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Spline wavelets in periodic Sobolev spaces and 
application to high order collocation methods 
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Abstract 
In this paper , we present a particular family of spline wavelets constructed 

from the Chui-Wang Riesz basis of L2 (1R) . The construction is explicit, al­

lowing the study of specific functional properties and rather easy handling in 

numerical computations. This family constitutes a Riesz hierarchical basis in 

periodic Sobolev spaces . We also present a necessary and sufficient condition 

of strong ellipticity for pseudodifferential operators obtained with respect to 

these splines .  It uses a new expression for the numerical symbol of the bound­

ary integral operators . This expression allows us to use efficiently collocation 

methods with different meshes and splines . 
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1 Introduction 
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Collocation methods using splines is a natural and widely used technique for solving 
strongly elliptic pseudodifferential equations on closed curves (see [2] ' [8] , [20] ) .  
However, stability, asymptotic convergence, good condition numbers and efficient 
compression are not so easy to obtain. Por smooth boundaries , the convergence of 
these methods has been proved by Arnold , Saranen and Wendland ( [1 ] , [2] ' [ 19] ) .  
Several recent papers use these methods i n  a more general setting (see for example 
[ 1 2] '  [ 14] , [ 1 5] ) .  

Wavelets can b e  used in this context because they provide Riesz bases, allow 
progressive computations and give good compression schemes . Moreover, one can 
adapt the construction of the basis so that the properties of the functions solve or 
reduce technical and numerical difficulties . 

In this paper, we first present new explicit constructions of Riesz bases of spline 
wavelets in periodic Sobolev spaces based on the Chui-Wang wavelets and we study 
typical properties of these bases . We focus on spline functions especially because 
they are easy to handle in implementation. We also show how to obtain the dual 
bases explicitly. 

Then we discuss the usefulness of these bases to obtain good convergence and 
asymptotic stability for collocation methods in the resolution of boundary integral 
equations . In this framework , we present a result concerning the numerical symbol 
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of periodic pseudodifferential operators . We give a proof of the characterization of 
the coercivity condition which leads to relations on the mesh es and order of the 
splines that is easy to handle (see Theorem 7) . 

As a typical example of application, we treat the simple and double layer po­
tentials for the Dirichlet problem of the Laplace operator . The first one involves 
Sobolev spaces of half integer orders and the second one Sobolev space of integer 
orders . Some numerical computations of the condition number are presented and 
confirm the theoretical results .  

2 Spline wavelets in perio dic Sobolev spaces 

2 . 1 ' Chui-Wang wavelets 

For any strictly positive integer m and any integer j ,  denote by Vj(m) the set of 
functions on lR which are smooth splines of degree m - 1 with respect to the mesh 
{2-j k : k E Z} and belong to L2 (lR) . If Ó E [0 , 1 [ , we denote by Vj�';') the same set of 
Hplines but with respect to the mesh { 2-j ( k  + Ó) : k E Z} . The corresponding sets 
of 1-periodic splines are respectively denoted by VJm) and VJ:;) . 

Let 
Nm = X[O,l ] * . . .  * X[O,l ] , " v m 

be the cardinal spline function . The classical Chui-Wang spline biwavelet 'l/;m E V1(m) 
iti defilled by 

with 

+00 m- l ¿ I Nm (� + 2k7rW = ¿ e-ik{ N2m (m + k) . 
k=-oo k=-m+ l 

It is well known (see [6] ) ,  that the functions 'l/Jm(x-k ) ,  k E Z,  form a Riesz basis of 
the orthogonal complement WJm) of Vo(m) in V1(m) .  Moreover supp( 'l/Jm ) c .  [O , 2m - 1] ,  
Sillce we have orthogonality between the levels, the functions 

form a Riesz basis of L2 (lR) . 
Let 

and 
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SPLINE WAVELETS IN PERIODIC SOBOLEV SPACES 55 

1 t is readily seen that for every j, the functions W m;j,k , ° ::; k < 2j , form a Riesz 
basis of the orthogonal complement of V;ml in vj�i and that we have orthogonality 
between the levels . The Riesz bounds are independent of j .  The spline functions 
1 and Wm;j,k , j 2=: O, ° ::; k < 2j , form a Riesz basis of L2 ( ]0 ,  I D .  Moreover, after 
normalization of the constant function 1 ,  the Riesz bounds in L 2 ( ] O ,  1 [) are the same 
as the ones obtained for the functions Wm;j,k , j, k E Z, in L2 (lR) . 

Let us consider the Sobolev spaces H;er(]O ,  1 [) ,  s E  lR, of l-periodic distributions 
endowed with the norm 

I l u l l ks = l uo l 2 + l u lks pcr pcr 
where 

l u l kí�cr = 2:= Ik l 2s I uk l 2  
k¡O 

and 'Uk is the k-th Fourier coefficient of u. We also use the notation 

I l u l l o  = I l u l l L2 (]O, l [) '  
We recall also that in case s > 1/2 , the norm 1 1 , I I Hrcr is equivalent to the following 
one 

I l u l l ;  = lu (OW + l u lkpcr = lu (0 ) 1 2 + 2:= Ik l 2s l uk l 2 . 
k¡O 

The stability of Chui-Wang wavelets in Sobolev spaces has been studied in [ 16] 
and [ 10] . This result is covered in greater generality in various studies .  However , for 
the sake of completeness , we give here a simple and very direct proof in the periodic 
setting with optimal indices . 

