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OPERATORS GENERATED BY A
QUASI-SCALING TYPE FUNCTION

OCTAVIAN AGRATINT*

ABSTRACT.

In this paper we introduce linear approximation operators by using a scaling type
function and a general bi-dimensional net. By using the first modulus of smoothness
we establish Jackson type inequalities. For a new class of general integral type op-
erators, sufficient conditions are given both for shift invariance and for preservation
of the global smoothness. Under additional assumptions, our sequence becomes an
approximation process. Also, some examples are provided and the particular case of

Hoélder continuous functions is considered.

1 INTRODUCTION

Among numerous applications of the fascinating wavelet world, we shall consider
here the construction of wavelet type linear positive operators.

In recent years, certain families of functions {w,p : (a,b) € R* x R} generated by
dilations and translations of a single function w, i.e. given by wa = |a|*?w(a - —b),
have been shown to be useful in both theoretical and applied mathematics. These
versatile tools are in connection with the so-called ”wavelets” or ”ondelettes” and
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they have led to various theories depending on the choice of w and the parameters
a and b. There are many ways of restricting (a,b) to a discrete subset of R* x R.
For example, in the Franklin-Strémberg theory this general couple is replaced by
the net (2*, j), where both the dilation index k and the translation index j belong
to Z. Dilation by larger j compresses the function on the z-axis. Altering & has the
effect of sliding the function along the z-axis. For more details about a historical
perspective of wavelets [6; Chapter 2] can be consulted.

In order to approximate certain classes of functions by wavelet type operators,
George Anastassiou and his collaborators followed the above mentioned trend and
their quantitative approximation methods applied in wavelet’s field are gathered in
the recent monograph [3; Chapter 6].

We set Ny := N U {0}. In our research we use a bi-dimensional net (ax,dj), (k,7) €
Z x Z, where

1

0 < aZ, =a, < apy; for every p € Ny, and 6 > 0 is fixed. (1)

Manipulating the sequence (a)ken, and the ratio § we will be able to transform the
net in accordance with the problem data. We refer here to those one-dimensional
signals f for which we are in position to obtain information in some certain points
of the real line. This way, the net is more flexible than the previous one.

The contents of this article is organized as follows. In Section 2 we recall some
notations and define the notion of guasi-scaling type function. Two general classes
(L), (Sk), k € Z, of linear operators are constructed in Section 3. Both of them are
defined by using the same scaling type function ¢. While Ly is a discrete operator,
S is an integral type operator introduced through a convolution — like iteration —
of another positive linear operator with the ¢ function. Further on, in Section 4, we
investigate Sk, k € Z, operators giving sufficient conditions for shift invariance, for
preservation of global smoothness and for convergence to the unit operator multi-
plied by a constant. By using the first modulus of smoothness of the approximated
function, under additional conditions of the net given at (1), we prove that (Sk)
becomes an approximation process.

At the same time we provide concrete examples and, in particular, the established

Jackson inequality is proven to be sharp.
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2 NOTATION AND PRELIMINARIES

Let Lji.(R) be the vector space of the real-valued functions defined on R and
integrable on any compact interval of the real line.

DEFINITION 1. A function ¢ : R — [0, 00) satisfying the following conditions:

i) ¢ is a bounded function belonging to Lj joc(R), (2)
ii) a positive constant s exists such that supp(yp) C [-s, s], (3)
iii) a positive constant + exists with the property

o0

> o@+i6) =7 s R, ()

j=—00

is called a quasi-scaling type function.

LEMMA 1. If ¢ is a quasi-scaling type function then one has

/ o(z)dz = / o(z + jé)dz =6, j € Z. (5)
R R

Proof. We can write successively

/R o(z)ds = i / T )dn = T / olt + j8)dt

j=—00

/Zcp(t+j5dt /dt ~é.

