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ABSTRACT. In the present paper,  we study the appro x i mat ion  of unbounded 
eont inuous funet ions  of exponential  growth by the l i near eombi n at ion  of a new sequenee  
of l i near pos i t i ve operators . First , we d i  seu ss a Voronoskaj a  type asymptot i e  fo rm u l a  and 
then obtai n an error est imate i n  terms of the h igher order modu lus  of e o n t i n u i ty o f  the  
funet ion be i n g  approx imated. 

1 .  INTRODUCTION 
In [ 1 )  we i n trodueed a new sequenee of l i near pos i t i ve operators M il to appro x i mate a 
e l ass of unbounded eont inuous funet ions of exponent ia l  growth on the i n terval [O , co ) as 
fo l lows :  
[et a > O and  ! E Ca [O, 00 ) = ( f E C[O, 00 ) : I! ( t) I :::; M e a t for some M > O } . Then, 

� 
( 1 . 1 )  Mil (f (t ) ; x ) = nI pll,v Cx) fqll , v- ¡ ( t ) ! (t )dt + ( 1 + x) -

n
! CO) , 

v= 1 O (n + V - I ) v -n-V 
e - Il l ( nt ) v 

where pIl V Cx ) = x ( I + x) , x E [O , oo ) , an d qn . v ( t ) = , I E [O, co ) .  , v V i  

T h e  spaee Ca [O, oo) i s  normed by 1 1! l le = sup 1 ! (t ) l e -a l ,f E Ca [O, oo ) . A l te rn at i ve l y , 
a O::;I <� 

the operator ( l . l )  may be wri tten as Mn (f (t ) ; x) = fWn Ct , x)! ( t )dt , where the kerne l  
O 
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00 
Wn ( t ,  x) = n ¿ P n ,v (x) q n ,v- I ( t )  + ( l  + x) -n 

o(t ) , o(t )  being the Dirac-delta funct ion.  
v=1 

The operator ( 1 . 1 )  was studied for degree of appróx i mation in s i m u l taneous 
approximation i n  [ 1 ] . It turned out that the order of approx imation  of the operator ( 1 . 1 )  

is ,  at best, O(n - 1 ) howsoever smooth the function may be. Therefore, in  order to 
improve the rate of convergence of the óperators ( 1 . 1 ) , we appl y  the techn ique of l inear 
combinat ion in troduced by May [4] and Rathore [5] to these operators . The 
approx imation process is defined as : 

Fol lowing Agrawal and Thamer [2] , the l i near combinat ion M il ( J ,  k ,  x) of M d ll ( J ;  x) , I 
j = 0 , 1 ,  . . .  , k is defined as : 

( 1 .2 )  1 M n ( J , k , x) = -L1 

M don (J ;  X) 

M dlll (J ; x) 
. . . . . . . . . . . . . . . .  

M d n ( J ; x) . k 

dO - 1 do -2 do  -k 
d - 1 I d -2  I d -k I 

dk -1 dk -2 d k r-k 
where do , d I " ' " d k are k + 1 arbi trary but fixed d ist inct posi t ive integers and L1 is the 

Vandermonde determinant  obtained by  repl ac ing  the operator co lumn of the abo ve 
determinan t  with  the entries 1 .  On s impl ification, ( 1 .2 )  is reduced to 

k 
( \ . 3 ) M n ( J ,  k , x) = ¿ C( j, k ) M djn ( J ;  x) , 

j=O 

rr ] , k # O  
where C(j , k )  = i=O d j  - di 

¡ k  d .  

1 '"  ] 
1 , k = 0  

The obj ect of the present paper is  to show that by ták ing (k  + 1 ) /h l i near combinat ion  of 

the operators ( 1 . 1 ) , O(n - ( k + I ) ) rate of convergence can be achieved for (2k + 2) t imes 

continuous ly  d i fferentiable functions on [0, 00) .  AIso, the determinant form ( 1 .2 )  of the 

l i near combi nat ion makes the determination of the polynomials  Q ( 2k + I , k , x) and 

Q(2k + 2, k,  x) occurrin g  i n  the fol lowing Theorem 1 of th is  paper qui te easy .  

