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ON SOME FUNCTIONS OF THE LITTLEWOOD PALEY THEORY
FOR γd AND A CHARACTERIZATION OF GAUSSIAN SOBOLEV

SPACES OF INTEGER ORDER.1

IRIS A. LÓPEZ AND WILFREDO O. URBINA

Abstract. We define an Area function of higher order with respect to the Gauss-
ian measure Sk

γ and prove its Lp(γd)-continuity for 1 < p <∞. Also we consider

an associated Littlewood Paley g type function egk
γ , of higher order with respect

to the Gaussian measure and show its Lp(γd)-continuity for 1 < p <∞. Finally,

we give a characterization of Gaussian Sobolev spaces Lp
s(γd) of integer order by

means of a related Littlewood Paley type function gk, of higher order with respect

to the Gaussian measure, defined by C. Gutierrez, C. Segovia and J. Torrea.

1. Introduction

Let us consider the Gaussian measure γd(dx) = 1
πd/2 e

−|x|2dx in Rd and the Ornstein-
Uhlenbeck differential operator

L =
1
2
4x − 〈x,∇x〉 .

Let α = (α1, ...., αd) ∈ Nd be a multi-index, let α! =
∏d
i=1 αi!, |α| =

∑d
i=1 αi,

∂i = ∂
∂xi

, for each 1 ≤ i ≤ d and ∂α = ∂α1
1 ...∂αd

d .

Let us consider the (normalized) Hermite polynomials of degree |α| , in d variables

hα(x) = 1

(2|α|α!)1/2

d∏
i=1

(−1)αiex
2
i
∂αi

∂xαi
i

(e−x
2
i ).

Given a function f ∈ L1(γd) we consider its Fourier-Hermite coefficients defined
by

cα =
∫

Rd

f(x)hα(x)γd(dx).

Let us consider the Ornstein-Uhlenbeck semigroup {Tt}t≥0 defined as

Tt(f)(x) =
1

(1− e−2t)d/2

∫
Rd

e
− e−2t(|x|2+|y|2)−2e−t〈x,y〉

1−e−2t f(y)γd(dy).
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42 IRIS A. LÓPEZ AND WILFREDO O. URBINA

By Bochner subordination principle, we define the Poisson-Hermite semigroup
{Pt}t≥0 associated to L (see [6]) as

Pt(f)(x) =
1√
π

∫ ∞

0

e−u√
u
Tt2/4u(f)(x)du

=
1

2π(d+1)/2

∫
Rd

∫ 1

0

t
exp

(
t2/4 log r

)
(− log r)3/2

exp
(
−|y−rx|2

1−r2

)
(1− r2)d/2

dr

r
f(y)dy.

We will also consider the translated semigroups
{
T kt
}
t≥0

and
{
P kt
}
t≥0

defined by

T kt (f)(x) = e−ktTt(f)(x) and

P kt (f)(x) =
1√
π

∫ ∞

0

e−u√
u
T kt2/4u(f)(x)du for k ≥ 1.

In 1994 C. Gutierrez [3] introduced a Littlewood-Paley-Stein gγ-function with re-
spect to the Gaussian measure as

gγ(f)(x) =
(∫ ∞

0

|t∇Pt(f)(x)|2 dt
t

)1/2

, (1.1)

where ∇ =
(
∂
∂t ,

1√
2
∇x

)
is the (total) gradient and proved its Lp(γd)-continuity for

1 < p <∞.
The Area function and the Area function of higher order are important in the

classical case of the Lebesgue measure, since for a harmonic function on Rd+1
+ the

existence of non-tangencial limits is equivalent to the finitess of S operator. Also
they are very important in the characterization of Hardy spaces and they are related
with atomic descomposition of Hardy spaces. Therefore the study of the analogous
notions in the Gaussian case are important and interesting.

In 1994 E. Fabes and L. Forzani [1] introduced an Area function for the Gaussian
measure γd as

Sγ(f)(x, δ) =

(∫
Γγ(x,δ)

|∇Pt(f)(y)|2 t
(
t−d ∨ |x|d ∨ 1

)
dydt

)1/2

(1.2)

where Γγ(x, δ) =
{

(y, t) ∈ Rd+1
+ : |y − x| < δ(t ∧ 1

|x| ∧ 1)
}

is what is called a Gaussian

cone with opening with δ > 0 and vertex x ∈ Rd, and they proved its Lp(γd) continuity
for 1 < p <∞ of Sγ (see [1]).