Proposition 1 J! 1 8 1  < m - � then there are e, C > O such tha t 
+00 2j - 1 +00 21 - 1 +00 2j - 1 

C 2:= 2:= I Cj,k 1 2 ::; 1 1 2:=  2:= cj,kTjSWm;j,k l l kpcr ::; e 2:= 2:= I Cj,k I 2 . 
j=O k=O j=O k=O j=O k=O 

This result is optimal since Wm;j E H;er (] O ,  1 [) if and only if s < m - � .  
Proof Let 

21 - 1  
Qj! = Pj+1! - Pj! = 2:= CjkWm;j,k . 

k=O 
Here Pj is the L2-orthogonal projection onto vjml .  Let s be such that I s l < m - � .  
We have 

I I Qj! I I Hpcr ::; e2js l l Qj! 1 1 0 Vj E N. 

lndeed, i f  8 2=: O , this property follows from the inverse property of periodic splines 
in Sobolev spaces ( see for example , Theorem 2 . 1 1  of [ 17] ) .  If s < 0, we write 
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using the approximation property of splines (see Theorem 2 . 6  of [ 1 7] ) .  
Now, if E > ° satisfies 1 8 ± E l < m - � ,  we get 

+00 +00 
1 1 ¿ TjsQj f l l �pcr < L 2-2jS I I Qjf l l �pcr + 2at L T(j+k)s (Qjf , QkJ)  Hpcr j=O 

Finally 
+00 

j=O j<k +00 
< e L I I Qjf l 1 6 + 2at ¿ T(j+k)s (Qjf , Qk J) Hpcr j=O j<k +00 
< e ¿ I I Qjf l 1 6  + 2 ¿ T(j+k)S I I Qj f I I H�;t: I I Qkf I I H�;;-: j=O j<k +00 
< e L 2- l k-j l € I I Qjf I I 0 1 IQd I I 0 j,k=O 

+00 
< el ¿ I I Qjf I 1 6 ·  

j=O 

¿ I I Qjf I 1 6  = /� 2jSQjf , � TjSQjf) \ j=O j=O L2 (]0 , l [) j=O 
+00 +00 

< 1 1  ¿ 2jsQjf I IH;c� 1 1  ¿ TjsQj f l l Hpcr j=O j=O 
+00 +00 

< e ¿ I I Qjf l 1 5  1 1  ¿ TjsQjf l l Hpcr ' j=O j=O 
This proves the proposition. o 

2 . 2  Modified spline wavelets 

Since , by construction , the function 'ljJm has m vallishillg momellts, there is a unique 
spline function (jm E Vp

m) on IR such that DmOm = 'I/Jm and supp(Om ) e [O , 2m - 1 ] ,  
Explicitly, we have 

and also 

Let +00 
8m;j (x) = Tmj+j/2 ¿ Om (2j (x - k) ) ,  j 2: O .  

k=-oo 
Rev. Un. Mat. A rgentina, Vol. 44-1 
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It foIlows that +00 
supp (8m;j ) e U [k, k + Tj (2m - 1 ) ] .  

k=-oo 

57 

In [0 , 1] , this set is reduced to an interval with length 2-j (2m - 1) if j is large . With 
the previous notation, we get Dm8m;j = \[J m;j ' We also consider the functions 

These functions are not orthogonal to constants since ()m has no vanishing mo­
ment o But this property is "replaced" by the fact that they aH vanish at 0, which is 
very useful in the sequel .  We give now the proof of this property. 

Lemma 2 Por every m E N and every integer p, we have 

It follows that for every m E N, j � 0 , k E {O , . . . , 2j - 1 } ,  and q E Z, we have 
8m;j, k (2-j q) = O. 

Prooj. Since 
+00 

8m;j,k (Tjq) = Tmj+j/2 L ()m (q - k - 2j Z ) 
l=-oo 

it suffices to show that 

From the relations 

we get 

Pm (ONm (O = Tme-i(m- l )';Wm (� + n) (iOm N2m (O 
;¡;m (O 
( i�)m 
m- l +00 
L e-ik'; N2m (m + k) = L e-ik'; N2m (m + k) 

k=-m+l k=-oo 

+00 
T2me-i(m- l )'; L (_ l ) ke-ik'; N2m (m + k )N2m (�) 

k=-oo 
+00 

()m (x ) T2m+1 L ( _ l ) k N2m (m + k)N2m (2x - (k + m) + 1 ) . 
k=-oo 
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lt foHows that for any integer p, if one changes the sum over k to a sum over k' with 
k + m = 2p - (m + k')  + 1 , one gets 

o 

+00 
e", (p) = T2m+ 1 L ( _ l ) k N2m (m + k) Nzm (2p - (m + k) + 1 )  

k=-oo 
+00 

- 2-2m+l L (- I ) k ' N2m (2p - (m + k') + 1 ) N2m (m + k' ) 
k'=-oo 

Proposition 3 For any integer m 2: 1 and any real number s such that .� < s < 

2m - � , the functions 1 and 2j (m-s)8m;j,k ,  j 2: O, O � k < 2j , form a Riesz basis of 
H;er ( ]O , I [) . 