2. DEGREE OF APPROXIMATION 
Throughout our work, let NO denote the set of nonnegat ive integers, 

O < a l < a 2 < b2 < bl < 00 and 11 . lba,bl ' the sup-norm on C[a, b] . To make the paper 

self contained, w,e restáte below two lemmas from our paper [ 1 ] . 
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Lernrna 1 .  Let the mIl! order moment (m E NO ) for the operators ( 1 . 1 )  be defi ned by  
� 

T/l ,m (x) = M/l ( ( t - x)
m

; x) = n ¿ P/l ,V (x) fq/l , V- l ( t )( t - x)
m dt + (_x)m ( 1 + x) -/l • 

Then T/l ,O (x )  = 1 ,  T,l , l (x )  = O and 

v= l o 

nT/l ,m+ l (x )  = x( l + x)T�,m (x) + mT/l,m (x) + mx(x + 2)T/l ,m_l (x) ,  m � l .  
Further, we have the fol lowing consequences of T/l ,m (x) : 

( i) Tn ,/11 (x)  i s  a polynomi aI i n  x of degree m, m 1= l ; 
( 1' 1' ) f [O  ) T ( ) - O( -[ Im+l ) 1 2 ] ) • or every x E , oc ,  Il ,m x - n , 

35 

( i i i )  the coeffic ients of n-k i n  T/l , 2k (x) and T/l , 2k-l (X ) are (2k - I ) ! '  {x(x + 2 )Y and 

C xk (x + 2) k - l (x 2 + 3x + 3)  respecti vely,  where C i s  a constant depend ing  on l y  
on k a n d  ! !  denotes the semi-factorial function. 

Lernrna 2. Let 6 and r be any two pos i t i ve real numbers and [ a , b ] e (0 , 00)  . Then, for 
any m > O we have,  

sup n¿ p/l,v (X) fqn , v- l ( t ) e Yl dt = O(n -m ) .  
xE [a ,b ] v=l I I-xl;::" 

First, we pro ve the Voronoskaj a  type asymptotic resul t  for the operator M n ( f ,  k ,  x) . 

THEOREM 1 . Let f E Ca [O, oc) and f i2k+2 ) exis ts at a poin t  X E [O, oc) . Then 

(2 . 1 ) 

and 
(2 .2) 

. k + l [ ] 2�2 f lm)  (x) 
hm n M n (f , k , x) - f(x) = L.. Q ( m , k , x ) /l�� m=k +2 m ' 

l i m  n k+ l [ M n (f , k  + I , x) - f (x) J = O , 

where Q(m,  k ,  x) are certain polynomials  i n  x of degree m .  Moreover, 
k 

Q(2k + l , k , x) = (�1) C ;/ ( x + 2) k- l (x 2 + 3 x + 3 ) 

and 

TI d) 
)=0 

(_ l) k { }k + l  Q(2k + 2, k , x) = -k-- (2k + l) l ! x (x + 2) , 

TI d ) 
)=0 

where C is a constant  dependi n g  on ly  on k . 
Further, i f  f I 2k + l ) ex i sts and i s  abso lute ly  cont inuous over [O , b]  and f I 2k +2 ) E L� [O , b l ,  

then for any [ e ,  d ]  e (O ,  b) there ho lds 
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(2.3 ) I I M n (J , k , x) - f (x)11 5, M n -(k+ I ) [ l lf l l + !!f ( 2k+ '2.
l ! ! ] ,  C[c.d]  Ca L,. [O.b j 

where M is a constant independent of f and n . 
Proof: S ince f < 2k +2 l ex i sts at X E  [0, 00 ) , i t  fo l lows that 

2 k+2  j' ( m l ( ) f - " x m 2 k+ 2  ( t ) - L.. I ( t - x) + E( t , X) ( t - x) , 
m=O m .  

where E( t . X ) � O  as t � x .  
In v iew of M il ( \ ,  k ,  x) = 1 ,  we can wri te 