Theorem 1.1. Suppose f ∈ Lp(γd). Then

i) There exist a constant Cδ > 0 such that for every x ∈ Rd

gγ(f)(x) ≤ CδSγ(f)(x, δ). (1.3)

ii) If 1 < p <∞, then exist a constant Cp > 0 such that

‖Sγ(f)(·, δ)‖p,γd
≤ Cp ‖f‖p,γd

. (1.4)
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ON SOME FUNCTIONS OF THE LITTLEWOOD PALEY THEORY FOR γd 43

Inspired by C. Segovia and R.Whedeen article [9], we define an Area function of
order k with respect to γd as

Sk
γ (f)(x, δ) =

 Z
Γγ(x,δ)

`
t ∧ 1 ∧ |x|−1´2k−1+d

˛̨̨
∇kPt(f)(y)

˛̨̨2
t−d

“
t−d ∨ |x|d ∨ 1

”
dydt

!1/2

,

(1.5)

for k ≥ 1 and δ > 0 where∣∣∇kPt(f)(x)
∣∣2 =

d∑
j=0

∣∣∣∣∇k−1 ∂

∂xj
Pt(f)(x)

∣∣∣∣ and x0 = t.

We define an associated Littlewood Paley g-type function of order k as

g̃kγ(f)(x) =
(∫ ∞

0

t−(d+1)
(
t ∧ 1 ∧ |x|−1

)2k+d ∣∣∇kPt(f)(x)
∣∣2 dt)1/2

. (1.6)

We will prove the Lp(γd)-continuity for 1 < p < ∞, of the functions Skγ and g̃kγ .
Formally

Theorem 1.2. Suppose f ∈ Lp(γd). Then
i) If 1 < p <∞, then exist a constant Cp,δ,k,d > 0 such that∥∥Skγ (f)(·, δ)

∥∥
p,γd

≤ Cp,δ,k,d ‖f‖p,γd
. (1.7)

ii) There exist a constant Ck,δ,d > 0 such that for every y ∈ Rd

g̃kγ(f)(y) ≤ Ck,δ,dS
k
γ (f)(y, δ). (1.8)

If p = 1 R. Scotto has proved (see [8])

γd
({
x ∈ Rd : gγ(f)(x) > λ

})
≤ C

λ
‖f‖1,γd

.

Using a similar argument to Scotto,s proff it can be proved that

γd
({
x ∈ Rd : Skγ (f)(x, ε) > λ

})
≤ Cε

λ
‖f‖1,γd

for all λ > 0 and k ≥ 1. In consecuence for all k ≥ 1 the function g̃kγ can be weak-type
(1, 1) continuos.

In 1996 C. Gutierrez, C. Segovia and J. Torrea (see [4]) introduced Littlewood-
Paley functions of higher order with respect to the γd as

gkS,γ(f)(x) =
(∫ ∞

0

∣∣tk∇k
xPt(f)(x)

∣∣2 dt
t

)1/2

(1.9)

where ∣∣∇k
xPt(f)(x)

∣∣2 =
d∑
j=1

∣∣∣∣∇k−1
x

∂

∂xj
Pt(f)(x)

∣∣∣∣
and

gkt,γ(f)(x) =

(∫ ∞

0

∣∣∣∣tk ∂k∂tkPt(f)(x)
∣∣∣∣2 dtt

)1/2

(1.10)

Rev. Un. Mat. Argentina, Vol 45-2



44 IRIS A. LÓPEZ AND WILFREDO O. URBINA

They proved (see [4]) the Lp(γd)-continuity, 1 < p <∞ of these functions, namely

Theorem 1.3. Given 1 < p <∞ let k ≥ 1. Then there exist positive constants Cp,k
and Ap,k, only depending on p and k such that for every polynomial f we have∥∥gkS,γ(f)

∥∥
p,γd

≤ Cp,k ‖f‖p,γd
, (1.11)∥∥gkt,γ(f)

∥∥
p,γd

≤ Ap,k ‖f‖p,γd
. (1.12)

On the other hand, they proved the opposite inequality from gkt,γ(f)(·) (see [4]).
Formally

Theorem 1.4. Given 1 < p < ∞, let k ≥ 1. Then there exist a constant Bp,k > 0
such that for every polynomial f we have

‖f‖p,γd
≤ Bp,k

∥∥gkt,γ(f)
∥∥
p,γd

. (1.13)

As an application of these functions gkS,γ and gkt,γ , we will provide a characterization
of Gaussian Sobolev spaces, Lps(γd) for 1 < p <∞ and s a positive integer.