Proof. By construction , we have 1 (8m;j,k ) t !  = 1 ( 27rl ) -m (Wm;j,k ) 1 1 for l E Z,  l f a  
hence 

+00 2.1 - 1  
I '\"' '\"' c 2J (m-s)8 . I ' L.-t L.-t ] ,k m;) ,k Hpcr 
j=O k=O 

+00 2.7 - 1 
( 27r(m l L L Cj,k2j (m-s) Wm;j,k I Hg�,m 

j=O k=O 
+00 2J - l  

(27r(m l l L L Cj,k2j (m-s) Wm ;j,k I I H��,m 
j=O k=O 

with 18 - mi < m - 1/2 . Using Proposition 1 ,  we then get constants e, e > O such 
that 

+00 2j - 1 +00 2j -1 +00 2j - l 

e L L ICj,k 1 2 � I L L Cj,k2j (m-s)8m;j,k l��c, � e L L I Cj,k I
2 . 

j=O k=O j=O k=O j=O k=O 

Now, since the functions 8m;j,k aH vanish at O ,  we get 

2 +00 2j - l  
= l eo l 2 + I L L cj,k2j (m-s) 8m;j,k l��c, ' 

j=O k=O 

Using these two relations , we obtain that the functions 1 and 2j (m-s)8m;j,k , j 2: O ,  
O ::; k < 2) , form a Riesz family. 

The functions 8m;j,k are l-periodic spline functions of degree 2m - 1 with respect 
to the mesh { k2-j- 1  : k E Z} . The space V;!7) of these functions has the dimension 
2)+ 1 and we have exactly 1 + 1 + 2 + . . .  + 2j = 2)+1 elements of this space among 
the Riesz family. S ince the union of these spaces is dense in H;er (]O ,  ID ,  this proves 
t.he proposition. O 
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It is now natural to ask for a characterization of the dual Riesz basis of the family 

{ l }  U { 2j (m-s) e · ' k J' > O O < k < 2j }  m,) , 1 _ , _  , 

at least for S = m. If one remembers the link with the Chui-Wang wavelets ,  it is 
clear that this basis should be related to the dual of the Chui-Wang wavelets and 

. constructed in the same way. 

For any m E N,  it is known that the function Wm ,  called the dual Chui-Wang 
wavelet , defined as 

� �m(�) Wm (�
) 

= 
Lt:-.oo I�m (� + 2kn ) 1 2 

has the follbwing properties (see [6] , [7] ) .  

Proposition 4 For every j , k E 2 we  set ;¡;m;j,k (X) = 2j/2;¡;m (2jx - k) , x E IR. 
1) We have 

+ 00 � � � L I Wm (� + 2h ) 1 2 = Wm (OWm ( -2 )wm (n + 2 ) '  � E IR. 
k=-oo 

Ji follows that Wm is exponentially decreasing and that there are Ckm) , k E 2 and 
rm > O such that 

+00 
�}m (x) = L Ckm)Wm (X - k) , x E IR, 

k=-oo 
sup eTm lkl l ckm) I < +00. k 

2) For every j E 2, the family ;¡;m;j,k (k E 2) is the L2 (IR) dual of the Riesz basis 
Wm;j,k ( k E 2) of Wlm) . Sin ce the spaces W}m) are L2 -orthogonal to each other, we 
get that the family Wm;j,k (j , k E 2) is the dual Riesz basis Of Wm ;j ,k (j , k E 2) . 0  

We define em as follows: 

em (x) = ( � ) 1 r (x - t)m- l;¡;m (t) dt , x E IR. m I . J-oo 
Here again ,  it is readily seen that this function has the following properties . 

Proposition 5 We have Dmem = ;¡;m on IR and em (x) = Lt:-.oo ckm) em (x - k) for 
every x E IR. Jt follows that em belongs to V?m) and is exponentially decreasing. O 

For O � j and O � k < 2j , we also define 

+00 
. e=m',J' (X )  = 2-mj+j/2 """' e-m (2j (x - k) ) ,  e- ( ) e- ( k2-j ) L....t - m ;j ,k X = - m;j X - , 

k=-oo 
x E IR. 
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We see that these functions are continuous 1 -periodic functions and that they are 
related to the functions 8m;j,p , (j � O, O ::; p ::; 2j ) by the following relations 

with 

+00 2;- 1 
8m;j (x) = 2: cim)8m;j (x - Tjk) = 2: Cj;')8m;j,p (X) 

k=-oo p=O 

+00 cj;,) = 2: C�:�k ' p = O, o o o 2j - l o  
k=-oo 

Proposition 6 For any integer m � 1, the family { 1 } U { (27r)2m8m;j,k , j � O ,  O ::; 
k < 2j } ,  is the dual of the Riesz basis { 1 } U {8m;j,k , j � O ,  O ::;  k < 2j } relatively to 
the sea lar produet 

(f, g)m = f (O)g(O) + 2: I k l 2m /kgk o 
kfO 

Proof. We only have to show the orthonormality between these two families o We 
have 

and 

(8m;j,k ' 8m;j' ,k/ ) m = 8m;j,k (0)8m;j' ,kl (0) + (27r) -2m (Wm;j,k ' �m;jl ,k/ ) O 
= (27r)-2m (Wm;j,k ' �m;jl ,k) O 
= (27r) -2mÓj,jI Ok,kl 

(8m;j,k , l )m = 0 0 
Moreover, using 8m(l ) = O ( l E Z) , we get 

2L1 
,8m;j,k (0) = 2: Cj;')8m;j,p (-Tjk) = O 

p=O 
for every j � O, O ::; k < 2j o Hence 

( 1 , 8m;j,k)m = o. 
o 

Remarko Other hierarchical Riesz bases of splines could be used for test and trial 
functions (the Chui-Wang periodic wavelets are the first example) o To get collocation 
methods, test functions have to be splines of degree 2m - 1  but for the trial functions , 
according to Theorem 7, we could use splines of any degreeo For example , we could 
also consider functions coming from l < m primitivations of 'lj;m Le o  the functions 
Sm;l defined by Dl Sm;l = 'lj;mo These functions have m - l vanishing moments and 
the corresponding periodic functions 

+00 
Sm;l ;j (X) = 2-jl+j/2 2: Sm;I (2j (x - p) ) 

p=-oo 
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are such that 
1 , 2j ( l-sl Sm; l ;j,k , j � O, O :::; k < 2j , 

form a Riesz basis of smooth 1-periodic splines of degre m + l - 1 for H;er (] O , 1 [) if 
l , s satisfy 1 /2 - m + l < s < m + l - 1/2 . This result is directly obtained using 
Proposition 1 .  

