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ABSTRACT. In the present paper, we introduce a new sequence of l inear positive operators 
lo approximate a class of unbounded continuous functions of exponen ti al growth on the 
¡nterval [O. co ) . First. we study the basic pointwise convergence theorem in s imultaneous 

approx imation and then proceed to study the degree of this approximation .  

l .  INTRODUCTION 
Let C[O. co) denote the c1ass of all continuous functions on the interval [O .  co) . For a > O and 

f E Ca [O, co) =: {f E crO, co) : If(t) 1 s, M ea l for some M >  O} , we define a sequence 01' l inear 

posit ive operators Mn as 

00 00 
( 1 . 1 )  M/7 c/(t) ; x)  = nI P/7." (x) fq /7.1'-\ (t )f(t )dt + (l + x)-

n f(O) . 
1'=1 o (n + v - lJ V -/7-1' e -ni (nt )" 

where Pny (x) = X (l + x) , x E [O , co) , and qn. ,, (t ) =  
, 

t E [O, CO) . 
V v .  

The space Ca [O, co)  i s  normed by I lfl l e = sup If(t ) l e -a l , f  E Ca [O, co )  . Alternatively, the " 0:9<00 

opcrator ( 1 . 1  ) may be 

oc: 

written as 
a: 

Mn c/(t ) ; x ) = fW" Ct. x)f(t )dl , 
o 

W" ( t .  x) = nI Pny (x)  qn,v- \ ( t )  + (l + x) -n o(t) , o(t ) being the Dirac-delta function. 1'= \ 

where 

The obj ect of this paper is  to study some direct results in simultaneous approximation 01' the 
operator ( 1 . 1 ) . Some important references for the study in this are a are [2-4] . 
The study in simultaneous approximation (the approximation of derivatives of function by the 
corresponding order derivatives 01' the operators) was initiated by Lorentz [6] , who establi shed 
the pointwise convergence theorem in simultaneous approximation for Bernstein polynomial s 
on [0, 1 ] .  His method for the pointwise convergence in simultaneous approximation has been 
successively appl ied by several workers to other operators (cf. [ 1  J, [ 5 ] ,  [7] etc . ) .  

KEY WORD S :  Linear positive operators, S imultaneous approximation, Degree of  
approximation, Modulus 01' continuity. 
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2. DEFINITIONS AND AUXILIARY RESULTS 

Let NO denote the set of non-negative integers . For m E NO , let the m - th order moment of 

the Lupas operators i s  defined by f-ln,m (x) = �Pn .v (X) (� - x)m 
LEMMA 1 [7] . For the function f-ln,m (x) , we have f-ln,o (x) = 1 ,  f-ln . l  (x) = O and there holds 

the recurrence relation nf-ln,m+ 1 (x) = x(l + x) [f-l�,m (x) + mf-ln,m-I (x)] , for m � 1 . 
Consequently, we have 

( i ) f-ln.m (x ) is a polynomial in x of degree at most m; 
( ii ) for every x E [0, 00) ,  f-ln,m (x) = O(n-[(m+ I ) / 2] ) where LB] denotes the integer part of fJ . 

Let the m - th order moment ( m E N o ) for the operators ( 1 . 1 )  be defined by 
ro ro Tn.m (x) = M n ( ( t - x) m  ; x) = n L Pn,v (x) Jqn,v-I (t ) (t - x) m dt + (_x)m (1 + x) -n . v=1 ° 

LEMMA 2. For the function Tn ,m (x) , there follow Tn,o (x) = 1 ,  Tn, 1  (x) = O and 

( 1 .2 )  nTn,m+ 1 (x) = x(l + x)T�,m (x) + mTn,m (x) + mx(x + 2)Tn,m_1 (x), m � 1 . 
Further, we have the fol Iowing consequences of Tn ,m (x) : 

( i ) Tn.m (x) is a polynomial in x of degree m, m -:f:. 1 ; 

( ii) for every X E [O, OO) ,  Tn.m (x) = O(n-[(m+1 ) / 2 ] ) ;  
( i ii ) the coefficients of n-k in Tn .2k (x) and Tn, 2k-1 (x) are el {x(x + 2 ) }k and 

e2 x k- l (x + 2) k-2 (x 2 + 3x + 3) respectively, where el and e2 are some constants 

dependent on k . 
Proof: It is easy to show that Tn , o (x) = 1 and Tn. l (x) = O .  Next, we prove ( 1 .2) .  For x = O ,  i t  

clearly holds for alI m � 1 .  For x E (0, 00) , we have 

T�,m (x) = n f {p�,v (x) jqn,v-I (t ) ( t - x) m dt - mp n,V <x) jq n,v- I (t ){t - x) m- I dI) v=1 o O 
- m(-x)I7l-I (1 + x)-n - n (-x)m (l + x)-n-I . 

