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L P SATURATION THEOREM FOR A LINEAR COMBINATION
OF INTEGRAL BASKAKOV TYPE OPERATORS

T.AK. Sinha , P.N. Agrawal and Ali J. Mohammad

ABSTRACT. In [1], Agrawal and Thamer introduced a sequence of linear positive
operators named as integral Baskakov type operators and studied some direct results in
L,, —approximation by a linear combination of this sequence. In [2] they established an

inverse theorem in L, —norm for the same operators. The present paper is a continuation

of their work in [1} and [2]. Here we aim to discuss a saturation theorem in L, —norm for

the above combination of integral Baskakov type operators.
1. INTRODUCTION

For feL,[0,0), 1<p<oo, Agrawal and Thamer [1] introduced a new sequence of
linear positive operators in the following way:

(L.1) Ly(f(x) = [K, %) f@)dt,
0

where K, (t,x)=(n- l)z Pny(X) Py (D) + 1+ x)"6(t), S(t) being the Dirac-delta
v=l
function and

n+v-1 o
pn",(x)z( jx"(1+x) "V x e[0,0).
v

May [3] and Rathore [4] have described a method for forming linear combinations of a
sequence of linear positive operators so as to improve the order of approximation.
Following their method, in [1] Agrawal and Thamer established some direct theorems for
a linear combination of the operators (1.1). Later, they [2] also obtained an inverse
theorem for these operators. The approximation process is described as follows:
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For ke N° (the set of nonnegative integers), the linear combination L,(f,k,x) of the
operators Ldjn(f;x), j=0,1,..., k is defined as:

k
(1.2) Ly(f k,x)= 3 CUK) Ly n(f 35,

Jj=0
where d, d;, ....d; € N (the set of positive integers) are arbitrary and distinct but
fixed and

k
(1.3) cG.o=T]

i=0

i#j
Throughout this paper, we denote by Cla,b] the set of all continuous functions on the

d;

—, k#0and C0.0)=1.

interval [a,b], C"[a,b] the subset of C[a,b] of m —times continuously differentiable
functions, C, the set of continuous functions on (0,c) having a compact support and

C§ the subset of C, of k —times continuously differentiable functions. Also, we denote
by AC[a,b], the class of absolutely continuous functions on [a,b], 0<a,b<o,
BV]a,b] the class of functions of bounded variation over [a,b] and ““ Clab’ the sup

norm on the space Cla,b].

Let meN and O<a<b<o and fel,[ab], 1<p<w, the m™ order integral

modulus of smoothness of f is defined as:

@y, (f,7, p,[a,b]) = sup | 45 f(F)

0<d<t
where A3 f(t) is the m" order forward difference of the function f with step length &
and O<z<(b-a)/m.

Throughout this paper, we assume that 0 <a; <a3 <a, <by <by <b; <, I; =[a;,b;]

3
Lyla,b-m§]

(i=1,2,3), (h,g>= Ih(x) g(x)dx the inner product on the space L,[0,) and C
0

denotes a constant not necessarily the same in different cases.
The object of the present paper is to prove the following (saturation theorem):

THEOREM 1. Let feL,[0,0), 1<p<oo. Then, in the following statements, the
implications (i) = (ii) = (iii) and (iv) = (v) = (vi) hold:

: _ _ —(k+1) .

(1) HLn(faks) f"Lp(Il)_O(n )s

(i) f coincides almost everywhere (a.e.) with a function F' on /; having 2k +2
derivatives such that:

(@) when p>1, F®*Y e 4C(I3) and F®**P e L (I3) ,
(b) when p=1, F*® ¢ 4C(I;) and F®**V e BV (I5);
_ —(k+1)y .
@) [ La(Fsk) = S (ry) =0T
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@) [ 2,7k, ) —o(n=*y,

(v) f coincides a.e. with a function F on /3, where F' is 2k +2 times continuously

2k+2 .
differentiable on /; and satisfies Z pU,k,x)F () (x) =0, where p(j,k,x) are the

j=1
polynomials occurring in (2.1);

vi) | Ln(f,k,.)—fHLp(Iz) =o(n~ D)y,

where O(1) and o(1) terms are with respect to n, when n — .

2. PRELIMINARY RESULTS

In order to prove the saturation theorem, we shall require the following results:
Let feL,[0,x),1<p<oco. Then, for sufficiently small >0, the Steklov mean f,, ,,

of m" order corresponding to f is defined as follows:

72 \" m
f?],m(t)'—'ﬂ_m{ I] FO+ED™T A £ [Ta .te1,.