J=—00

The second identity is a direct consequence of the previous one. [

Throughout the paper we will denote by D,, a € R*, and by 73, 8 € R, the dilation
operator respectively the translation operator. We recall that D, f(z) = \/E flaz)
and T5f(z) = f(z + B) for every f € R® and z € R. Using the inner product on
Ly(R), the following results can be verified

(f: Dag) = (Dl/af)g)s (.f: 7&9) = (Tz-ﬂf)g)r f € L2(R)7 g € LZ(R)a

and, consequently, these operators preserve the Lo-norm, that is, || f|l2 = || Dafll2 =

7512

As usual, the inner product (-,-) and the norm || - ||z, are defined respectively by

(ha, ha) = /R ha(Oha()dt, [hll2 = /T ),

for every hy, hy, h belonging to Ly(R).

On the other hand we make the following informal definition.
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DEFINITION 2. Let X,Y be linear spaces of real valued functions defined on R. If
the operator U : X — Y verifies U(T3f) = Ta(Uf), for all 8 € R, then U is called
a shift invariant operator.

As usual, we denote by C(R) (B(R), respectively) the space of all continuous
(bounded) real valued functions on R; C,(R*) stands for the set of all continu-
ous functions p : (0,00) — (0,00). Also, we need the first modulus of smoothness
of a bounded real function g € R, I C R, denoted by w;(g;-) and defined by
wi(g;0) = sup lg(z) — g(y)|, for every 8 > 0. The properties of this special func-

lz—y(<o

tion can be found, e.g., in the monograph [2; §5.1].
Finally, we recall the notion of Lipschitz continuous function of order u, u € (0, 1],

also known as Holder continuous functions. For a fixed constant A > 0 we consider
Lip,A(I) = Lip,A

={geR": |g(z) — g(y)| < Alz — y|V, for every (z,y) € I x I}.

3 TWO CLASSES OF LINEAR OPERATORS

Let ¢ be a quasi-scaling type function. In this section our aim is to present various
means to construct linear operators by using ¢ function. In this respect, at the
beginning, we would like to mention a class (Lg)kez of discrete operators recently

introduced in [1]. For every f € L ;,.(R) and k € Z we consider the operator

(Lef)(@) = Y (f0ns)pri(®), © €R, (6)

j=—oc0

where the functions ¢ ;, (k,j) € Z x Z, are given by

k(7)== Varp(axz + 07), z € R, (7

ax, being the same as in (1).

Because of the function ¢ has bounded support, for any real z the summation in (6)
involves only finite terms and consequently (Ly f)(z) is well-defined on R. Examining
(6) it is clear that Ly is a positive linear operator. In the particular case ay = 2*
and § = 1, operator L; becomes operator A, studied in [5]. Now, in relation (4) we
have vy = 1.

As regards L; operators, the main result will be read as follows.
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THEOREM 1. ([1]) Let Ly, k € Z, be defined by (6). For every function f € C(R)
the following inequality

|(Lef)(z) — 7?6 f ()| < v*6wi(f;2sa-), k €Z, z €R,

holds true, where v and s are given at (4) respectively (3).

Consequently, if (ax)r>0 tends to infinity as k — oo, then kli_)rgo Li.f = %5 f, uniformly
on any compact interval of the real axis, for every continuous signal f.

We recall that, from the mathematical point of view, a signal is a function of time.
If the variable belongs to an interval I then the signal f = f(t), ¢ in I, is called
analogical signal and, usually, this type of signal is a continuous function of time ¢.
Returning to our claimed aim, with the help of the same function ¢, we introduce
another positive linear operator of integral type.

At first, we consider a sequence (I;)kez of positive linear operators that maps C(R)
into itself. We fix only the operator Iy and then we define the other operators Iy,
k € Z*, by the identity

(e f)(z) = (lof)(a—kz), for any f € C(R) and z € R. (8)

Since axa_x = 1, by (1), relation (8) can be rewritten as follows: I f = \/axlo(Dq, f),
f € C(R).

By using the above operators we introduce a sequence (Si)xez of operators acting
on C(R) and defined by

(5f)(@) = / (1) () p(ars — w)du, = € R. (9)

This construction represents a generalization of a result due to G. Anastassiou and
H. Gonska [4], our approach being motivated by the quoted paper.