Since x(l + x)p' (x) = (v - nx)p (x) and tq '  (t) = (v - nt)q (t ) , we have n,v n,v n,v n.v 
x( l  + x)T;;.m (x) 

."X; 00 
= n L(v  - nx)Pn.v (x) Jqn ,v-I (t )(t - x) m dt - mx(l + x)Tn,m_ 1 (x) + n( _x)m+ 1 (l + x)-n ,'= 1 o 

.""1:.. 00 
= n L Pn. v (x) J(V  - nx)q n ,v-I (t ) (t - x)m dt - mx(l + x)Tn,m_1 (x) + n( _x)m+ 1 (l + x)-n v=1 O 
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00 00 00 00 = n ¿ Pny (x) f( v - 1 - nt + I )q ny-I (t)(t - x)m dt + n2 ¿ Pn,v (x) f q n, v-I (t)(t - x) m+ 1 dt v= 1 o v=1 o 
-mx(1 + x)Tn,m_1 (x) + n ( _x)m+1 (1 + x)-n 

oc � 00 00 
= n ¿ p¡¡y (x) ftq�y-I (t )(t - x) 1Il dI + n ¿ Pny (x) fqnY-1 ( / ) ( 1  - xr' dI + n Tn,l1l+ 1 (x) v= 1 o v=1 o 

� 00 00 00 
-mx(l +x)Tn,m-I (X) 

= n ¿ Pny (x) fq�y-I (/ )(t - x)m+ 1 dI + xn ¿ Pn,v (x) fq�,v-I (t ) (I - x) m dt + Tn,m (x) 1 '= 1 o v=1 o 
- (_x)m (l + x)-n + nTn,m+ 1  (x) - mx(l + x)Tn,m_1 (x) , 

Integrating by parts,  we get 

x( l + x)T,; ,m (x) = -(m + i)Tn,m (x) + (m + 1)( -x) '" ( l  + x)-11 - mxTn,Il1_1 (x) 
+ mx ( _x)m-I (l + x)-n + T",m (x) - (_x)m (l + x)-n + nT",m+ 1 (x) - mx( 1 + x)Tn,m_1 (x ) , 

from which ( 1 , 2 )  is immediate , 

45 

From the values of Tn,o (x) and T", 1 (x) , it is clear that the consequences ( i) and ( ii) hold for 

m = O and m = 1 . The consequence ( i) can be proved easi ly by using ( 1 . 2) and the induction on 
m .  We sketch below the proof of the consequence (ii) .  
Suppose that the consequence ( ii) be true for m, then by ( 1 .2 ) ,  we have 

Then, 

nTn,m+ 1 (x) = O(n-[(m+ l l / 2 ] ) + O(n-[(m+ I ) I 2] ) + O(n-[m l 2 ] ) 
= {o(n-[(m-l l / 2] ) , if  m i s  odd 

O(n-[m / 2] ) , if m i s  even 

{ O(n-[ (m+ I ) / 2 1 ) i f m is odd Tn.Il1+ I (x) = O( -[(m+2l / 21 ) " f ' . 
n , 1 m IS even 

Hence, for every x E [O, <Xl ) Tn m+1 (x) = O(n -[(m+2l l 2] ) . Thus, consequence (ii) holds for m + l . 
Consequently, by mathematical induction, it holds for all m E NO . 
The proof of consequence ( iii) fol lows easily from ( 1 .2)  using mathematical induction on k and 
hence the detai ls  are omitted I 
Our next result is a Lorentz-type lemma for the derivatives of the kernel Wn (l , x ) of the 

operator M n . 