2k+2 f (m l ( ) n k+ I [M ,, ( J , k , x) - f ( x) ] = n k+ 1 I x 
M n ( ( t - x) m , k , x) . m=1 m !  

k k+1 " C ' 2k+2  + n  ¿ ( j , k ) M djn (E(t , X)( t - x) ; x ) 
)=0 

= 1 I + 1 '2.  , say. 
Using Lemma 1 ,  we h ave 

T PI ( x) P2 ( x) p[m l 2 ] ( x) 
djn .m ( x) = (d , n ) [ (m+l l / 2] + 

(d , n ) [ (m+l l l 2 ]+ 1  + . . . + 
(d n) m-I ' 

J J J 
for certa in  po l ynomia ls  P¡ ,  i = 1 , 2 , . . . , [m / 2] in x of degree 
C learl y,  

k I C( j ,  k )  Td} I1 , 11I (x) 
)=0 

PI (x)  P2 (x)  l[m I 2] (x) 1---'-'---,,::- + + . . .  + -'---'--
(don ) [ (m+ l l / 2] (don) [ (m+l l I 2 J+ I (don) m-: I 

do 

at most m .  

- 1 do -2 

PI (x) P2 ( x) l[m l 2 j ( .t) ----'--- + + ' "  + -=----"--= t, ( d 1 n ) [ ( I1l+ l l l 2 ] (d l n ) [ (m+ l l / 2 ]+1 (d l n ) I1l- 1  
d -1 1 d l -

2 

dk 

( 2 .4) 

= n -( k + l l ¡ Q( m, k , x) + o( l ) } ,  m = k + 2 , k + 3 , ' : ' , 2k + 2 .  
2k+2  f (m ) (x) 

So, 1 1 is determined by I Q(m, k , x) + o( l ) . 
m=k+2 m !  

-1 d k -2  

1 -k (. O 

d -k I 

The express ion for Q ( 2k + 1 ,  k ,  x) and Q(2k + 2, k ,  x) can be eas i l y obtai ned from 
Lemma 1 in (2 .4) . Hence in order to prove (2. 1 )  it suffices to show that 
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1 2 � O as n � oo .  For a given e >  O ,  there ex i sts a 6 >  O such that I € ( t .  x)1 < E ,  

whenever It - xl < O ,  and for I r - xl � o ,  there ex is ts  a constant  K > ° such that 
Ic( t ,  x) 1 ( t  - x) 2k +2 � K e IX1 • 

Let cp r5 ( t ) be the character ist ic function of the interval (x  - 6, x + 6) , then 
k 

1 / 2 1 � n k +1 I ICu, k) 1 M djn ( IE( t ,  x) 1 ( t - x) 2k+2 cp 15 ( t ) ;  x) 
j=O . 

k 
+ n k+ 1 I I C(j, k ) 1 M d jn ( Ic(t , x) 1 (t - x) 2k+2 ( 1 - .p r5 ( t » ; x) := 1 3 + 1 4 . 

j=O 

Again, us i ng Lemma 1 we get 1 3  � E n k+I (± IC ( j , k ) ll max {Tdjl1 . 2k +2 (X) }< K I E . 
j=O 05.J5.k 

Now, app l y i n g  Schwarz i nequal i ty  for integration and then for summation and Lemma 2 
we are led to 

k 
1 4 � K n k + 1 I l c( j , k ) I M dJ I1 ( e U ¡  ( l - CP 15 (t » ; x ) = n k + I O ( n -m ) , for any m > O . 

} =O 
= O(n k + l -m ) = 0( 1 ) for m >  k + l .  