LEMMA 2. If Sk, k € Z, are defined by (9) then, for every f € C(R), the following
identities hold true

Sif = DapSoDa_, f = Do (loDa_, f * @), k € Z,

where * indicates the convolution product.

Proof. Since ay = 1, we have

(Sof)(x) = (lof) * p(x). (10)

Relations (9) and (8) together with the above identities allow us to write

(Seh)@) = +an / o(Da_ ) () p(arz — u)du = v/ax(SDa., f)(axz)
DakSODa—kf(m) = Dak (lODa—kf * 90)' ]
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Clearly, (10) shows us that if lof is a monotone function and ¢ is continuous, then
Sof is also monotone.

Further on, we are going to study connections between [ and S;.

4 PROPERTIES OF Sy OPERATORS

At first stage we indicate a sufficient condition regarding I such that S; to become
a shift invariant operator.
THEOREM 2. Let Sy, be defined by (9). If one has

lO(Da—k'T‘;f) = 7;lcﬂl(lODll—kf)v a € R? (11)

for every f € C(R), then Sy, is a shift invariant operator.
Proof. The hypothesis (11) means

lo(fla—g - +a);t) =l(f(ag);t + aag), a€R,
for every t € R. Following Definition 2 we compute

Sk(7;f; 13) = \/a—kSO(Da_k(’Ef); akx)
Vat [ 1Puy (Ta)it)e(ons = b

On the other hand
Ta(Skfiz) = (Skf)(z+a)
= \/d;/m W(D._, f;u)p(arz + (ara — u))du
= \/&_k'/ (Da_, f;t + ara)p(arz — t)dt.
R

Examining the previous relations and taking into account (11), the proof of our
theorem is complete. O

In what follows we investigate the property of global smoothness preservation of the
operators Sk.

THEOREM 3. Let Sy be defined by (9). If the central operator ly verifies

[(lof)(z —u) = ()l —uw)| Swi(filz —yl), z€R, yeR, (12)

for every f € C(R) then the following inequality holds true

w(Sef;6) < 7owi(f56), 6> 0. (13)
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Proof. For a given 6 > 0 let us take (z,y) € R x R such that |z — y| < 6. Since ¢ is
a non-negative function, by using (10), (5) and (12) we get

[(Sof)(z) = (Sof)W)I < /Rw(u)l(lof)(x —u) = (lof)(y — u)ldu

< (/R w(u)du) wi(f;lz —yl)

= yowi(f;|z —yl).

Lemma 1 and the above result imply

(S f)(2) - (Sef) )] |(SoPa_ f)(akz) — (SoDa_. f)(axy)|

< Yowi(Da_, f; arlz — y]) = véwi(f; Iz — )
< Yowi(f; ).
Applying sup to this inequality, the result follows. O
z,yER
le—yi<e

Next, we present a result concerning the rate of convergence of S; operators. At
this moment, we add a new requirement regarding the central operator l;. More

_ precisely, we consider that for a fixed ¢ > 0, a function p € C,(R%) exists with the
property

sup |(lof)(w) — f(v)| < wi(f;p(t)), for every f € C(R). (14)

lulvi<t

THEOREM 4. Let Sy be defined by (9) such that (14) is fulfilled. For every function
f € C(R) the following inequality

|(Skf)(z) —Cf(2)| < awi(f;a-kp(s)), z €R, (15)

holds true, where ¢ := v and the constants vy, s are given at (4) respectively (3).
Proof. For the sake of simplicity we put g := D,_, f and this implies f = D, g.