LEMMA 3 [7] . There exist the polynomials qi,j ,r (x) independent of n and v such that 

d '� [x v ( l + X) -n-v ] =  ¿ni (v - nx) J qi,J,r (X) x v-r ( l + x) -n-v-r . dx 2i+j'Sr i,J�O 
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Corolla ry. Let c5 and r be any two positive real numbers and [a , b ] e (0, 00) . Then, for any m > ° we have, 00 
sup n¿ Pn ,v (x) fqn,v_l ( t ) e Y t dt = O(n-m ) . 

xe[a,b) v=1 I t-xl�o 
Making use of Taylor ' s  expansion, Schwarz inequality for integration and then for summation 
and Lemma 2, the proof of the Corol lary easily fol lows, hence the detai l s  are omitted.  

3. MAIN RESUL TS 
First, we prove that the derivatives of the operator ( 1 . 1 ) are approximation processes for 
corresponding order derivatives of the function, i . e . ,  we prove that 

M }r )  (f(t ) ; x) � f(r ) (x) ,  as n � 00 ,  r = 1 , 2,  . . . . 

THEOREM 1 .  S uppose that r E  N ,  f E Ca [0, 00)  for some a >  ° and f (r )  exists at a 

point x E (0, 00) , then 

( 3 . 1 )  
n�oo 

Further, if f( r ) exists and is continuous on (a - r¡, b + r¡) c (O, oo), f¡ > O , then (3 . 1 )  holds 

uni formly in x E [a , b ] . 
Proof: By Taylor ' s  expansion off , we have 

l' f( i) (x) . 
f(t ) = ¿-.-, - (t - x) /  + &(t, x)(t - x) 1' , 

i=O 1 .  
where &(t, x) � ° as  t � x .  Hence 

00 
Mn ( r ) (f(t ) ; x) = fWn (r ) (t , x)f(t)dt 

o 
l' ¡ ( i )  ( ) 00 00 

=:' ¿ . . ,  X fWn ( 1' )  (1 , x)(t - x) i dt + fWn ( 1' )  (1, x)&(t , x)(t - x( dt := 1 1 + 12 , 
/ =0 /. o O 00 

Using Lemma 2, we get that M n (1 m ; x) = JWn (t , x) t m  dt , is a polynomial in x of degree 

O 
exactly m, for all m E N °  . Further, we can write it as 

M ( ni ) (n + m - I ) !  m ( 1 ) 
(n + m - 2) !  m- I  OC -2 ) ( 3 . 2 ) n t ; x  = x + m m - x + n , 

. n m (n - l ) !  nm (n - l ) !  
and thus 

1 ,  = ¿ � ¿ l. (_x) i-i -1' fWn (t , x) t idt = ,
x �.+ r - .  r ! l' ¡ ( i )  ) i ( '

J d I'  [00 1 f(r ) ( ) [ ( 1 ) ' ] 
i=O l. i=O } dx O r . n (n - l ) !  

= ( 1' )  (X)[ (n + r - 1) !] � f(r ) (x) , as n � oo .  . n l' (n - l) !  
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Next, making use of Lemma 3 ,  we have 
00 

12 = fWn ( r ) u, x)c(t , x)(t - x) ' dt 
o 

, q i l r (x) � , oof = ¿ n i r
' " r nL.. Pn,v (x)(v - nx) J qn,v_ I (t )C(t, X)(t - x) ' dt 2i+j�r X ( 1 + x) v=1 O 

i .)'?O 

Therefore, 

+ (- I{ (n + r - I ) ! ( 1 + x) -n-r c(O, x )(-x) " . (n - I ) !  
, lq i J r (x)1 � I I/XJf I I I  I r 1 / 2 1 �  ¿ n i 

r
" 

r nL.. Pn,v (x) v - nx qn,v- I (t ) c(l , x) t - x dI 
2 1+ / �r X ( 1 + x) v=1 O 

1 .  j'? o 
(n + r - I ) !  -n-r I I r + ' (1 + x) c(O, x) x := /3 + /4 ,  (n - I ) ! 
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Since c(t , x) � O  as t � x , for a given c > O ,  there exists a 0 > 0  such that Ic(t , x)l < é' ,  
whenever 0 <  It - xl < O .  For Ir - xl � O ,  there exist a constant K >  O such that 