Following S. Watanabe (see [13]) Gaussian Sobolev spaces Lps(γd) for 1 < p < ∞
and s > 0 can be defined as follows:

Let f be a polynomial function and let

Jn(f) =
∑
|α|=n

cαhα

be its orthogonal projection onto the closed subspace generated by {hα : |α| = n},
consider the Bessel potentials for the Gaussian measure (see [1]),

(I − L)−s/2(f) =
∞∑
n=0

(1 + n)−s/2Jn(f), (1.14)

and define the norm
‖f‖p,s :=

∥∥∥(I − L)s/2(f)
∥∥∥
p,γd

. (1.15)

Then Gaussian Sobolev spaces, Lps(γd), is define as the completion of the polyno-
mials functions with the norm ‖·‖p,s .

In what follows the following notation will be needed. We will say that a multi-
index β has order k if β ∈ Nk, β = (β1, ..., βk) with 1 ≤ βj ≤ d and we denote ∂β =
∂β1 ...∂βk

. Let Mk be the set of all these multi-index of order k, then Card(Mk) = dk.
Observe that given a β ∈Mk , we can get a multi-index α ∈ Nd such that |α| = k,

taking
αi = Card {βj : βj = i} .

Now given α ∈ Nd with |α| = k, we denote

Uα = {β ∈Mk : ∂β = ∂α} , Jk =
{
α ∈ Nd : |α| = k

}
and thus Mk =

⋃
Jk
Uα.

We will need to define another Littlewood Paley g-type function of order k. Let
α ∈ Nd a multi-index and let Rα(f)(x) be the Riesz transform of order |α| (see [12]),
with respect to the Gaussian measure. Given f a polynomial function, let us consider

fα(y, t) = P
|α|
t (Rα(f))(y), f(y, t) = Pt(f)(y)
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ON SOME FUNCTIONS OF THE LITTLEWOOD PALEY THEORY FOR γd 45

and −→
f (y, t) = (f(y, t), fα(y, t)) with α ∈ Jk−s.

Define ∣∣∣∣ ∂k∂tk−→f (y, t)
∣∣∣∣2 =

∣∣∣∣ ∂k∂tk f(y, t)
∣∣∣∣2 +

∑
Jk−s

∑
Uα

∣∣∣∣ ∂k∂tk fα(y, t)
∣∣∣∣2

and the following Litllewood Paley type g-function

gk,sγ (
−→
f )(y) =

(∫ ∞

0

t2(k−s)−1

∣∣∣∣ ∂k∂tk−→f (y, t)
∣∣∣∣2 dt

)1/2

. (1.16)

There is an important relation between the function gk,sγ (
−→
f )(·) and the function

gk−sS,γ (f)(·) previously defined, which is consequence of the following identity

∂k−s

∂tk−s
P k−st (Rα(f))(x) = (−1)k−s∂αPt(f)(x), (1.17)

where α ∈ Nd is a multi-index such that |α| = k − s (see [4]), and this will be one of
key ingredients of the next result.

Theorem 1.5. Let k, s be positive integers such that 0 < s < k and 1 < p <∞. Then
there exist posistive constants Ap,k−s and Bp,k−s, only depending on p and k−s, such
that if f ∈ Lps(γd), we have

Bp,k−s ‖f‖p,s ≤
∥∥∥gk,sγ (

−→
f )
∥∥∥
p,γd

≤ Ap,k−s ‖f‖p,s . (1.18)

Therefore we have obtained a characterization of the Sobolev spaces of order s ∈ N,
Lps(γd), by using esentially the Lp(γd)-continuity of the functions gk−sS,γ and gk−st,γ .

We thank Liliana Forzani for some helpful remarks.

2. Proofs

Proof of the Theorem 1.2:
i) In order to prove the Lp(γd) continuity of Skγ we will need the following technical

lemmas.

Lemma 2.1. Let 0 < δ < ε, and x ∈ Rd. Let Γγ(x, ε), Γγ(x, δ) and (y, τ) ∈
Int(Γγ(x, δ)). We consider c > 0 and r ≤ c

(
τ ∧ 1 ∧ |x|−1

)
such that Br(y, τ) ⊂

Γγ(x, ε). Let F ∈ C(Rd+1
+ ) and G ∈ C(Rd+1

+ ) two positive functions such that

F (y, τ) ≤ Cr−2(k−1)−(d+1)

∫
Br(y,τ)

G(v, t)dvdt.

