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ON CONVERGENCE OF DERIVATIVES OF A NEW SEQUENCE OF
LINEAR POSITIVE OPERATORS

P.N. Agarwal and Ali J. Mohammad

ABSTRACT. In the present paper, we introduce a new sequence of linear positive operators
to approximate a class of unbounded continuous functions of exponential growth on the
interval [0.0). First, we study the basic pointwise convergence theorem in simultaneous

approximation and then proceed to study the degree of this approximation.

1. INTRODUCTION
Let C[0.00) denote the class of all continuous functions on the interval [0,). For a >0 and
1 €C,[0,0)=:{f€ C[O,oo):lf(t)\ <Me®*" for some M >0}, we define a sequence of linear

positive operators M, as

(oo

(1.1) M, (F@0:x) = 1Y Py () [aya (O S ()l +(1+3)7" £(0).
0

v=1

,—ht \4
—('L”—~, te[0,00).

n+v-1y) , ey e
where p, ,(x)= x"(1+x) , x€[0,),and ¢, , ()=
v

The space C,[0,0) is normed by “f = sup |f(l)|e"a’,feCa[O,oo), Alternatively, the
0<t<o0

-~
(’(l

operator  (1.1) may be  written as M, (f()x)= JW,, (t.x)f(t)dr,  where
0

x
W, (1x) = ”Z Py X))+ A+ x)7"6(1), 6(1) being the Dirac-delta function.

v=l
The object of this paper is to study some direct results in simultaneous approximation of the
operator (1.1). Some important references for the study in this area are [2-4].
The study in simultaneous approximation (the approximation of derivatives of function by the
corresponding order derivatives of the operators) was initiated by Lorentz [6], who established
the pointwise convergence theorem in simultaneous approximation for Bernstein polynomials
on [0,1]. His method for the pointwise convergence in simultaneous approximation has been
successively applied by several workers to other operators (cf. [1], [5], [7] etc.).

KEY WORDS: Linear positive operators, Simultaneous approximation, Degree of
approximation, Modulus of continuity.
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2. DEFINITIONS AND AUXILIARY RESULTS

Let N% denote the set of non-negative integers. For m e N?, let the m —th order moment of

© m
v

the Lupas operators is defined by #,, ,(X)=Y_ p,, (x)(——xj .
v=0 h

LEMMA 1 [7]. For the function ,,,,(x), we have 4, o(x)=1, g, ;(x)=0 and there holds
the recurrence relation
Pt st (5) = (1 2) 1y () % Mty ) ()], X m 2 1.
Consequently, we have
(i) M, m(x) is a polynomial in x of degree at most m;

(iiy  forevery x €[0,00), 1, ,(x) =0(n7"N/2]) where [B] denotes the integer part of /.

Let the m —th order moment (m € N?) for the operators (1.1) be defined by

Tom(x) =M, ((1—x)";x) = ni Py (%) J'qny_, O=x)"dt +(-x)" 1+ x)™".
v=l

LEMMA 2. For the function 7, ,,(x), there fololow T,0(x)=1,T,;(x)=0 ;md
(1.2) AT, e (X) = x(1 + x)T,;’m (x)+mT, . (x)+mx(x+2)T, . (x),m=1.
Further. we have the following consequences of 7, ,,, (x) :
(i) T, (x) is a polynomial in x of degree m, m #1;
(i) forevery x €[0,0), T, ,(x) = O(n /2y
(iii)  the coefficients of n % in Toop(x) and T,,,(x) are C {x(x + 2)}k and

C, xk'l(x+2)k_2(x2 +3x +3) respectively, where C; and C, are some constants
dependent on k.
Proof: It is easy to show that 7, ((x)=1and7, (x)=0. Next, we prove (1.2). For x =0, it

clearly holds for all m >1. For x € (0,), we have

()t = x)"" dr

nv—|

Trm(®) =0y A0, () [a,, (O-x)"di-mp, (x)[q
v=] 0 0

—m(=x)" 1+ x) ™" = n(=x)"(1+x) "
Since x(1+ x)p,’l ) (x)=(-nm)p,  (x) and tq'; , (1)=(v-nt)yq,, (1), we have
x(1+ 20T, (x) |