-n/2 2t i=

i=1

LEMMA 1 [6]. For the function f,, ,, (#) defined above, we have

(@) fym(r) has derivatives upto order m over Iy, f, (m=1) o AC(I;) and f,ﬁf:’n) exists a.e.

n.m
and belongs to L, (1});
O |7l ) <M O Comp I r =12,
(C) Hf_fnm”
@ [yl

@© |

< .
Lp([2) '“Mm+1 a)m(faﬂ3p,]1) 4

L,(Iy) < M ”f"l‘p([l);

"Lp(IZ) SMpn™ “f"L,,(l,)’

where M;'s are certain constants that depend on i but are independent of f and 7.

LEMMA 2 [1]. Let me N % the m” order moment for the operators (1.1) be defined
by:

[e0]

Upm@® =L, (t-x)";x)=(n- l)z Py (%) j‘pn",_l OE-x)"dt+ ()" (1 +x)7".
0

v=l

Then U, o (x) =1, U, (x) = 2—"2 and
n—
(n=m=2)U, py1(x)=x(1+x) U;’m (x)+[@x +)m+2x]U,, ,,(x)

+2mx(1+x)U,, g (x), n>m+2.
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Further, we have the following consequences of U, ,,(x):
(i) U, (x) is a polynomial in x of degree m;
(i) forevery x€[0,00) U, ,(x) = O(n_[(””l)/z]) , where [f] denotes the integer part of

g
LEMMA 3 [1]. For me N % the function V,.m(t) be defined by:

Vam@ =1 =1 Py 1 () [Py ()x =)™ k.
v=1l 0

2(1+1)

Then V,o()=1,V,(t)= ( and there holds the recurrence relation

n-2)
(=M =2V it O =t A+ OV, () + {21+ D(m + 1) + 1}V, (1)
+2mt(L+ ), g (1), n>m+2,
Consequently:
(i) V, () isapolynomial in ¢ of degree m;

(i) forevery 1e[0,00), ¥, , (1) =0 1mD/2)

LEMMA 4 {3]. If C(j, k), j=0,1, ...,k are defined as in (1.3), then
k 1 =0

Ycomdm=y " .

20 0, m=12,....,k
LEMMA 5 [1]. For me N and rn sufficiently large, there holds

L, ((=0)", k,x) =0~ D { g(m, k, x) + oD},

where q(m,k,x) is a certain polynomial in x of degree m and x €[0,) is arbitrary but
fixed. Further, we have

(~=D* 2k +1)!
k
kK[ 14;
j=0
(-DF @k +2)
LA

k+D!'T]4;
j=0

g2k +1,k,x) = {(k+1)+2x)-1}{x(1+x)}* and

g2k +2,k,x) = x(1+x) <

LEMMA 6. Suppose that f € C 2k+2 (I,) has a compact support. Then, there holds

2k+2
2.1) L,(f,k,x)— f(x)= n“("“){ > plik,x) fO(x) + 0(1)}, n—ow,

i=1
uniformly in x € I}, where p(i,k,x) is a polynomials in x of degree i and does not
vanish on (0,) forevery i=1,2,...,2k+2.
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Proof. We can write f by using Taylor’s expansion of f on x as:

22 ) (t - x)***? (2k+2) (2k+2)
Q2) fO)-f(x)= Z (Gt O PRON (r @D () - p @D ()

where £ lies between t and x.

— X
(2k +2)!

Now, given any &> 0, there exists a 6 >0 such that ‘f(zl”z) (u)—f(2k+2)(w)’<£,
where |u - w| <0, u,wel,. Thus, forall t,x € I;, we have

2.3) ‘(t_x)2k+2(f(2k+2)(§)_f(2k+2)(x))l<g(t_x)2k+2

+ _2_2" k)
o

Now, by the positivity of the operators L,, and the Lemma 2, we get
@5 L= 02 PP (&) - O (x| <OtV e 4 n).

Using Lemma 5, we have

2.5) Ln[(’f’“)l ,k,x]=n‘<"+‘>(p(i,k,x)+o<1>), n—w,

2k+4
t—x) .
C(Il)(

il
forall i=1, 2, ...,2k +2 and o —term holds uniformly in x € /;.
Again, using Lemma 2 (the recurrence relation), we can see that p(i,k,x) does not
vanish on (0,) for every i=1,2,...,2k+2. By applying the linear combination
L,(.,k,x) to (2.2), we get

2k+2 f(z) (x)

(2.6) L,(f.k.x)- f(x)-z L, ((t = %)" k. x)

_l__ oN2kH2 (2k42) gy p(2k+2)
+(2k+2)gL"((’ )T @ -s (X)),k,x).