Then there exist c = c(ε, δ) such that∫
Γγ(x,δ)

(
τ ∧ 1 ∧ |x|−1

)2k+d−1

F (y, τ)τ−d
(
τ−d ∨ |x|d ∨ 1

)
dydτ

≤ Ck,δ,d

∫
Γγ(x,ε)

G(y, τ)τ
(
τ−d ∨ |x|d ∨ 1

)
dydτ.
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46 IRIS A. LÓPEZ AND WILFREDO O. URBINA

Proof. Let k ≥ 1 and 0 < δ < ε then Γγ(x, δ) ⊂ Γγ(x, ε). Fix k ∈ N and let
(y, τ) ∈ Int(Γγ(x, δ)). If we choose c =

(
ε− δ ∧ sin

(
δ1−ε1

2

)
∧ 1

2

)
, where δ = tan(δ1)

and ε = tan(ε1), we can consider Br(y, τ) ⊂ Γγ(x, ε) with r = c
(
τ ∧ 1 ∧ |x|−1

)
.

Then we define

Aτ =
{

(v, t) : |x− v| < ε
(
t ∧ 1 ∧ |x|−1

)
; |t− τ | ≤ r

}
,

Aτ,δ =
{

(v, t) : |x− v| < ε
(
t ∧ 1 ∧ |x|−1

)
; (1 + δ2)−1/2(1− c)τ < t < (1 + c)τ

}
and

Hτ,δ =
∫
Aτ,δ

G(v, t)dvdt.

Since Br(y, τ) ⊂ Aτ we have

F (y, τ) ≤ Cr−2(k−1)−(d+1)

∫
Aτ

G(v, t)dvdt. (2.1)

Now consider the following change of coordinates,

τ = ρ cos(θ)
x− y = |x− y|σ = ρ sin(θ).σ

dydτ = ρddρdσ

where σ ∈ Rd such that |σ| = 1 and ρ > 0.
Let us denote Ω = B1(x, 0) ∩ Γγ(x, δ). Since Γγ(x, δ) ⊂ {(y, τ) : |x− y| < δτ} and

Aρ cos θ ⊂ Aρ,δ, then∫ ∫
Γγ(x,δ)

(
τ ∧ 1 ∧ |x|−1

)2k−1+d

F (y, τ)τ−d
(
τ−d ∨ |x|d ∨ 1

)
dydτ

≤ C

∫
Ω

(cos θ)−2d

[∫ ∞

0

Hρ,δ

(
ρ−d ∨ |x|d ∨ 1

)
dρ

]
dσ.

Therefore in order to prove the lemma, it is enough to prove that∫ ∞

0

Hρ,δ

(
ρ−d ∨ |x|d ∨ 1

)
dρ ≤ Ck,δ

∫
Γγ(x,ε)

G(y, τ)τ
(
τ−d ∨ |x|d ∨ 1

)
dydτ (2.2)

since (1 + δ2)−1/2 ≤ cos θ ≤ 1.
Let us consider two cases: |x| ≤ 1 and |x| > 1.
In first case, we have

(
ρ−d ∨ |x|d ∨ 1

)
= max

(
1, ρ−d

)
and therefore∫ ∞

0

Hρ,δ max(1, ρ−d)dρ =
∫ 1

0

Hρ,δρ
−ddρ+

∫ ∞

1

Hρ,δdρ. (2.3)

In the second case, we have
(
ρ−d ∨ |x|d ∨ 1

)
= max

(
ρ−d, |x|d

)
thus∫ ∞

0

Hρ,δ max(ρ−d, |x|d)dρ =
∫ |x|−1

0

Hρ,δρ
−ddρ+ |x|d

∫ ∞

|x|−1
Hρ,δdρ. (2.4)
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ON SOME FUNCTIONS OF THE LITTLEWOOD PALEY THEORY FOR γd 47

Let us bound in (2.3) and (2.4) each of the integral in the right hand side. It is
clear that ∫ 1

0

Hρ,δρ
−ddρ ≤

∫ ∞

0

Hρ,δρ
−ddρ

and ∫ ∞

1

Hρ,δdρ ≤
∫ ∞

0

Hρ,δdρ.

Then by Tonelli,s Theorem,∫ ∞

0

Hρ,δρ
−ddρ =

∫ ∞

0

τ−d

[∫
Γγ(x,ε)

G(v, t)χAτ,δ
(v, t)dvdt

]
dτ

≤
∫

Γγ(x,ε)

G(v, t)

(∫ (1+δ2)1/2t/(1−c)

t/(1+c)

τ−ddτ

)
dvdt

≤ Cδ,d

∫
Γγ(x,ε)

G(v, t)tmax
(
t−d, 1, |x|d

)
dvdt.