Moreover , since the functions Sm;l have at least one vanishing moment , the func­
tions Sm;l ;j are L2 (] 0 ,  I D  orthogonal to constants. This leads to the fact that we see 
immediately that the dual Riesz basis of the family 

1 , 2j ( l-sl Sm;l ;j,k , j � O , O :::; k < 2j , 
relatively to the scalar product 

(j, g) Hbcr = fogo + L I k l 21 fkgk 
k,pO 

is obtained by the same procedure as before , but with l primitivations of the dual 
Chui-Wang wavelet . 

3 C ollocation with spline wavelets 

3 . 1  Presentation of the problem 

Let o be a smooth bounded and connected open subset of JR2 whose boundary ao 
is also connected. To solve the Dirichlet problem { -6u = O in O 

U18!1 = f 
two methods are widely used. First , we can use the single layer potential represen­
tation of u 

u(x) = - -2
1 r v (y) log I x - y l dO'(y) , x E O 
7r J8!1 

where the boundary integral equation for v is simply V v = f with 

(Vv) (x)' = - � r v (y) log I x - y l  dO' (y) , x E ao.  27r J 8!1 
We can also represent the solution as a double layer potential 

1 1 (x - y) .vy ( ) ( ) u(x) = -2 I 1 2 
w y da y ,  x E O, 

7r 8!1 X - Y 
where v is the unit inward normal to the boundary and the boundary equation for 
w is ( �  + K)w = f with 

1 1 (x - y) . vy ( ) ( ) Kw(x) = -
I 1 2 W y da y , x E ao. 

27r 8!1 X - Y 
It is known that V : HS (aO) --; Hs+1 (aO) is an isomorphism for every s if and 

only if the analytic capacity of O is not 1 .  Moreover � + K : HS (aO) --; HS (an) 
is an isomorphism for every s E IR. Since the boundary is smooth , K is a compact 
operator from HS (aO) to HS (aO) . 
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3 . 2  A result of coercivity 

These two boundary operators are particular cases of the classical pseudodifferential 
operators with constant coefficients in the periodic setting : 

A = b+Q! + b_Q� + Ko 
where b+ , b_ E e,  (3 E IR, . 

Q!u(x) = L lk l13uke2ik7rx , 
k'¡'O 

Q�u(x) = L sgn(k) l k l13uke2ik7rx 
k'¡'O 

and, for aH r E IR, Ko is compact from H�er into H�;/ .  Indeed, if we use a pa­
rameterization of en proportional to arc length and defined in [O, 1 ] ' the boundary 
operators considered are of this form with : 
- (3 = O and b_ = O ,  b+ = � ,  Kou = T + Ku for the double layer potential 
- (3 = - 1  and L = O, b+ = 4� ' Ko a compact operator from H�er (] O , 1 [) into C�r for 
the single layer potential .  

The foHowing result gives an estimate o f  Céa type for strongly elliptic constant 
coefficients pseudodifferential operators . It concerns splines of any order (see also 
[ 1 7] ) .  The technique used here presents a new express ion of the condition leading 
to the estimate of Céa type .  This expression gives then an easy description of the 
relations between the degree (r) of the splines and the meshes (see 1 )  and 2) of 
Theorem 7 below) . It also leads to results on boundedness of condition number 
arising in numerical computations. 

Theorem 7 Let m be a strictly positive integer, b E [0 , 1 [, 

Au = b+Q!u + LQ�u + Uo 
a pseudodifferential operator and assume that s > � and r + � > s + (3 .  Then there 
is c > O such that 

sup I (Af , g)Hm 1 2 c l l f l lw+il (2m) per pcr 
9EVj . lIgll H2m-s =1 pe, 

for every j and every f E V;�+l ) if and only if b+ =1 ±b_ and the function 

(r) ( B) 1+00 tr-13 N(r) (t , a ,  B) 
d a I-t ()" A a , = t o cosh t - cos B 

does not vanish in ] 0 ,  1 [  with B = 21Tb . Here 

N(r) ( t , a ,  é) = ( b+ + b_ ) e-at (et - eiO ) + (- lt+l (b+ - b_ ) eat (ei6 - e-t ) . 
Defining c+ : =  b+ + b_ , e :=  b+ --,. b_ and 'Y := inf{R.c+ , R.c_ } ,  we get the 

following particular cases of application. 
1) Assume (b- = O and b+ =1 O) or (b+ , b_ E IR and 'Y > O) . Jf r is odd (respectively 
r is even), the condition is satisfied if and only if b =1 � (respectively b =1 O) . 
2) Assume 'Y > O .  Jf r is odd (r:espectively r is even), the condition is satisfied in 
case b = O (respectively b = V. 
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Proaf. Let N = 21 . The Fourier coefficients 