X

=ny (v- nx)p,  (x) Iq”.‘,_l () = x)™dt = mx(1+ x)T,, g (x) + 0(=x)" (1 4+ x) 7"
0

V=

= nz p,, (x) I(v —-nx)q, (O =x)"dt =mx(1+ x)T,, .y (x) + n(—x)™ 1+ x)"
v=1 0
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—anw(x)j(v—l—m+1)q,,v_,(:)(z-x)"'dr+nzzp (x)jq,,v,(z)(t x)™ g

v=l . v=|

—mx(1+4 x)T,, ey (X) + n(=x)™ (1 +x)™"

= Z ny (X)thnv I(’)([ x)mdl +HZP (x) J.qnv l([)(t_x) dr+nT, m+l(x)
v=]

=mx(1+x)T, .y (%)
= ”Z p,, () Jq;_v_l () - x)™dr + xny. p,, (¥ jq',,“,_l (O —x)"dt +T, ,(x)
V= 0 v=l 0

= ()" (A +x)"" + 1T, g (x) = mx(1+ X)T, .1 (x) .
Integrating by parts, we get
X(] + X) n. m(x) - _(m + l) n. m(x) + (m + 1)(_x)m(1 + x)_ﬁ - mXTn m—I| (x)
+mx (=)™ (14 %)+ Ty (%) = (=) (14 %)™+ 1T () = mx(L+ )T, (),

from which (1.2) is immediate.
From the values of T, ;(x) and T,,(x), it is clear that the consequences (i) and (ii) hold for

m=0 and m =1. The consequence (i) can be proved easily by using (1.2) and the induction on
m. We sketch below the proof of the consequence (ii).
Suppose that the consequence (i) be true for m, then by (1.2), we have

I’ZT,, ] (x) — O(n-[(m+l)/2] ) + O(H—[(m+l)/2]) + O(n—[m/Z])
~ {()(n_[(""”/ 21).if m is odd '

O(n—[m/21), if m is even
Then,
. - O(n—[(m+l)/2])’ if mis odd
nt S50 20 O D2y it s even

Hence, for every x € [0,0) T, ,..(x)=O(n _[("”2)/2]) Thus, consequence (ii) holds for m +1.

Consequently, by mathematical induction, it holds for all m e N,

The proof of consequence (iii) follows easily from (1.2) using mathematlcal induction on k and
hence the details are omitted Il

Our next result is a Lorentz-type lemma for the derivatives of the kernel W, (1,x) of the

operator M ,.

LEMMA 3 [7]. There exist the polynomials g, ; . (x) independent of # and v such that

d—r xV(1+ x)—"‘V]= doatv=mx)l g, (x)x" " (1+x)VT
ax" 2+ j<r
1,520
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Corollary. Let §and ¥ be any two positive real numbers and [a,b] < (0,) . Then, for any
m >0 we have,

Sup |1 Ppy(x)  [quy-i(t)e”'dt|=0(n").

xela.b]| v=1 |t-x[26

Making use of Taylor’s expansion, Schwarz inequality for integration and then for summation
and Lemma 2, the proof of the Corollary easily follows, hence the details are omitted.

3. MAIN RESULTS

First, we prove that the derivatives of the operator (1.1) are approximation processes for
corresponding order derivatives of the function, i.e., we prove that

Mn(’)(f(t);x) > fx),asno>w, r=12, ...