Wich allows us to bound (2.3).
For the second integral of the right hand side of (2.4) we have

|x|d
∫ ∞

|x|−1
Hρ,δdρ ≤ |x|d

∫ ∞

0

Hρ,δdρ

= |x|d
∫ ∞

0

(∫
Γγ(x,ε)

G(v, t)χAτ,δ
(v, t)dτ

)
dvdt

≤
∫

Γγ(x,ε)

G(v, t)

(
|x|d

∫ (1+δ2)1/2t/(1−c)

t/(1+c)

dτ

)
dvdt

≤ Cδ

∫
Γγ(x,ε)

G(v, t)tmax
(
t−d, 1, |x|d

)
dvdt.

Then we conclude the proof of the lemma.
Following the same type of argument of the proof of Lemma 4.1 of [1], we have,

Lemma 2.2. Let us consider (y, τ) ∈ Rd+1
+ , a ball Br(y, τ) with center at (y, τ) and

radius r ≤
(
τ ∧ 1 ∧ |y|−1

)
and let ξ = (ξ1, ..., ξk) with 0 ≤ ξj ≤ d, j = 1, ..., k. If

u(y, τ) is a solution of ∂2u
∂τ2 + 2Lu = 0 then,

|∂ξu(y, τ)| ≤ Ck,dr
−k− (d+1)

2

(∫
Br(y,τ)

|u(x, s)|2 dxds

)1/2

. (2.5)

Proof. For each (y0, τ0) ∈ Rd+1
+ , |y0| > 1, set B = B 1

|y0|
(y0, τ0). Let us define on B

the transformation
y = y0 +

1
|y0|

y
′
,

τ = τ0 +
1
|y0|

τ
′
.
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Then (y, τ) ∈ B if and only if (y
′
, τ

′
) ∈ B1(0, 0). Now, let us define the function

U(y
′
, τ

′
) = u

(
y0 +

1
|y0|

y
′
, τ0 +

1
|y0|

τ
′
)

on B1(0, 0).

The function U satisfies the equation

∆y′ ,τ ′U − 2
1
|y0|

(
y0 +

1
|y0|

y
′
)
∇y′U = 0.

Since (y
′
, τ

′
) ∈ B1(0, 0) then 1

|y0|

(
y0 + 1

|y0|y
′
)

is bounded by a constant. Thus, U is
a solution of a elliptic differential operator with bounded first order coefficients and
then from it follows, from Theorem 8.13 of [2] and Sobolev immersion Theorem, that
U satisfies the inequality,

|∂ξU(0, 0)| ≤ Ck,ds
−k− (d+1)

2

(∫
Bs(0,0)

∣∣∣U(y
′
, τ

′
)
∣∣∣2 dy′dτ ′)1/2

,

for all s ≤ 1.
Now, by the definition of U , the last inequality can be rewritten as

|∂ξu(y0, τ0)| ≤ Ck,ds
−k− (d+1)

2

(∫
Bs(0,0)

∣∣∣∣u(x0 +
1
|y0|

y
′
, τ0 +

1
|y0|

τ
′
)∣∣∣∣2 dy′dτ ′

)1/2

= Ck,d|y0|
(d+1)

2 s−k−
(d+1)

2

∫
B s

|y0|
(y0,τ0)

|u(y, τ)|2dydτ

1/2

.

Hence, in order to obtain inequality (2.5), if τ0 < 1
|y0| , take s = |y0|τ0 and if τ0 > 1

|y0| ,
s = 1.
If |y0| ≤ 1 we can apply to u the classical inequality, on the ball B1(y0, τ0).

Lemma 2.3. Let k ≥ 1 and 0 < δ < ε. Then exist Cδ,k,d > 0 such that for each
x ∈ Rd

Skγ (f)(x, δ) ≤ Cδ,k,dSγ(f)(x, ε). (2.6)

Proof. Let f be a bounded, smooth and with bounded first and second order derivates.
We know that if u(y, τ) = Pτ (f)(y), then

∂2

∂τ2
u(y, τ) + 2Lu(y, τ) = 0.