IC( l ,  x)(t - x/ 1 � K ea l . Hence, 

13 � CI ¿ n i+ 1 i >n,v (x) l v - nxl ) [ fqn,v-I (t )c lt - xl '  dt + fqn.v_ I ( I )K ea1 dl] := /5 + 16 , 21+ /�r v=1 I I-xl«> I '-xl�o i,j'?O 
, Iq i. ¡ ,r (x)1 

where e 1 = sup 
, . 2i+)�r x r ( 1 + x/ 

l . j '?O 
Now, applying Schwarz inequality for integration and then for summation we are led to , 1 / 2 1 / 2 
15 :s:; c C1 ¿ n i+ 1 i >n.v (x)lv - nx' j [lq n,v- I (t )dt] [1 q n ,v-I (t )(t - x) 2r dI] 2 1+ J�r v=1 O O 

i,)�O 

:S:; cC1 ¿ n i [f Pn,v (x)(v - nx)2J ]
1 / 2 [n'f Pn,v (X>fqn'V_I (t )(t _ X) 2r dt] 1 / 2 21+ J�r v=1 v= 1 O 

i ,)'?O 
From Lemma 1 , we have 

� ( )2) _ 2j [� ( v ) 2 / -n 2 / ] � PI1. , , (X ) v - nx - n ;:OPn. v (x) -;; - x  - (1 + x) (-x) 
(3 . 3 ) = n2) lO(n-) + O(n-S )J = O(n) (for any real s >  O ) , 

Similarly, Lemma 2 yields us 
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n ¿ Pny ( X) fq 11 . 1' - 1  (t )(t - x) 2r dI = Tn,2r (x) - (1 + x) -n (_x) 2r I '� I () 
( 3 .4) = O(n-r ) + O(n'-S ) = O(n-r ) (for any real .1' > 0 ) . 

Therefore, 15 � & CI I n ' O(nj 1 2 ) O(n -r 1 2 ) = & 0(1 ) . 2 1+ J�r 
1,)"20 

00 . 
Next, we can write 16 = C2 In'+1 I Pn,v (x) lv - nxI J fqn ,v_ I (t ) ea 1 dl , where C2 = KCI . 21+ J�r v;1 I I-xl:;,o i ,j:;'O 
Hence, again using Sehwarz inequal ity for integration and then for summation, ( 3 . 3 )  and 

Corol lary, we have 1 / 2 1 / 2 
16 � C2 I ni+1 i >n,v (x) lv - nx1j [ fqn,V-I (t )dl] [ fqn,v_I (t ) e 2al dl] 2/+ /�r v;1 I I-xl:;,o I I-xl:;,o 

i .j:;'() 

� C2 1 I ni [I Pn,v (X)(V - nx )2J ] I / 2 [n I Pn,v (x) fq�,v-I (t ) e 2al dl]
I / 2  

_ /+ J�/ v;1 v=1 I I -xl:;,o / .}:;'O 
= O(n ( r l 2 )-.\· )  = 0 (1 ) (for s > r / 2 ) . 

Now, sinee & > O is arbitrary, it fol lows that 1) � O as n � oo . Also, 14 � O as n � 00 and 

henee 12 = o( l )  . Combining the estimates 01' / 1 and 12 , (3 . 1 )  is immediate . 

The uniformity assertion fol lows easily from the faet that in the aboye proof 0(&) can be 

chosen to be independent 01' x E [a,  b] and all the other estimates hold uniformly in x E [ (1 ,  b] I 
Our next result is a Voronoskaja  type asymptotic formula for the operators M n ( r ) ( f; x )  . 

THEOREM 2. Let f E  Ca [0, 00) for sorne a >  O .  If f( r+2) exists at a point x E ( 0, 00) , then 

lim n ( MI1 ( r ) (f(l) ; x) - f (r ) (x» ) 
n�'x:; 

( 3 . 5 )  

Further, i f  /( 1'+2 )  exists and is eontinuous on the interval «(1 - 1] ,  h + 1])  e (0 , 00) , 1] > O ,  then 

( 3 . 5 )  holds uniformly on [(I, b] . 

Proof: By the Taylor' s expansion 01' / ,  we get 

1'+2 fU )  ( ) 00 00 M,, ( r ) (f (t ) ; x) = I-' -'I-x- fWIl ( r ) (t , x)(I - x) i dl + fWn ( r ) (I , X)&(t , x)(t _ x) r+2 dl 
i=() 1 .  () O := 1 1 + 12 ' where &(1 , x) � O as I � x . 

