 1 e lo and every r su eh that 1 < r � p' and r < oo. Por every fixed r 
satisfying these eonditions the infimum eonstant- Cr defines an equivalent norm in 
BMO;(Io). 

Proof. Suppose that f satisfies (7) for sorne r, 1 < r < oo. Then, by Hülder's 
inequality 

/ 11 - f¡ldx = / 11 - f¡lw 1;" w ";1 dx 
I I 

� (/ If - f¡lrw1-rdx)1/r(w(I))1/rl 

I 
� Cr cjJ (111) (w(I))l/r+l/rl 

= Cr cjJ (111) w(I). 
Therefore ,  1 E BMO;(Io). Conversely, let us suppose that f E BMO�(Io). 
Then, if O < r < 00 

/ If - f¡lrwl-rdx = / (11 - f¡lw-lrwdx 
I I 

00 
= r / ar-lw({x E l: 11(x) - f¡lw-1(x) > a} )da 

o 
If w E Al , using Theorern 2.1 and denoting C = Ilflllo , we have 

Therefore 

00 / 11 - f¡lrwl-rdx � Arw(I) / ar-le-<pufllCoda 
I o 

00 
= Arw(I) / are-<p(lfllCod: 

o 
00 

= Arw(I) / (tcjJ (III)Cre-Bt�t 

o 
00 

= A r w(I)cjJr (111) Cr / tr-1e-Btdt 
o 

= Arllfll�ocjJr (111) w(I). 
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Now if w E Ap, 1 < p < 00, using part b) of Theorem 2.1, we have 

00 

= D�llfll�orcf/(IIl) w(I) / 
(l

t:-:
)p

,dt 
o 

= Drllfll�o</>r ( 11 1) w(I), 

sinee pi > r. Raising to the power 1/r both sides of the inequality we obtain (7).0 

The result presented in the following eorollary will be useful latero 

Corollary 2.1 Let 1 :S p < 00 and w E Ap. If f E BMO� (R) then there exists a 
nurnber q > 1 such that fE Lioc(R) . Moreover, for any finite intervalI we have 

IlfIILq(I) :S Cllfll</>(IIl)w(I)III�-l. 

Proof. Sinee w E Ap, it satisfies a reverse Holder inequality, i . e . ,  there exists {J > 1, 
depending only on p and on the Ap eonstant for w, su eh that , for every interval 1 ( ) 1/(3 

I�I f ,v'dx 
:S I�I f w(.r.)dx, 

with a eonstant e not depending on 1 (see [2]). Next let us ehoose q > 1 and s> 1 
sueh that 1 < qs :S pi and �s�l

l :S {J. So the reverse Holder inequality also holds for 
q:�ll. Using the previous theorem,  we will have 

(/ IfllJdx)ljq = (/ Iflqw�w�dx)ljq 
1 1 

:S (/ Ifl'1Sw1-'1sdx) l/'1s (/ w (qS;l) s' dx) l/'1s' 

I ¡ 
= (/ IflqSw1-QSdx)lj'1S(/ w'1f1 dx) s;/ 

1 1 
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1 0  MARCELA MORVIDONE 

� ellfll<p(111)(w(I))1/qs[( 
I
�
I ! w� dX):q-=-

l
ll� 1118;'/ 

1 

� ellfll<p(111)(w(I))1/qSI[I �- t.- _
1

_1 (W(I))1-t.-
1111- qs 

= ellfll<p(11I)w(I)111�-1. 

for any fixed interval 1 e R, and we obtain the desired result o  o 

3 Hilbert Transform 
Let f be a measurable function in R. We define the operator 

1lf(x) = lim ! [_1_ + X(y) ] f(y)dy 
f-¡O+ X - Y Y 

Ix-yl>f 

where X(y) is the characteristic function of Iyl > 1, provided the limit exists for 
almost every X. We denote by H f the Hilbert transform, i . e . ,  

Hf(x) = lim ! -l-f(y)dy. 
f-¡O+ X - Y 

Ix':"yl>f 

lt is easy to see that if 1lf and H f both exist for almost every x then they differ 
by a constant . This is the case if, for example , f E V, 1 � p < oo .  However 1lf 
may exist while H f may not o As we will see later this happens , for example, when 
f is a constant function. 
It is known that the Hilbert transform H f is bounded in L� if and only if w E 
Ap,l  < p < 00 [3]. Moreover, for the case p = 00 it is shown in [5] that the operator 
1l previously defined is bounded from L OO(w-1) = {J : Ilfw-11loo < e} in BMO(w) 
if and only if 4' E H(l, 00 ) n Aoo. The next theorem shows that 1lf is well defined 
for f E B M O� ,w E H (<p, 00 ) n Aoo and that it is also a bounded operator. In 
particular, if <P == 1 we have an extension of Muckenhoupt and Wheeden's result ,  
since LOO(w-1) � BMO(w). 