Finally, since &> 0is arbitrary, using (2.4)-(2.6) the required result is immediate. 1

LEMMA 7. Let he L,(I}), 1< p<ow, with supphc ;. If & has 2k +1 derivatives

with #*eac;) and A*DeL (1)), then for each geCF*? with
supp g < (0,00), the following inequality holds:

KLy (1 ke, x) = h(x), g ()] <

k+1 Z" (r)

C'(I)

Proof. Clearly,
k
@7 (L) = h(x),8(0) = Y CU R Lg h(0); ), 80)) = (o 8)
=0

By using Fubini’s theorem and Taylor’s expansion of g on ¢, we have

Rev. Un. Mat. Argentina, Vol. 44-2



62 T.A.K. SINHA, PN. AGRAWAL AND ALl J. MOHAMMAD

(L 0500, 80) = [ [Kop 030 0) )t
00

© o 2k+1
_ (x-— f) 2@ (x - ) g4+
OIOIKd,,(mh(r){ZO 0o re (f)}dxdt

( &, lying between xand )
- j( jden (t,x)dx ]h(t) g(t) dt + { [de,, (t,x) (x — ) dx ]h(t) g'(t) dt
0\0 o

2k

+
—

1
i1

+

On._.8 S 8

jK (%) (x = 1) h(t) gD (1) dxdt
0

N
-~

J j Ky u(t,2) (x =022 bt g2 () dear

]
(2k +2)1 50
2k+1
=0g+o; + ZO’i + 0 oks2-
i=2
Using Lemma 3, we have

k
> C(j,k)oy =(h,g) and

j=0
ZC(J ko, = ZC(J k) f| [Kan, x)(x—t)dx]h(t)g(t)dt
Jj=0 Jj=0 (AN

k @
. 21+t ,
= 2C0H [25 oy gyar.
=0 0o 4"~
Thus, by using the compactness of g’ and Lemma 4, we get:

C
ke " h "cul) :

ZC(J’k)O-l

Jj=0

|, and ZC(J,k)02k+2

- k+1|

Now, let A, (t) = h(t) gW(r), 2<i<2k+1 then by using Taylor’s expansion of #; on x,

261
we have #;(f) = Z x) (r)( )+ x) (2k)(§2) where &, lies between ¢ and

S (2k)!
C(Il)} '

x . Applying Fubini’s theorem and Lemma 4, we have for each i

2k
%{Z})“h}r) C(”} - {Z" e
nktl Z" h ey

Thus,

ZC(j,k)(zfla ]
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k
Finally, combining the estimates of ZC(], kYo, i=0,1, ..., 2k +2with (2.7), the
j=0
required result follows. i

Our next result is the inverse theorem for L, (., k, x) of the operators (1.1).

THEOREM 2 [2]. Let O<a <2k +2, f € L,[0,®), 1< p<oo and
"L"(f’k")—f"Lpu,) =0(n*"?*)as n>w,

then @5 (f,7,p,13)=0(z%) as 1 > 0.

THEOREM 3 [5]. Let 1< p <o, f € L,[a,b] and there hold

@, (f>7, p.[a,b) =0(=""%), (r > 0),
where m,re N and O<a <1. Then f(x) coincides a.e. on [¢,d]c(a,b) with a

function F(x) possessing an absolutely continuous derivative F ("l)(x), the ™

derivative ") (x)€ L ,[c,d], and there holds &(F "), z, p,[c,d])=O(z%), (z > 0).

3. PROOF OF THEOREM 1.

We assume that a; <x; <x, <a3 <by <y, <y, <by, and J; =[x;,y;,] (i=1,2). We
get from Theorems 2, 3 that f coincides a.e. on (x;,y;) with a function called F such
that F*Y e 4C(J;) and F®**V e L (J;). Moreover, for 0< £ <1,

(3.1) o(F*D 7 p. J)=0*), r>0.