By Lemma 2 and (3 .2) ,  we have 
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= LJ!l (n ,+ r  ) ' r ! + x (r + I )(-x) fWn(r ) (t , x) t r dt + fWn( r ) ( t , x) t r+ ' dt ( r )  [ - 1 ' ] j(r+ l )  ( ) [ 00 00 
1 r !  n J (n - I ) ! (r + I ) ! o o 

+ (�) (r +  (r +  ) (_x) 2 fWn(r ) (t , x) t rdt + (r +  2)(-x) fWn ,r ) (t , X) l r+ l dl j' ( r+2 ) [ 1 ) 2 00 00 

(r + 2) .  2 o o 

+ ÍW"" ' (/ , X) I"2dl 1 
' I r ) [ e n + r - I ) ! l j(r+ l ) (X) [( 1 )( )( (n + r - I ) ! '1 r (n + r ) !  ( 1 ) ' = f (x) r + r + -x r r . + r+1 r + . x n (n - I ) ! J (r + l ) !  ' n (n - l ) !  J \ n  (n - l ) !  

( 1 ) ' (n + r - I) ! J j(r+2 ) (x) [ (r + I )(r + 2) 2 ( n + r - I ) !  'J + r + . r + x r .  nr+ 1 (n - I ) !  (r + 2) ! 2 n r  (n - 1 ) ! ( (n + r ) ' (n + r - I ) ' J + ( r + 2)(-x) 1 . ( r + I ) ! x + (r + I ) ! r I 
. 

nr+ (n - I ) !  nr+ (n - 1 ) !  ( (n + r + I ) !  ( r + 2) !  2 ( 2)( 1 ) (n + r) !  ( 1 ) ' J l O -2 + 2 X + r + r + 2 r + . x + (n ) . n r+ (n - I ) ! 2 nr+ (n - 1 ) !  
= j ( r )  (X)[ (n + r - I ) ! ] + ¡<r+ l )  (X)[ r (l + x) (n + r - 1 ) !] , n r (n - I ) !  n nr (n - 1) !  

+ j ( r+2 ) (X)[ nx 2 + 2nx + rx 2 + 2r 2 x + 2rx (n + r - 1) !] + O(n -2 ) .  2n 2 n r (n - 1 ) ! 
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Hence in  arder to prove (3 . 5 ) it suffices to show that n/2 � ° as n � ro ,  which fol lows on 

proceeding along the l ines of proof . of /2 � ° as n � ro in Theorem l . The uniformity 

assertion fol lows as in the proof of Theorem 1 I 
Now, we present a theorem, whi ch gives an estimate of the degree of approximation by 
M,, ( r ) ( . ; x ) far smooth functions. 

THEOREM 3. Let j E ea [O, ro) for some a >  ° and r :S;  q :S; r + 2 .  If j(q )  exists and is  

continuous on (a - '7, b + '7) e (O, ro) , '7 > 0 ,  then for sufficiently large n, 
! !Mn ( r ) (f(t) ;  x) - j(r ) (X)! ! :s; e l n - 1 I l lj(i ) 1 1 + e2 n -1 / 2 OJ ¡l r+ ' )  (n - 1 / 2 ) + O(n -2 ) , i=r 

where el ' e2 are both independent of f and n ,  OJI (5) is the modulus of continuity of j on 

(a - '7, b + '7) . and 1 1 . 1 1 means the sup-norm on [a, b ] .  
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Proof: By our hypothesis 

q f ( i ) (x) f(q ) (J:)  f(q) (x) . 
f(t ) = ¿-.-, - (1 - x) ; + ." -, (t - x)q x(t) + h(t, x)(I - x(1» , ;=0 / .  q. 

where ; lies between t, x, and X(t) is the characteristic function of the interval (a - "1, b + "1) . 
For t E  (a - "1, b + "1) and x e [a, b] , we get , q fU) ( ) f(q ) (J:) f(q ) ( ) l(t) = ,, __ x_ (t - x) ; + ." - x (t - x) q . . � "  , ;=0 1. q . ' 
For l E  [0, 00)  \ ( a  - 1], b + 1]) and x E [tz, b] ,  we define 

Now, 

q f ( i )  (x) h(t, x) = f(t ) - "--(t - x) i . � " ;=0 l . 

[ q fU) ( ) 00 1 M,, ( r ) U(t ) ; x ) - f (r ) (x) = � --+ JWn (r ) (t , x)(t - x/ dt - f (r ) (x) 

+ Jw/' ) (t , x) ) -, x) (t - x)q x(t ) dt + JWn ( 1' )  (t , x)h(t , x)(1 - x(1» dt 00 {f (q ) (; f(q ) ( } 00 
o q. o . 