Theorem 3.1 Let f E BMO�(R). Jf w E Aoo n H(<p, 00 ) then there exists a 
constant e such that 

w(I)� (IJI) ! l1lf(x) - (1lf)¡ldx ::; ell!11 for every J e R, 
1 ' 

i.e., 1lf is a bounded operator from BMO!(R) into itself. 
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Proof. To prove that the Hilbert transform is well defined over BMO� we will 
show first that if e is a constant then He = o. We only need to prove this for 

e = 1. In that case we have 

Note that 

H1 (x) = lim J f-tO 
Ix-yl>f 

(_1_ + X(y)) dy. x-y y 

lim lim J X(-R,R) (x -y) (_1_ + X(y) ) dy = o. f-tO R-too X - Y Y 
Ix-yl>f 

In fact, if E and R are fixed numbers such that O < E < R, then 

J 
R>lx-yl>f 

1 --dy=O. x-y 

AIso, if Ixl > 1, considering R > 21xl and E sufficiently small ,  we have 

Ixl+R 

J t dy = sg (x) J t dy - J t dy 
R>lx-yl>f R-Ixl Ix-yl<f 

1Y1>1 

= ±  ( ln (Ixl + R) - In (R - Ixl)) - J t dy, 
Ix-yl<f 

(8) 

therefore, the first term tends to zero if R -+ 00 and the second tends to zero if 
E -+ O. 
When Ixl < 1 and R > 2 we only have the first term and taking lim we obtain the . R-too 
resulto 
On the other hand, it is easy to see that 

In fact 

J 1_1_ + X(y) 1 dy < oo. x-y Y Ix-yl>' 

J Ix�y+
X
�
Y)
ldY= J Ix�YldY+ J l-x�-y +tldY. 

Ix-yl>f Ix-yl>f Ix-yl>f 
Iyl<l Iyl>l 

It is easy to check that the first term is finite. AIso 
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12 MARCELA MORVIDONE 

! IX�y +tldY= ! Ix�
x�IIYldY+ ! 

Ix-yl>- Ix-yl>f Ix-yl>f 
lyl>l IYI>2Ixl 2Ixl>lyl>1 

lyl>l 

1_
1_ + �ldY x -y y 

sclxl ! 1 :1 2dY+ ! (IX�YI+ltJ)dY, 
lyl>2lxl 3Ixl>lx-yl>f 

2Ixl>lyl>1 

and this shows that both terms are finite. Using Lebesgue's dominated convergen ce 
theorem, from (8) we obtain 1-l1 = O, as stated. 
In order to see that 1-lf(x) is finite almost everywhere we may write 1-lf(x) 
1-l(J -f¡)(x). Let x E 1 = (-R, R) and R> 1/2 . Then 

1-l (J-f¡ ) (x) = lim ! ( _1_ + x (y)) (J(y)-f¡) dy . f�O X - Y Y 
Ix-yl>f 

= lim ! (_1_ + x (y)) (J (y) -f¡) dy + f�O . X - Y Y 
Ix-yl>f 
lyl>2R 

+ lim ! (_1_ + x (y)) (J (y) -f¡) dy f�O X - Y Y . 
Ix-yl>f 
lyl<2R 

= T1(x) + T2(x). 
For the first term note that Ix -yl > Iyl-Ixl > Iyl-R > Iyl /2 , so using Lemma 
1.2 and the fact that w E H(cp, (0 ) , we have for x E 1 

IT1(x)1 S l im ! 1 ( x
) IIf(Y) -f¡1 dy f�O x -y y 

Ix-yl>f 
lyl>2R 

< 2R J If(y) -f¡ld - lyl2 
y 

lyl>2R 

< 2R ! If(y) -f¡ld - lyl2 y 
lyl>R 

S 2Rc Ilfll J w (Y��
2
(lyl) dy 

lyl>R 

S e Ilfll w(I)cp (11 1 ) 111-1 . 
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On the other hand 

T2 (x) = lim f _1_ U(y) -f¡) dy + lim f 
,-+0 X -Y ,-+0 

Ix-yl>' Ix-yl>' lyl<2 R 2 R>lyl>1 

f(y) -f¡ d y. y 

13  

From Corollary 2 . 1  we know that there exists a number q > 1 such that f (y) - f¡ E 
Lioc' Since Hg(x) is finite for almost every x when 9 E U, considering g(y) = 