THEOREM 1. Suppose that re N, feC,[0,0) for some @>0 and f*) exists at a
point x € (0,c0), then
(3.1) lim M, (f (%) = £ (x).
n—0 )

Further, if f(") exists and is continuous on (a-n,b+n) c(0,0),77 >0, then (3.1) holds
uniformly in x € [a,b].
Proof: By Taylor’s expansion of f, we have

o) , A

f@)= Z—-—f i'(x) (t=x)" +elt,x)t-x)",

i=0 "

where £(¢,x) > 0 as { — x. Hence

M, (£ 00 = [W, @0 £ (0t
0

r (i) 0 ] 0
= Z f .'(x) IWn(")(t,x)(t—x)’dt+ J‘W,,(r)(t, x)e(t,x)t-x)"dt =1, + I,.
0 0

v
Using Lemma 2, we get that M, (t";x)= JWH (t,x) t"dt, is a polynomial in x of degree
0
exactly m, forall m e N’ . Further, we can write it as
. -1 N
(3.2) M, (" x)= Mx"’ +m(m —1)&L£——glx'"'I +0(n7?),
n™(n-1)! n"(n-1)!
and thus :
ro (i) i P o ro|® ) (r) 1
I, =z.f '(x)Z[l.j(‘x)’_Jg_- J'W"(,,x)ljdt _SM) (Fl‘+r !
o o\ ax” | g r! n"(n-1)!

= f(")(x)[—————————(”Jr z _1)!} - f(x),as n > .

n"(n-1)!

Rev. Un. Mat. Argentina, Vol. 44-1



ON CONVERGENCE OF DERIVATIVES ‘ 47

Next, making use of Lemma 3, we have

I, = jW,,‘”(r,x)g(r,x)(t —x)"dt

0
=Zjnx—q(;—+()— ipw(x)(v ) jqw (&0 —x)" db
i.j20
(- 1)”‘%*—’3!11( )7 50, 1)(-x)"
Therefore,

Lls 3 #

2+ <r x"(1+ x)
1.j20

; nz Pny (x)Iv - nx[j Iq,,_‘,_] (9] Ig(t, x)| |t - x| " d
v=l 0

LoDt
(n=1)!

Since &(f,x) > 0 as ¢t > x, for a given £>0, there exists a 6 >0 such that |5(l, x)| <¢g,

A+x)7"" e(0,x)|x" =15 + 1.

whenever 0< |t - x| <6. For lt —xl >06, there exist a constant K>0 such that

{e(/. X -

"< Ke*' . Hence,

I3 2C an ip,,‘,,(x)lv—nx'j J.q,w_l (1)5|t —x’rdt + . jq,,‘v_l(l)Kemdl =15+ 1,

2%jsr =l |¢-x|<6 |t-x25
i.j20
’qi Jor
where ('} = sup
2i+j<r x" (14 x)"
1.j20
Now, applymg Schwarz inequality for integration and then for summation we are led to
172 q172
Is <eC, z n'*! Z Py (v = nx|J Iq,, oo (Dt _[q,,_‘,_, () -x)* dr
2i+j<r v=| 0 ]
i,j20
_ - q1/2
<eCy ), on' {Z Py )y = nx)? } nzp,, V(%) an Vo (O —x)z' dt
2i+j<r v=| J ]
: i.j=0 '

FromLemma 1, we have

2j
anl (X) V- nx)2j —nzji:zpn v(x)[__x) _(1+x)—n(_x)2./}

v=l v=0
(3.3) =n?/ lO(n_j) +0(n~* )J =O(n’) (for any real s> 0).

Similarly, Lemma 2 yields us
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1Y P () [ Qe (N =202l = T, 5, (6) = (14 3) ™" (-0) ¥

v=l 0

(3.4) =0(n™")+0(n™*)=0(n") (foranyreal s>0).
Therefore, I5 <&C, Zn on’’'*yo(n™""?y =£0(1).

2i+j<r

i,j20

2] .

Next, we can write [ = C, Zn'“ an,‘,(x)lv—nxv qu,_, (t)e*'dr, where C, = KC,.