Starting from Lemma 2 we can write

(S)(@) — F (@) 2 |(SoDa_ f)as2) - f(2) / (1)t

@ / (Do, f; u)plare — u)du — () /R olasz — u)dul

oy /R ((1og) ) — (D 0)(®)) (a4 — )
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A T+S

@ ((log)(w) — glarz))p(ar — u)dul

axz—s
< 7<5| sup_ |(log)(w) — (akm)l 76w1 (g5 p(s))-
u—axz|<s
Taking into account the definition of w; we get w1(g; p(s)) = wi(f; a_kp(s)) and this
completes the proof. [J
Under these circumstances, it turns out that the sequence (¢1Sk)k>o has the ap-
proximation property converging to the identity operator of the space C(R). More
exactly, we ennunciate the following
COROLLARY. Let the operators Sk, k € Z, be defined by (9) so that (14) holds true.
If klgg ar = oo then
lim Lyf =cf,
uniformly on any compact interval of the real axis, for every f € C(R).
If the signal f is also a bounded one, in other words it belongs to the Banach space
Cp(R) := C(R) N B(R) endowed with the sup-norm || - ||, ), then (15) leads us to

the following upper-limit of the rate of convergence

167 Sef — fllesm) < wilf;a—p(s)), k € Z.

For illustrating the results of this section we provide an example.
EXAMPLE. Let us choose I = \/axD,_,, k € Z. Condition (8) is fulfilled and we
deduce Iy = I (identity operator), Sof = f * ¢ and

(Skf)(@) = /R fla_wu)p(as — w)du, k€ Z, f € C(R). (16)

It is easy to see that the shift invariant condition holds true, the common value of
(11) being f(a_k - +c). This way Sy is a shift invariant operator. Since (12) becomes
|f(z —uw) — f(y — u)] < wi(f;|z—y]) for every (z,y) € R x R, (13) takes place.
Also, (14) is verified for p = id (id(z) = z, z € R) and consequently, the rate of
convergence is given by (15). Moreover, by a straightforward calculation from (16)
we get

|Sk(id; =) — Se(id;y)| = | (z — y)o(t)dt|

supp(yp)
= 70|z — y| = véw: (id; |z — yl).
This example (I = I) helps us to conclude that the inequality (13) is sharp; if

f = id, then in (13) the equality is attained. A less trivial choice would be the
z+1

linear operator [y defined by (Ipf)(z) = f(t)dt, which also satisfies the crucial
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hypothesis (11). Considerations upon the monotonicity property of Sy operators are
contained in the following.

REMARK. For a given function f € C(R), assume that the mapping
o(l
@0 2Dz 1), (z,0) € R xsuppie), a7)

exists and it is continuous in z and « on the whole domain.

Also, assume that ¢ is continuous. By using the Leibniz rule, relation (9) implies

e = [0 e a0

lo(Da
ax / %(akm — t)p(t)dt.
supp(¢) z

Consequently, if the function defined by (17) is positive (negative) then Sif, k € Z,
is an increasing (decreasing) function. Obviously, if l; maps C!(R) into C*(R) then
all operators Sk, k € Z, have the same property. Here, C*(R) denotes the subspace
of all functions g € C(R) such that the first derivative Dg exists and belongs to
C(R).

Returning to our previous example, if f € C(R) and Df doesn’t change its sign,
then Sy defined by (16) is monotone. At the end of the paper we study the particular
case in which these operators leave invariant the class of Lipschitz functions. In what
follows we consider (Ix)xez a general sequence of linear positive operators, in other
words we drop condition (8).

THEOREM 5. For every integer k, let S be defined by (9) where Iy, is a linear positive
operator mapping L1 jo.(R) into itself.

If the function I f belongs to Lip4, ux then Spf belongs to LipA;c L, where Al =
yoal* Ay.

Proof. By using (9) and knowing that Iy f € Lip,, s, for every (z,y) in R x R we
have

Il

(S:)(@) - (SeH)@)| = | / () (@ez — £) — (hf)(ary — ) (e)dt]
< / Adlaw(s — g)Pp(t)dt = v6at* Agl — y|P*
R

and we arrive at the desired result. O
Consequently, if the knot aj, and the order p;, are on the following link a, < (y6)~'/#*,

then Sj operator leaves invariant the Lip A Mk class.
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