X( -2 R,2 R) (y) U (y) -f¡) we condude that the first term is finite a .e .  The absolute 
value of the second term is bounded by 

f If(y)-J¡l d < f If( )-f l d < 
Iyl y - y T Y 00, 

2 R>lyl>1 lyl<2 R 
because f(y) -f¡ E Ltoc' We have shown then that 1lf(x) is finite for almost every 
x E J. Letting R ---+ 00 our daim is completely proved. 
To get the norm estimate let J be any finite interval . Since 1le = O when e is 
constant , we have that 

1lf(x) = 1lU -f¡)(x) 
Let g(x) = U -f¡)(x). Then 1lf(x) = 1lg(x). 
If 1 = 21, we put 9 _= gl + g2, with gl = gX¡ and g2 = gX(1)c where (I)C denotes 
the complement of J. Then 

f l1lf(x) -(1lJ)¡l dx = f l1lg(x) -(1lg)¡l dx 
¡ ¡ 

::; f l1lg1(x) -(1lg1)¡l dx + f l1lg2 (x) -(1lg2 )¡l dx 
¡ ¡ 

= JI + J2 

Since w E AXl and BMO!(R) , using Corollary 2. 1 we obtain that there exists 1] > 1 
such that f E Lioc(R) and therefore gl E U(R). Then we have that 1lg1 = H gl + e 
and so 

f l1lg1(x) -(1lg1)¡l dx = f IHg1(x) -(Hg¡)¡l dx 
1 ¡ 

::; 2 f IHg1(x)l dx. 
¡ 

Now, using Holder's inequality and the fact that the operator H is of strong type 
(q, q) for q > 1, we have 
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J IHg¡(x)ldx ::; (J IHg¡(xWdx)¡/qIIII/ql 
¡ ¡ 

::; (/ IH91(xWdx)l/qIIII/ql 
R 

::; C(J Igl(XWdx)l/qIIII/ql. 
R 

Let us estimate IlgIIILq(dx) = (J If - f¡lqdx)l/q. 
¡ 

¡ ¡ 
= 211f11Lq(T) + A2 
= Al + A2• 

¡ 

Corollary 2.1 gives us a bound for Al. Now, let us estimate A2. 

A, � (¡ Ih - hl'dX) 'l. 

= Clf¡ - hllJII/q 

::; C 
I�I J If - hldx IJII/q 

¡ 

::; C I
�
I J If - hldx IIII/q 

¡ 
::; Cw(J)e/>(IJI)IIII/q-l llfll· 

We have used the fact that f E BMO�(R) in the last inequality. 
Therefore 

where we used the doubling condition for w. Finally, 

J 11lgl(x) - (llgl)¡ldx::; C Ilfll e/> (111) w(I). 
¡ 
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WEIGHTED BMOI/J SPACES AND THE HILBERT TRANSFORM 15 

Now, we will estimate 12 using Lemma 1.2 and the fact that w E H (cjJ, oo). Let Xo 
denote the center of 1 and put R = �, then we have 

IHg2(x) -H.92(Z)1 = ! (_1 ___ 1_) g2(y) dy x-y z-y 

Therefore 

when x, z E 1 . But since 

Te 
! Iz-xl 

:::; 1 1I I Ig2(y)l dy x-y z-y 
Te 

:::; Iz-xl ! 

:::;Glll ! 
1I -Irl dy 

Ix -yllz -yl 

11-f¡ld y Ixo -yl2 

:::;Gllllllll ! w(y)cjJ (Ixo -yl) dy Ixo -yl2 
Ixo-yl�R 

= C!11-1cjJ(lll)w(I)11111 

! IHg2(x) -(Hg2)ll dx = ! IHg2(x) -I�I ! Hg2(z) dzl dx l l I 

using (9) we have 

= 
! II�I ! H.92(X)dz -I�I ! Hg2(z)dzl dx 
l I I 

= ! I�II ![H92(X) -Hg2(z)] dzl dx 
l ¡ 

:::; I�I! 
! IHg2(x) -Hg2(z)l dzdx, 

¡ ¡ 

! IHg2(x) -(Hg2)¡l dx :::; 
1
�1111

2Glll-1cjJ (111 ) w(I)11111 
¡ 

(9) 
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that is to say 

J l1lg2(x) - (1lg2)¡ldx S e ci> (IJI) w(I)lIfll· 
¡ 

Putting together the estimates for 1lg1 and 1lg2 we obtain the desired resulto o 
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