2itjsr y=l |e=x|28

i,j20
Hence, again using Schwarz inequality for integration and then for summation, (3.3) and
Corollary, we have

o j 2
SCZ an an.v(x)lv_nxlj an.v—] (t)dt J.qn.v—l (t)e mdl

2k jsr v=l |e-x|26 |t=x[z5
i.j20

1/2

1/2
SCZ Zni I:an‘v(x)(v—nx)zj} nzpn.v(x) J‘Qn.v-l (l)ezwd’

2i+j<r |v=l v=l |l—.r|25
1,20

=0(n"'7%) = o(l) (for s> r/2).
Now, since & >0 is arbitrary, it follows that /3 -0 as n—> «. Also, /; - 0 as.n — c and
hence /, = o(l). Combining the estimates of /; and /,, (3.1) is immediate.

The uniformity assertion follows easily from the fact that in the above proof &(g) can be
chosen to be independent of x € [a,b] and all the other estimates hold uniformly in x € [«,5]1

Our next result is a Voronoskaja type asymptotic formula for the operators M n(r) (f5x).

THEOREM 2. Let f e C,[0,00) forsome a>0.If /2 existsata pointx (0, ), then
tim (M, (00 - 70 0)

|

r(r

(3.5) f(r)(X)+r(1+x)f('+U( )+ x(x+2)

FU (x).

Further, if ./'(""2) exists and is continuous on the interval (¢ -n,b+ 77) < (0,0), >0, then
(3.5) holds uniformly on [a,b].
Proof: By the Taylor’s expansion of f, we get

& f(' )%, P S a2
jW, (t,x)(t—x) di + jW,, (1, x)e(t, x)(1 —x)"*2 d
i= 0 ! ' 0

M, @0y x0)=

=1 +12.where gt,x) >0 ast>x.
By Lemma 2 and (3.2), we have

Rev. Un. Mat. Argentina, Vol. 44-1 °



ON CONVERGENCE OF DERIVATIVES 49

2

-(r) (r+l) © @
_/ (x)[(”“‘l)’r!}f (X){(r+1)(—x)J‘W,,(’)(t,x)t"dl+-[W,,(”(t,x)t"”dt}

r! n"(n—l)! (r+1! 0 ) 0

() i (i i .
/ (x) Z[ ) )"JI:IWn(”)([,x)[jdt:|
0

(r+2) @ ®©
SN o jW,,‘”(r,x)zrdz +(r +2)(=x) [, (0
(r+2)! 2 0 0

+ J'W”‘”(t,x)t’*zdt }
0

(r+l) _
zf(,.)(x)i'(n+r—l)!l+f (x)_{(r+1)(_x)((n+r 1)!r!7+[ (n+r) - +1)'x
: J

L er(l’l—])!J (r+n! \ nr(n—l)! r+l(n 1)!
4D (n+r=1! +f(r+2)(x) (r+1)(r+2)x2 (n+r—1)!r!
n(n-1)! (r+2)! 2 n" (-1
+(r+2)(—x)(——,(—','+—r£—(r+1)!x+(r+1)! Q’Tr—_l)']
-1 "(n-1)!

+ (n+r+D! (r+2)! +(r+2)(r+1)-£—i~*r)!—("+1)~'x +0(n™?).
721 2 n"2(n -1)!

:f.(,.)( ){(n+r 1)} f(r+|)(x){r(1+x) (n+r—1)!]

n" (n-1)! n " (n-1!

2 2 2
+f("+2)(x) nx +2nx+rx° +2r°x+2rx (n+r-1)! +O(n'2),
2n? n" (n-1)!
Hence in order to prove (3.5) it suffices to show that n/, — 0 as n — oo, which follows on
proceeding along the lines of proof of /, >0 as n—>c in Theorem 1. The uniformity

assertion follows as in the proof of Theorem 1 i
Now, we present a theorem, which gives an estimate of the degree of approximation by

M, (..x) for smooth functions.