of 9 E V?m) satisfy 

For j E vtt1) , we have 

where the coefficients 

satisfy 

Using this, we get 

Ck = 11 g(x) e-2i7rkx dx 

+00 
j (x ) = L ake-2ik7rÓ/N e2ik7rx 

k=-oo 

11 8 . 
ak = j (x + -)e-2mkx dx o N 

+00 
(Aj , g) Hm per aoco + ¿ I k I 2m+i3 (b+ + b_ sgn(k) )akcke-2ik7rÓ/N 

k=-oo 
N- 1 

aoco + L k2m+r+ 1akcke-2ik7ró/N dk 
k=l 

which leads to 

where, for k = 1,  . . . , N  - 1 

d � -2i7rPÓ (b b (k N) )  I k + pNIi3 
k = � e + + _ sgn + p (k + pN)r+ 1 ' 

p= - oo 

and go E V(�m) is defined by J ,  

+00 
1 Pk = ¿ ( k + pN) 2s p= - oo  

63 
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In the same way 

+00 
I l f l l�gt! = l ao l 2 + L I k I 2(s+m lak I 2 

k=-oo 
N-1 +00 1 1 1 2 + � k2(r+1 ) 1 1 2 � ao . � ak p�oo I k + pN I 2(r+ 1) -2 (s+,6) . 

It follows that the stated bound holds if and only if there is e > ° such that 

� 1 < I dk l 2 e L; I k + pNI 2(r+ 1 )-2(s+,6) - Pk p=-oo 
for al1y N, k such that 1 :::; k <: N. Sil1ce both sides are homogeneous of degree 
2(r + 1 - s - (3) with respect to (k ,  N) , this is equivalel1t to the existel1ce of e > ° 
such that 

+00 1 
+00 1 

e L (p + a)2s L (q + a)2 (r+1 )-2(s+m p=-oo q=-oo 
+00 

1 1 ,6 
< 1 � e-2ip1r6 (b + b_ sgl1(p + a) ) p + a 1 2 ( * ) - L; + (p + a)r+ 1 p=-oo 

for al1y a EJO ,  1 [ . Lemma 8 below shows that ,  for a E J O ,  1 [ , we have 

The left hal1d side of ( * ) is a continuous and strictly positive function of a E ] 0 , 1 [ ; 
moreover it has the behaviour of a-2(r+1-m (resp. ( 1 - a) -2(r+ 1-,6» ) when a � 0+ 
( resp . 1 - ) .  U sing the results of Lemma 8, the assertion readily follows . O 

To simplify notations in the following lemma, we assume that we are in the 
conditions of Theorem 7 and we set 

e (a , e , r ) . -

where 
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Lemma 8 We consider the functian a E ] 0 ,  1 [  1---> E(a , e, r ) . 
1) This function is continuous, satisfies 

and 

1 ¡+oo tr-{3 N(r) (t a e)  E a e r ) = . " dt ( " 2r(  r + 1 - (3) o cosh t - cos e 

lim ar+ 1 -{3E+ (a, e ,  r) E e \ {O} , lim ( 1 - af+l-{3L (a, e ,  r)  E e \ {O} , 
a-+O+ a--+ 1-

65 

2) ASS?Lme (b- = ° and b+ =1= O) ar (b+ , b- E lR and 'Y > O). lf r is odd (respectively 
T is even) ,  then 

E (a , e, r) =1= ° 'Va E ]0, 1 [  <=> e =1= 7r (respectively e =1= O ) .  

3) Assume 'Y > O .  lf r i s  odd (respectively r is even) ,  then 

� ° ( . '  l e \ ,  " ( e . \  J "  W , ,, , r tf = respecnve y = 7r) =;> " a ,  , 7' )  T u v a  E J U ,  1 l . 

Proaf. 1 )  For a > 0 ,  Izl ::; 1 ,  �a > 1 ,  we have 

+00 
zp 1 +00 ¡+oo 1 ¡+oo t<>- l e- (a- l ) t """ = -- ¿ zP t<>- l e- (a+p)t dt = -- dt � (a + p)<> r(a) p=o o r (a) o et - z ' 

It follows that 

" ( e )  � e-ip() ( )r+l -il! � . eipl! " a, , r  = c+ � (p + a)r+l-{3 + - 1 e c_ � (p + 1 _ a)r+ l-{3 

with 

1

. 

¡+oo tr-{3e( l -a) t 
.
¡+oo tr-{3e(a- l ) t 

f( (3) ( c+ t _ '() dt + (- lf+lC 'I! t dt ) T + 1 - o e - e ' o e-' - e-

= ! " dt l ¡+oo tr-{3 N(r) (t a e) 
2r(r + 1 - (3) o cosh t - cos e 

N(r) (t , a, e) = c+ e-at ( et - eil! ) + (_ lf+lceat (eiO - e-t ) . 
The behaviour of the functions E± (a , e ,  r) is clear . 

2) If b_ = 0, we get 

N(r) (t , a, e) = b+ (e-at (et - cos e) + (- lf+l eat (cos e - e-t ) - i sin e (e-at + (- lf eat ) ) . 
Then , for b+ =1= 0 ,  a direct computation shows that if r is odd (respectively r is even) 

1 1 E(a , e, r ) = ° <=> e = 7r and a = 2 (respectively e = ° and a = 2 ) '  
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If b+ , L E IR, we separate real and imaginary parts and get 

N(1' )  ( t ,  a , B)  
= c+e-at (et - cos B) + c_ (- Ir eat (e-t - cos B) - i sin e (c+e-at + c_ (_ I ) " eat ) 

c+e (-a+ 1 ) t + ( - lrc_e(a- l) t - cos e (c+e-at + ( � lrc_eat) 
-i sin e(c+e-at + (- Ir c_ eat ) . 