S i nce E > ° i s  arbi trary, i t  fo l lows that 1 3 � O for suffic ien t ly  l arge n .  Combi n i ng  the 
est imates of  1 3 and 14  we conclude that 1 2 � ° as n � 00 • The assert ion (2 .2)  can be 

pro ved I n  a s imi l ar manner as Mn ((t - x) m , k + l , x) = 0(n -(k+2 ) ,  for al l 
m = k + 3, k + 4, . . .  ,2k + 2 . 
Now, we sha l l prove (2.3 ) .  Let 't' (t)  be the characteri s t ic  funct ion of  [O,b ] ,  then 
M 1 1  ( (f , k , x) = M 11 ( 't'  ( t ) (f (t) - f (x» ,  k , x) + M 1 1  ( ( 1 - 't' ( t »  (f (t) - f ( x » , k , x) 

:= 1 5  + 16 ' 
Proceedi n g  as i n  the estimate of 14 , we have for al l .1 E [e ,  d ]  , 

1 6 � I lf ll e O(n -m ) , where m >  O . 
a 

From the h ypothes i s  on f , we can wr i te ,  for a l ]  t E  [O , h ] and X E [e , d ] , 

2k + 1 f ( i )  ( t) . l I 
f(t ) - f (x) = I . '  ( t - x) ' + f( t - w) 2k+ 1 f ( 2 k+2 ) ( w) dw .  

. ;= 1  i !  ( 2k + 1 ) ! x 

Therefo re 
2k + 1 f ( i )  (x )  i 15 = 2: . ,  M n ('t' (t ) (t - x) , k , x) 
i= 1 l .  

I 

+ 1 M n ('t'(t) f( t - w) 2k+ 1 f ( 2k +;2) ( w) dw, k , x) 
(2k + 1 ) ! x 
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2k +1 f U) (x) { i  i } = ¿ . , M n ( (t - x) , k , x) + M n ( (\f'(t ) - I) ( t - x) , k , x) 
i= 1  l .  

t 
+ 1 M (!P(t) f( t - w) 2k+ ' f ( 2k+2 ) ( w) dw k x ) (2k + 1 ) ! 

Il ' , 
x 

2k + 1 f ( i ) (x) 
:= ¿ . , {/ 7 + I s } + 19 '  

i= 1 l .  

In v iew of (2.4) , we h ave 17 = O(n- ( k+ I » , un i formly for al l x E [c , d ] . S i nce tp ( t )  i s the 
character ist ic funct ion of  [O, b ] and X E [c , d ] , we can choose a >  O such th at I t - xl ::: a .  
Using Lemma 1 ,  we have Is = O (n -(k+ I » . Again ,  app ly ing  Lemma 1 ,  we get 

1 1 /9 11 C[ a .h ] ::; K 2 n -( k+ l ) I lf ( 2k+2) 11 L.., [O,h 
l '  Combin ing  the estimates of 1 7  - 19 , we have 

1 1 /5 1 1 ::; K3 n - (k+ , ) ( 2f ' l lf ( i ) 1 1 + I lf ( 2 k+2) 11 l .  i=1 C[ a ,h ] L.,, [O.h ] 

Now, app ly ing  Goldberg and Meir [3 ]  property, the requi red resu l t  i s  immedi ate. 
In our next theorem we estimate the degree of approximation of M n U , k , x )  to f ( x ) i n  
terms o f  the h i gher order modu lus  o f  continu i ty  of f .  
Theorem 2. Let f E  Ca [O, oo) . Then, for suffic ien t ly  l arge n , there e x i sts a c o n stant  M 
i ndependent of n and f such that 

(2 .5 ) 1 1 f l l < M ) . - 1 / 2 b -( k + l l l l 11 \ M n U , k , . ) - C[az ,hz ] - L 0)2k+2 ( j , n , a l , I ) + n f c" j .  
2k+' � 

Proof: For f E  Ca [O, oo) , the Steklov mean fl],2k+2 (X) E C - of ( 2k + 2 )  order l S  
defined as 

1l -( 2k +2 ) 1l /
f
2 1l /

f
2 r k -( 2k+2

) 
(2k + 2 J 

1 2nk +2 
fTj , 2k +2 ( x) = ( J . , . (- 1 ) f.. 2k + 2  f (x) + f ( x) duv , 2k + 2 -Tj / 2 -Tj / 2 ¿ uv k + 1 v = 1  

k + 1 v = 1  

where (k  + 1 ) 2 r¡ < min{az - al , bl - bz } and ¿j�r i s  the r t}¡ symmetr ic d ifference  ope rator 

defi ned by :  
2k+2 (2k + 2J 2k+2 

f.. �I( Z
k+2 ) f (x) = � (_ I ) i i f (x + ( 2k + 2 - i ) �uv ) .  