THEOREM 3. Let f € C,[0,0) for some @ >0 and r<g<r+2.If f9 exists and is
continuous on (a —177,b+ 1) < (0,0), >0, then for sufficiently large n,

w0 1ol s ot O can e 07 007
i=r

where C,C, are both independent of f and n, @ ,(5) is the modulus of continuity of /* on

(«—n,b+n).and ” . ” means the sup-norm on [a, b].
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Proof: By our hypothesis
9 ) ) (@ ry_ £(9)
f@)= Zf_i'_(fcl(t -x)' +u§)q+(—x—)(t =x) y(t) + h(t, x)(1 - x(1)),

=0
where & lies between ¢, x, and y(¢) is the characteristic function of the interval (a—7,b+7).
For te(a—n,b+n) and x €[a,b], we get

)= Zf“)(x) s £ - ACO P
For 1 € [0,0)\ (a —1.b+ 1) ;3d xé[-a b], we define !
hex) = 1)~ me‘x %)
Now, =
M, Fayx) - O (x) = {Zf 0 jW ) -x)'de— £ <x)}
Y

@ @
+ IW ", x){IM( x)"x(t)}dt + JW " (¢, x)h(e, )1 - x(@)at
q!

= 1l +1, +15.
By using Lemma 2 and (3.2), we get

(1) re
[ S .(")z( ] :;,.[JWnu,x)rfdt}f‘”(x)

1=0

IR ARt R PN i N CE VL ENN CLY At IR EN
=2 Zj(x) o e (U e e A G AN )

i=r
Consequently, ﬂ],” <G n"[zufm“] + O(n_z), uniforrﬁly in xela,b].
i=r

To estimate /, we proceed as follows:

9= 19 )
ql

. |12|S] W,,(")(t,x)‘ I =x|? z(0) tar
0

/(ll) (5)

ﬂ (')(tx)‘[H- |]1r' x| dr

/w((”[nz\ 2,0 fnwtfif 07

I/\

(ntr -t —n=r |4 -1y |9+
+W(I+X) (|x| +0 lxl ):l’5>0‘

Now, for s=0,1 2, ..., we have
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”anv(x)|‘/ nx| anv I(t)'t_x| at

v=|

1/2 o 1/2
<13 )y -l [ Iqw_l(odr] [ jqn‘v_luxz—x)“dtj

v=I| 0

1/2 1/2
s[z pn-.v<x>(v—nx)2f} [nz Py (%) jqw .(r)(r—x)z‘dzl

v=1 v=l

= O(nj/Z)O(n—S/Z) =0(n(_j—s /2)’
uniformly in x € [a,b], in view of (3.3) and (3.4). Therefore by Lemma 3, we get

I
nY.
v=|

pn‘v(r) (x)‘ J‘qn.v-—l ([)|l - x|§ dl
0

4i,j.r(X)
Snz Zn |v nx |j ' LI lp,“,(x) anv_ (t)|t—x| dt
v=12i+/<r
1.j20

<K Yo' annV(x)|v ]’ jq,,v O =x"de | =K > 0" 0(nY™"2)

2i+j<r v=l 0 2i+j<r
i.j20 i,j20

(3.6) =02y,

. . Iqtjr(x). . ~1/2 ) .
uniformly in x € [a.b ], where K = sup sup —————. Choosing § =n and applying
2i+ j<r xela,b) x’ (1 +Xx)
i,j20
" (3.6), we are led to
‘ @y (7 " —q) /2y, 112 —g-1)/2
” 12”5—""'-—‘-[001“ 9 Y+n on'"~9 2y L o= )], forany m >0
q!
<C, n\rm92 a)f(,,)(n'lyz).

Since ¢ €[0,00)\(a~-7,b+1n), we can choose § >0 in such a way that |t—x| >4 for all
x€la,b].
Thus, by Lemma 3, we obtain

) <ny Sl v -’ 2

n.v(x) J‘q,,‘v_| (’)lh(t,x)'dt

V=l 2i+ j<r (1 +x)" [t=x|26
i.j20
(n+r=1)! Cner
PUALSLAYG h(0, ).
PR LCR

For |I - x‘ > ¢, we can find a constant M > 0 such that ] h(t,x)| <M e®" . Finally using Schwarz
inequality for integration and then for summation, (3.3), and Corollary, it easily follows that
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I3 =0(n™") for any s>0, uniformly on [a,b]. Combining the estimates of /,,/,,/;, the
required result is immediate il
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