:= /1 + 12 + /3 '  
By using Lemma 2 and (3 ,2) , we get 

1, = ¿ � ¿ l. (-x) ;-j -1' JWn (t, x) t j dt - f(r ) (x) q f ( i ) i ( ' 

J d I'  [00 1 ¡= () 1. j=o .l dx (} 

= ± f( i� (x) ±( i.)( _X) i-j �[(n + j - 1) ! xj + j(j - 1) (n -: j - 2) ! x j-I + O(n-2 )] _  f(r ) (x) . i=r I! j=r ] dxr nJ (n - 1) ! nJ (n - 1 ) ! 
Consequently, I l/dl � el n -I [� llf ( i) I I) + O(n-2 ) , uniformly in x E [a, b] . 
To estimate /2 we proceed as follows :  

00 { I l (q )  (;) - fq ) (x)1 
} 1 /2 1 � JI W/r ) (t, X) 1 . , It - xl q X(t) dt o q . 

á1f( q )  (o) 00 1 1 ( It - xl ] .� 
q ! J Wn ( r ) (t , x) l + -o- lt - xl q dt 

< "'1';, (o) [ n � 1 p<�" (x) 1 1 q ,_"_ , (1 )( 1 1 - xl ' + 0-'1' - xl'· ' ) dI 

Now, for s = 0, 1, 2, . . . , we have 
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x OC) 
n¿ Pn.v (x) lv - nx Y fqn.v_ l (t) lt - xI S dt 
v�1 o 

� n �p"", (x) Iv - mf [(1q"",-, (I)dl ]"'[]q" ",-, (1)(1 - x) " dI r 1 
� [� p"", (x)(v - nx)" f' [n � p"", (X)]q " ",-J (t)(t - x) " dI J" 
= O(nj l 2 )O(n-s / 2 ) = O(n (J-s ) / 2 ) , 

uniformly in x E [a, b] , in view of (3 . 3 ) and (3 .4) .  Therefore by Lemma 3 ,  we get 

J.. 00 
n¿ l pn)r ) (X ) 1 fqn .v- I ( t ) 1 1 _ xl s dI 
v� 1 O 

� n f ¿ ni lv - nxl j l�i
.
j .
r (X)l Pn.v (x) Iqn,v-I (t ) lt - xl s dt 

v=1 2i+jsr X (l + x) O 
i.j�O 

� \;�,�; [n �p"", (x) lv - nxl l  ]q"",-, (1) 1' - xl ' dI] � K u�,� ; O(n 1h' ; ' ) 

l .j�O ; .j�O 
( 3 . 6 )  = O(n ( r-s ) / 2 ) , 

5 1  

Iq r (x) 1 
uniformly in x E [a. b }, where K = sup sup , l .} ,  . Choosing 0 =  n"': 1 / 2 and applying 

2;+ jsr xE[a.b]  x ' ( l  + x) r 
i .j�O 

(3 . 6 ) .  we are led to 
( - 1 / 2 ) (¡) '« 1 )  n [ ] 1 1 /2 1 1 � j I 

O(n(r-q) / 2 ) + n I / 20(n (r-'1-1 ) / 2 ) + O(n -m ) , for any m > 0 
q. 

< C  n -(r-q ) / 2 úJ (n - 1 I 2 ) - 2 f� ' 
Since f E [O, oo) \ (a - lJ, b + IJ) ,  we can choose 0 > 0  in such a way that It - xl ;::: o for all 

x E [a.b] . 
Thus, by Lemma 3 ,  we obtain 

I I � ,, ;  I I j Iqi,j .r (x) 1 f I I /3 � nL..., L..., n v - nx r r Pn.v (x) qn.v_l (t) h(t, x) dt 
v=1 2i+ jsr X (l + x) 1 !-XI�8 

i.j�O 
+ (n + r - l) ! ( l + x)-n-r lh(o, x)l · (n - I ) !  

For l' - xl ;::: o .  we can find a constant M >  O such that I h(t , x)1 � M ea! . Finally using Schwarz 

'inequal ity for integration and then for summation, (3 . 3 ) ,  and Corol lary , it eas i ly follows that 
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13 = O(n-s ) for any S > O , uniformly on [a, b] . Combining the estimates of 11 ' /2 ' /3 , the 

required result is immediate I 
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