Assume now c± > O. For r even, we get directly that if &(a, e, r )  = ° for sorne 
a E ]0 , 1 [ , then 8 = O. The converse also holds since 

lim &(a, 0, r) = +00, lim &(a, 0,  r)  = - oo .  
a-+O+ a-+l-

Let us assume now that r is odd. If a E ] 0 ,  I [ is such that &(a, e , r )  = 0 ,  a look at 
the real part of N(r) ( t ,  a, e) shows immediately that e =f O ;  moreo'(er, since 

we have 

° = sin e �& (a , e , r ) + (1 - cos e) CS&(a , e , r ) 

= . tr-f3 + dt sin e ¡+OO
. 

C e-at (et - 1 ) + c_ eat ( 1 - e-t) 
2f(r + 1 - {3) o cosh t - cos e . 

This im plies sin e = ° and finally e = 7f .  As in the previous case , the converse also 
holds . 

3) For r even and e = 7f (respectively r odd and e = O) , we get 

Taking real parts proves the assertion., O 

Remarks. 
1 )  If we consider 

Q!u(x) = ¿ I k l f3uke2ik1rx , 
k'¡'O 

j 

Q�u(x) = ¿: sgn(k) l k lf3uke2ik1rX 
k'¡'O 

and, for all r E IR, Ko is compact from H;er into H;;! and if the operator u � 
b+Q!u + LQ� u + uo satisfies the inequality of Theorem 7, then there is a compact 
operator Kl ; H;tf3 (]O , I D  -+ H;:!(]O, I D  such that 

sup I (Af , g)Hm I � c l l f l lHs+p - I I Kd l lw+p (2m) per per per 9EVj , l Ig I l H2m-s =1 ' 
per 
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for every j and every f E vtt1) . If A is bij ective from H;t! into H;er > a classical 
compactness argument shows that this inequality remains also valid with K1 = O 
and a smaller constant e. 

2)  For s > 1/2 ,  the norm 1 1 . lls related to the scalar product 

(u, v ) s = u(O)v(O) + L I k l 2sUkVk 
I k l >o 

is equivalent to the norm 1 1 . I I H�e, ' Under the assumptions of Theorem 7, if A is 
bij ective and s + (3 > 1/2 ,  2m - s > 1/2 ,  we obtain that there is e > ° such that 

sup I (Af , g)Hm I � e l l f I I Hs+il , f E V(r+ 1 ) 
( 2m. )  pcr per J ,8 

9EVj , I l g l l  H2m- s =1 pe, 

if and only if there is el > O such that 

sup I (Af ,  g)m I � e/ l l f l l s+f1 '  f E vtt) · 
gEvym) , l l g l ! 2m_s =1 

This is essentially due to the fact that the difference between the two scalar prod­
ucts involves compact operators . The proof is straightforward and uses classical 
techniques . 

3 . 3  N umerical approach 

3.3.1 Int roduction 

If O is a smooth bounded and connected open subset of JR2 whose boundary ao is 
also connected, the norm 1 1 . l l m  defines the usual topology on  Hm (aO) . 

Let O E [O , 1 [, T, m E N and 

A = b+Q� + b_Q� 
+ Ko 

be a bijective pseudodifferential operator as introduced before and such that the 
operator u I-t b+Q�u + b_Q�u + Uo satisfies the conditions of Theorem 7. To 

obtain an approximate solution of Au = f, one looks for Uj E VYó+1 ) such that the 
collocation equations 

are satisfied. These equations are equivalent to 

( A  ) ( f ) E V(2m) Uj , v m = , v m ' V J • 

( 1 )  

(2) 

Indeed , both (2 )  and ( 1 )  define a 2j x 2j linear system and 2m integrations by 
parts show that ( 2 )  is a consequence of ( 1 ) .  Moreover , for large j ,  it follows from 
Céa's lemma (see appendix) that the system (2 )  has full rank since Theorem 7 gives 
the strong ellipticity of the operators in the used spaces. 
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Using Theorem 7 and the fact that we deal with Riesz bases, we obtain that the 
l2-condition numbers of the Galerkin matrices are bounded uniformly in j (Propo­
sition 9) . Hence , using the equivalence between the Galerkin and the collocation 
systems, the cürtdition numbers of the collocation matrices have also a good asymp­
totic behaviour after preconditionning. Without this manipulation , we do not obtain 
a good condition number for the collocation matrices , but we do for the double layer 
potential (see Example 10) . 

3.3.2 Theoretical results on the l2-condition numb er 

Let us introduce sorne notations for the next result (Proposition 9) . For every integer 
j � O, we consider a Riesz basis {u�s+f3) : p E Z, p � O} of H;�! (l O , I D  (with bounds 
b ,  B) satisfying the following property : the functions u�s+f3) (p = O ,  . . .  , 2j - 1 ) form a 
basis of V;�+ l ) . In the same way, we consider a Riesz basis {v�s+f3) - : p E Z, p � O} of 
H;��-S (] O , I D  (with bounds e, C) of splines of order 2m satisfying similar conditions. 
Wavelets bases fulfil these conditions . 