Then the func t ion  fl] , 2 k + 2  (x )  has the fo l lowing  propert i es :  
(2 .6 ) 1 1 Pk+"' l l l -pk+2) f b fl] ,2k+2 ::;M l r¡ - úJ2k+2 (  , r¡, al ' 1 ) ; C[a2 ,h2 ] . 
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(2 .7 ) I lf - fr¡, 2k+2 11c¡a2 ,b2 1 '.5, M'2 úJ'2k+2 (J , !J, a\ , b\ ) ; 
(2.8 ) I lf11 , 2k+2 11 c¡a2 ,b2 1 '.5, M 3 1Ifll e[al ,� 1 '.5, M 4 1 1fll e" ' 

39 

where M 4 = M 3 e � , Mi ' S are certain constants depending on k on ly  and 

úJ2k+2 ( J , 7], a\ , b \ ) i s  the modu lus  of continuity of order 2k + 2 correspond i n g  to f : 

úJ2k+2 (J , !J, a \ , b\ ) = sup 1.0. �Jk +2 f (x) l . [ /¡ [:>/] x,x+( 2k+2) /¡E [al '� 1 
Now, in order to pro ve (2.6),  notice that 

k (2k + 2J 2k+' 
(- 1 ) k + 1 7] - fn , 2k+2 ( x) 

11/2 11 / 2  [ 2k+2 J (2k + 2J 2k+2  k ( 2k + 2 J 1 2k + 2 
= -) 2 -) 2 � (- 1 )  i 

f (x + (k + l - i ) � U v ) + (- l ) k + l 
} ( x )  !]dll v 

= I _1 [ i��2 
(- 1)

i (2k : �J f (X + Ck + l - i)2��v )] 2!j2dUv 
i;tk+ \ 

r¡ 1 2  

= f 
-/] 1 2 

11 / 2 
= f -11 1 2  

S ince 

/] / 2  [ k (2k + 2J 2k+2 
-
)

2 
� (_ 1 ) 1 i f (x + (k + 1 - i) � U v )  

2k+2 . (2k + 2J 2k+2 ] 2k+2 
+

i=
t.

2
C- 1 ) 1 ¡ f (x + (k + l - i) � Uv )  D duv 

11 1 2 k . (2k + 2J {  2k+2 
-
)

2 
� (- 1 ) 1  

i 
f (x + (k + l - i )  � Uv )  

d 2k+2  11 / 2 11 / 2 [ 2k+2 2k+2 ] 2+2 
2k +2 f f f(x + ¡: >v ) + f (x - ¡: >v )  IT duv  = 2 .0. �( 2k + 2 ) f ( x ) ,  

d x -11 / 2 -11 1 2  v=\ v=\ v= \ 
and úJ2k + 2 ( J ; lk + 1 - ¡ 1 7]) '.5, Ik + 1 - il úJ2k +2  (J ; 7]) , we have, 

1 1 ( 2k+2 ) 1 1  
T] -( 2k +2) k i (2k + 2J -( 2k+2 )  f 11 , 2 k+2 e[a b 1 = (2k + 2J I (- 1 ) ¡ 2.0. ( k + \-i ) f ( x) 

2 ,  2 1=0 C¡a l ,hl 1 
k + 1 
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Tl-( 2k +2) k (2k + 2) 
� (?k ? ) 2I . (k + l - i) 0J2k + 2 ( f , Tl, a ¡ , b¡ ) 

- + - i =O 1 
k + I  

and thus (2 .6 )  fo l l ows.  
From the defi n i t ion  of f r¡,2k + 2 ' we have 

,, / 2 ,, / 2 2k+2 
I f - f" , 2k+2 1 � ( 2k: 2) f . . .  f � ��:�+2) f (x) I1 duy -,, / 2  -,, / 2 ¿ llv y=1  

k + 1 v = !  