Let geC3**? with suppgc(a,b) and g(x)=1 if xeJ;. Put f(x)=F(x)q(x),

x €[0,00) then
| L (k)= 7]

)5||Ln(f’k’~)—fan(J2) +“L"(f_f‘k") L,(Jy)

Because of ]; = f on J;, the contribution of the second term of the right hand side can
be made arbitrary small as # — oo . Hence, assuming (i), it follows that

” L,(f.k,.) _j}“Lpuz) =0 * My n 0.

Now, if p>1, using Alaoglu’s theorem there exists a function A(x)e L p(J2) such that

for some subsequence {n;} and for every ge Cg"”z with supp g = (a;,5;),

(32) lim n§+‘<Lnj F.k) -7, g>=<h, g).

nj=>0

When p =1, the functions ¢, (x) defined by:

L,(J

b= L, (k) - F ) s

x2
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are uniformly bounded and are of uniformly bounded variation. Making use of Alaoglu’s
theorem, it follows that there exists a function ¢y(x) € AC(J,) such that

(33) nlii)nwn§+l<l‘nj (faka')—];’g>=”<¢03g’>'

Now, suppose that f',ﬂk +2 1s the Steklov mean of (2% + 2)’h order corresponding to f" ,
we have

(Lo o) = 70, 80) =(Lu, (= Fpian 69 = (F = Fre )@, 8)
+ <Lnj (J}q,2k+2 K, x) - in,2k+2 (x), g(x)>
= <Lnj (f = Fraks ok X) = (F = Fy a2 ), g(x)>

1 N
# ot (Poksa (D) 212 (0,80 o
:

1

)
n 5g+1

2k+2 _ P
in view of Lemma 6, where Py, (D)= Y. p(i,k,x)D' and D= P
i=1
R 2%+2 )
Let Py ,h (D)= Z p (i,k,x)D' denote the differential operator adjoint to Py, (D),
i=1

thus,
ni (L, (e x) = 70, 80) = (Frakaa 0, Prraa (DIZ(3)

=1L, (F = Fraaa ko ¥) = (F = 2 )0, 820 + 01

2
r(r)y _ 7(r)
SC{ z(:)“f( : =~ foake2 C(11)}+0(1)
r=

(in view of Lemma 1 (property (a)) and Lemma 7).

Therefore,

Tlim (L, (Fokx) = F00,800) = (Fpaker (9, Priaa (D))

2k
7 7(r)
<C Z“ FO -7, o
r=0 !
Taking limit as 7 — 0 and using (3.1) we get

G4 tim nf(L, (k) - 700, 8(0) = (0. Prraa (D)g() =0,
Combining (3.2) and (3.4), we have < F(), Prras (D)g(x)> = (h(x), g(x)) and hence

(3.5) h=Py2(D) f
as generalized functions. Now, in view of Lemmas 5 and 6, we have
gk +2,k,x)  (=1)*

- k

PRk +2,k,x) = YT
(2k+2)! k+D' 4,
j=0

{x(l+x)}k+l #0.
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Hence, regarding (3.5) as a generalized first order linear differential equation for f (2k+D)
with the non-homogeneous terms linearly depending on f” O 0<i<2k and h with
polynomial coefficients, as f” @ ¢ C(J5).(0<i<2k) and hel p(J2) we conclude that
f @kl ¢ AC(J5) and therefore that f" kD) e L p(J2). Since f’ coincides with F on
J, it follows that F***D e 4C(1,) and that F*¥*? e L (15).

When p =1, proceeding as in the case of p>1 with (3.2) replaced by (3.3) we find that

F®) e 4c (I;) and F (k1) ¢ BV(l,). This completes the proof of implication
1) = ().
The implication (ii) = (iii) follows from proposition of [1] for the case p>1and p=1.

Assuming (iv), since n**! [[ L, (f,k,.)—f"L ) — 0 as n-—> o, proceeding as in the
I4

Ln(.;"kr)_fﬂ'

we find that A(x) and @y(x) are zero functions.

— 0 as n—> o and hence

Lp(‘ll)

proof of (i) = (ii) it follows that n**!

Thus, Pz*k (D) f’ (x)=0. This implies that f is 2k+2 times continuously
differentiable function. Now, applying Lemma 6 for the function /}

(.6) Tim (L, (7. - F.8) = (Puna (D). ).

Comparing (3.4) and (3.6), we have Py, ,,(D) j}(x) =0. Hence, over I, F is 2k+2
times continuously differentiable function and P,,,, (D) F(x)=0.
Finally, (v) = (vi) follows from Lemma 6. ]
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