P rop osition 9 Assume that � < s < 2m - � ,  � < s + f3 < r + � . Jf 

is bijeetive and is sueh that the operator u t-+ b+Q!u + b_Q�u + Uo satisfies the 
eonditions of Theorem7, then there is R > O sueh that the matrices Aj of dimension 
2j defined by 

satisfy 
A ( (A (s+f3) (2m-s» ) ) j = uq , vp m O�p,q<2i 

T}2 (Aj ) = I I Aj l l 2 1 1Aj I I 1 2  � R�� 
if j is large enough. The eonstant R depends on the norm of the operator A (hence 
on the boundary of the domain) and on the constant of coercivity e (Theorem 7) . 

Proof. The conditions on s ,  r, m ,  f3 come from the fact they we use Theorem 7 
and Riesz bases . The proof goes in the classical way using Riesz bases in the right 
spaces and Theorem 7. O 

For the collocation case , we also introduce sorne notations . 
If Bj = {u� ,  l = O, . . .  , 2j - 1 }  is a basis of VJ�+1) , we study the behaviour if 

j -7 +00 of the condition'numbers of the collocation matrices A:i defined as follows 

where 
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We shall now discuss sorne exarnples that will be  irnplernented nurnerically in 
Section 3 . 4 .  below. We only want to treat sorne exarnples , used in our nurnerical 
exarnples. First , we consider the following bases 

where 

Ej = { l } U {Wo,r+ l ;i ,k , O ::; i < j , O ::; k < 2i } 

+00 
u� (x ) = 2j/2 L N8,r+I (2

j
(x - l) ) , No,7'+ I (x) = Nr+I (x - 15) , 

1=-00 
and where the functions Wo,r+I ;i ,k are constructed as usual starting frorn Wo,r+ I , 
which is the l-periodization of Wr+I (x - 15/2) . We shall also consider r = 2m - 1 
and the bases 

E" . = { l } U { 2i (m-s) e . k 0 < i < J' O < k < 2i } . J m,'t ,  - , -
In this case, because the order of the splines is even , we choose 15 = O. 

Example 1 0  Assume that � < s < 2m - �, � < s + f3 < r + � and that the operator 

u I-t b+Q�u + b_Q�u + (u) o satisfies one of the conditions 1), 2) of Theorem 7. 
Then there are constants r l , r2 > O such that 

} < r 2j l,6 l+s+,6 _ 2 

Proof. First we consider the case 

where (u)o is the zeroth Fourier coefficient of u. For u E Vt8+1 ) , sorne cornputations 
give 

2j - 1 
(Au) (kT

j
) = (u) o + L e-2i7rÓ2-j l e2i7r2-j kl l l l r+ Idl (U) l  

1=1 
with (U) l = Jol dx e-ix2-rr1u(x + 2-j15) (the Fourier coefficients of u are (u) l e-2i1fól2-j ) 
andl 

+00 j ,6  
d - "\"' -2i1rpó (b b ( l 2j ) )  

I l + p2 I 1 - D e + + - sgn + p (l + p2j )r+I . p=-oo 
l the complex numbers di are the same as in Theorem 7 .  
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The matrix S defined by 

(S)lk = 2-j/2e-2i1f2-j lk , l ,  k = O ,  . . . , 2j - 1 

is unitar� and diagonalizes the collocation matrix A:j . From this , we find that the 
eigenvalues Ak (k = O, . . .  2j - 1) of A7 are 

and 

2j (uJ ) o , 2je-2i1fÓ2-j k (uJhdk l k I T+1 k = 1 ,  . . .  2j - 1 

(ASj ) = SUP{ I Ak l : k = O, . . . 2j - 1 } 
r¡2 J inf{ I Ak l : k = 0, . . . 2j - 1 } ·  

Using the result on the behaviour of dk and (uJh we finally obtain the annouced 
result o 

Now, we simply consider change of bases in V;�+l) .  If ej denotes the matrix used 
to change the bases , we get 

As} - e .ASj j - J j 
with r¡2 (ej ) bounded uniformly for j E N. In case r = 2m - 1 ,  the matrix change 
of bases B'· = B9 to B�+f3 has a condition number equals to 2(!+f3) (j- l ) . the matrix J J J ' 
change of bases B;+f3 to B; has a bounded condition number. Hence the conclusion . 

For the general expression of the operator , we use the previous result and the one 
on the condition number of the Galerkin matrices (Proposition 9) . Let us denote 
by Kj the collocation matrices constructed using the compact operator Ko . We use 
the notation Aj for any of the collocation matrices constructed in the first part of 
this example ( i . e .  with the particular expression of the operator ) ; finally, Gj (resp . 
Gj ) denote the Galerkin matrices corresponding to the particular expression of the 
operator (resp. ·  for the general expression) . 

Because collocation and Galerkin systems are equivalent (for j large enough ) , 
there are inverse matrices Lj , independent of the chosen basis for the collocation 
matrices , such that 

From the first relations ( 1 )  and the fact that the Galerkin matrices Gj have a 
bounded condition number we obtain that the behaviour of the condition numbers 
of the matrices Lj and Aj are the same. Now, the second relations (2 ) and the fact 
that the Galerkin matrices Gj have a bounded condition number show finally that 
the behaviour of the condition numbers of the . matrices Aj and Aj + Kj are the 
same. O 

3 . 4  Sorne numerical exarnples 

We have performed sorne numerical experiments to test the asymptotic convergence 
and stability obtained using the 8m;j,k functions . We used these functions because 

Rev. Un. Mat. A rgentina, Vol. 44- 1 



S PLINE WAVELETS IN PERIODIC SOBOLEV S PACES 7 1  

they have a ver y short support ; this fact , and also the fact that bases of wavelets 
are hierachical ones , lead to computations that are very easy to handle . We do not 
try to use the dual space because the functions are obtained from functions that 
are not compactly supported , hence the exact computations are rather heavy. The 
collocation matrices are preconditioned to get the Galerkin matrices añd then a 
bounded condition number . 