� M I OJ2k+2 ( f ; Tl (k + 1 ) , a ¡ , b¡ ) � (k  + 1 )  M ' OJ2k +2 ( f ;  Tl, a l . '  b ¡ ) 
=M 2 OJ2k+2 (f ; Tl, a ¡ , b¡ ) for al l x E [a 2 , b2 ] , 

which proves (2.7).  The proof of the inequal i ty (2 .8)  is triv ia l  and therefore we omit  i t .  
Now, we shal l prove (2.5). we can write 
M n (f , k , x) - f (x) = M n (f - fr¡,2k+2 ' k , x) + ( fr¡, 2k+2 (x) - f (x» 

+ (M n (fr¡,'f.k+2 , k , x) - fr¡.2k+2 ( X» = I ¡ ( x) + 1 2 (x )  + I J (x ) , sayo  
From (2 .7)  we have 

1 1 / 2 1 I c [a� .b2 1 � M 2 OJ2k+2 (f ;  1], a l , b ¡ ) = M 2OJ2k + 2 (f ;  n - 1 / 2 ,  a l ' h¡ ) .  

Next, proceed ing  as i n  the est imate of 14  i n  the prev ious theorem, we h ave 

and 
00 

k • 
I / ¡  (x) 1 � I IC(j , q fWd}n (t , x) lf (t ) - f",2k+2 ( t )I d t 

j=O O 

fWd ¡n ( t , x) lf ( t ) - fr¡,2k+2 ( t ) l d t = f + f 
O ! r-x!�o ! r-x!>o 

� llf - fr¡ ,2k +2 1 1 + Km n -m I lf l l c , for al l m > o ,  C[aro,bro] a 
where, 0 < min { a 2 - a ¡  , b¡ - b2 } .  Hence, again in view of (2 .7)  

1 1 / ¡ I I C[a2 ,b2 1 � M 2 OJ2k +2 (f ; n - 1 /
2

, a l '  b¡ )  + K m n -m l li l l ca • 
Final l y, in order to est imate I J  (x) , we observe that by  Taylor expans ion  

1 k +2 f ( i )  ( ) . -I r¡, 2k+2 x i i ( 2 k+2 )  2k + 2  (2.9) ir¡ ' k + 2  ( t ) = . ( t - x) + fr¡ 2k + ' (�)  (t - x)  , , -
i=O l !  ( 2k + 2) ! ' -

where � l ies between t and x .  Operating  M ( . , k , x) on (2 .9)  and separat i n g  the 
in tegral in to two parts as i n  the est imation of I¡  (x) , from Lemma 1 and (2 .4)  we are led 
to 
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2k+2 
< lA' -(k+ l )  � I lf U ) 1 1 K -1M I lf 11 - 1Y1 5 n L.. 1l , 2k+ 2 + 1M n 1l . 2 k + 2  • 

i= 1  C[" , .b , ] Cu 
Using [ 3 ] ,  we get 

I lf�:�k +2 1I C [G2 ,b2 1  � M 6 ( 1Ifr¡, 2k +2 II C[ a" b2 ] + 1 !J�,22�:�La, .h, ] ) ' 
and choos i ng  m � k + 1 , we have further that 

11M 1 1  (fr¡, 2k +2 , k , . ) - fr¡, 2k +2 11 C[ Q2 .b2 ] � M 7 n -( k+ l ) (1Ifr¡, 2k +2 1I ca + I lf �.�kk:� II C[G2 .b2 ] ) ' 
Now, app l y i n g  (2 .6) ,  (2.8 ) and the defin i t ion of fr¡, 2k+2 we get : 

\ \ 1 3 [ [ C [G2 ,b1 ]  � M 8 (W2k+2 ( f ;  n -1 / 2 , a l ' b1 ) + n -( k + l )  [ [f [ l ea ) .  
Combini ng  the est imates of 1 1  ( x )  - 1 3  (x) w e  obtai n (2 .5 ) .  
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