We consider the double layer potential ((3 = 0 ,  m � 1 )  and the single layer 
potential ((3 = - 1 ,  m � 2) . For the experiments, we use the same basis for the test 
and trial bases although lower order splines can be used as test functions without 
great loss of accuracy. We always find a bounded sequence 1}(Aj )  and optimal order 
of convergence. 

The computation of the elements of the matrices Aj can be performed easily 
using the Gauss-Legendre method with weights. It allows us to deal with a logarithm 
singularity in the case of the single layer potential . 

We choose the connected open subset of JR2 represented on Figure 1 .  

2 , 5  5 7 .  

- 7 .  

Figure 1 

Its boundary is smooth, connected and given by 

,(t) = ( (cos (6nt) + 8) cos (2nt ) ,  (sin(4nt) + 8) sin(2nt)) , t E [0 , 1] . 

To use as efficiently as possible the almost orthogonality of the functions 8m,jk 
defined on [0 , 1 ] , we work with a parameterization by arc length. This requires 
to solve an autonomous differential equation . This can be done using a standard 
integration method before the computation of the matrices and takes a very short 
time since it depends linearly on the number of points. 

Figure 2 gives the C2-condition number 1} of the matrix Aj for the double and the 
single layer potential on ,. This figure also gives the L2 norm of the error for the 
right-hand si de f (x) = 2 sin (2nx) and the estimated exponent of convergence (eoc) . 

For the double layer potential, we use the Riesz basis { 1 ,  8m;j,k : j � 0 ,  ° ::; k < 
2i} and we treat the cases m = 1 (linear splines ) ,  and m = 2 (cubic splines ) .  

For the single layer potential , we use the Riesz basis { 1 ,  2 �  8m;j,k : j � 0 ,  ° ::; 
k < 2j } .  Since the trial and test functions are chosen to be the same , we cannot use 

. he re the linear splines 81 ;j,k because they do not satisfy the theoretical conditions 
of Proposition 9. 
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Double layer Simple layer 
potential potential 

m =  1 I m = 2  m = 2  

r¡ error eoc I r¡ I error eoc r¡ I error I eoc 
1 5 .99 7 . 1 e-0 1 2 . 1 5 2 . 6  e-01 6 . 04 4 . 4  e-02 
2 6 .90 2 . 0  e-0 1 1 . 82 33 .73 9 .0  e-02 1 . 55 24 .68 4 . 1 e-02 0 . 1 0  
3 7 . 16 5 .2 e-02 1 . 96 50 . 29 6 .0  e-03 3 . 9 1  73 .57 6 .8  e-03 2 . 58 
4 7 .23 1 . 3  e-02 1 . 95 55 . 32 5 .4  e-04 3 .47 8 1. 7 1  7 . 1 e-04 3 .27  
5 7 .25 3 .3  e-03 2 . 0 1  55 .62 1 . 9  e-05 4 .83 82 .66 2 .0 e-05 5 . 1 6  
6 7 .25 8 . 0  e-04 2 . 06 55 .64 8 . 3  e-07 4 .52 82 .89 7 . 6  e-07 4 . 70 
7 7 .25 1 . 7  e-04 2 . 27 55 .64 4 .0 e-08 4 .37 82 .95 4 . 3  e-08 4 . 13 

Figure . 2  

3 . 5  Appendix 

Céa's lemma 
Let X, Y be Banach spaces, let A E L(X,Y) be bijective and Jet Vj e X (j E N) , 

Tj e y' (j E N) , be sequences of subspaces such that dim(Vj)  = dim(Tj )  < +00 for 
every j . Assume that 
(i) there are Pj E L(Y' , Tj ) (j E N) such that lirnj_>+CXl Pj (f)  = f in y' for every 
f E Y' ,  
(ii) there are b > O and a compact operator K E L(X, X) such that , for every j and 
u E Vj : 

sup I v (Au) 1 2: b l lu l l x  - I IKu l l x . vETj , I Iv l l yl = 1 
Then there is No > O such that, for every j 2: No and u E X ,  the equation 

has a unique soJution Uj E Vj . Moreover, there is C > O such that 

I l u - uj l l x  ::; C inf I l u - w l l x . wEVj 

Here we use this lernrna with 
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Symbols 

1 .  Z is the set of integers 

2. N is the set of strictly positive integers 

3. Vj(m) (j E Z, m E  N) is the set of functions on IR which are smoothest splines 
of degree m - 1 with respect to the mesh {2-ik : k E Z} and be long to L2 (IR) 

4 .  Vj�;') (8 E [0 , 1 [ , j E Z, m E N) is the same (as Vj(m) ) set of splines but with 
respect to the mesh { 2-i (k + 8) : k E Z} 

5 .  The corresponding sets of 1-periodic splines are respectively denoted by V;m) , 
V(m) 
i,6 

6 .  H�er (] O ,  1 [) (8 E IR) is the Sobolev space of order 8 of 1-periodic distributions 
on IR 

7. 'l/J
m 

is the dassical Chui-Wang spline biwavelet ('l/J
m 

E V1(m) ) 

8. ()m is the spline function in V1(2m) such that Dm()m = 'l/Jm and sUPP(()
m

) e 
[0, 2m - 1] 
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