Now if ξ = (ξ1, ..., ξk) with 0 ≤ ξj ≤ d, then ∂ξu(y, τ) = ∂µ∂iu(y, τ) if µ =
(µ0, .., µk−1) and i = 0, ..., d. Also, u is a bounded function, with bounded first and
second derivates on Br(y, τ) (see [3]). Then using (2.5) of lemma 2.2 we get

|∂ξPτ (f)(y)|2 ≤ Ck−1,dr
−2(k−1)−(d+1)

∫
Br(y,τ)

∣∣∣∣ ∂∂viPt(f)(v)
∣∣∣∣2 dvdt,

and ∣∣∇kPτ (f)(y)
∣∣2 ≤ Ck−1,dr

−2(k−1)−(d+1)

∫
Br(y,τ)

|∇Pt(f)(v)|2 dvdt.
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Applying the lemma 2.1 with F (y, τ) =
∣∣∇kPτ (f)(y)

∣∣2and G(v, t) = |∇Pt(f)(v)|2

we obtain the result of this lemma.
The proof of i) the Theorem 1.2 is now inmediate using (2.6), and the Lp(γd)-

continuity of the Area function Sγ (see [1]) when f is a smooth function. For general
f ∈ Lp(γd), we need only approximate in norm by a sequence of indefinitely differen-
tiable functions with compact support.

ii) Fix δ > 0, (y, t) ∈ Γγ(y, δ) and r = c
(
t ∧ |y|−1 ∧ 1

)
such that Br(y, t) ⊂

Γγ(y, δ). The Mean Valued inequality (see [1]) implies∣∣∇kPt(f)(y)
∣∣2 ≤ Cδ,d

(
t−(d+1) ∨ |y|d+1 ∨ 1

)∫
Br(y,t)

∣∣∇kPs(f)(x)
∣∣2 dxds.

Then by Schwarz,s inequality and Tonelli,s Theorem we obtain[
g̃kγ(f)(y)

]2
=
∫ ∞

0

t−(d+1)
(
t ∧ 1 ∧ |y|−1

)2k+d ∣∣∇kPt(f)(y)
∣∣2 dt

≤ Cδ,d

∫ ∞

0

t−(d+1)
(
t ∧ 1 ∧ |y|−1

)2k+d (
t−(d+1) ∨ 1 ∨ |y|d+1

)
[
∫
Br(y,t)

∣∣∇kPs(f)(x)
∣∣2 dxds]dt

≤ Cδ,d

∫
Γγ(y,δ)

∣∣∇kPs(f)(x)
∣∣2(∫ s+δ(s∧1∧|y|−1)

s−δ(s∧1∧|y|−1)
t−(d+1)

(
t ∧ 1 ∧ |y|−1

)2k+d (
t−(d+1) ∨ |y|d+1 ∨ 1

)
dt

)
dxds

Therefore, in order to proof the lemma, it is enough to proof∫ s+δ(s∧1∧|y|−1)

s−δ(s∧1∧|y|−1)
t−(d+1)

(
t ∧ 1 ∧ |y|−1

)2k+d (
t−(d+1) ∨ |y|d+1 ∨ 1

)
dt (2.7)

≤ Cδ,k,ds
−d
(
s ∧ 1 ∧ |y|−1

)2k−1+d (
s−d ∨ |y|d ∨ 1

)
.

We will prove (2.7) considering two cases as in the proof of the Lemma 2.1: |y| ≤ 1
and |y| > 1.

In the first case we have(
t−(d+1) ∨ |y|d ∨ 1

)
= max

(
t−(d+1), 1

)
and

(
t ∧ 1 ∧ |y|−1

)
= min (t, 1)

then ∫ s+δ(s∧1∧|y|−1)

s−δ(s∧1∧|y|−1)
t−(d+1)

(
t ∧ 1 ∧ |y|−1

)2k+d (
t−(d+1) ∨ |y|d+1 ∨ 1

)
dt

≤
∫ s(1+δ)

s(1−δ)
t2k−d−2dt ≤ Cδ,k,ds

2k−1s−d
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if t ∈ (0, 1). On the other hand∫ s+δ(s∧1∧|y|−1)

s−δ(s∧1∧|y|−1)
t−(d+1)

(
t ∧ 1 ∧ |y|−1

)2k+d (
t−(d+1) ∨ |y|d+1 ∨ 1

)
dt

≤
∫ s(1+δ)

s(1−δ)
t−(d+1)dt ≤ Cδ,ds

−d

if t ∈ (1,∞).
In the second case,(
t−(d+1) ∨ |y|d ∨ 1

)
= max

(
t−(d+1), |y|d

)
and

(
t ∧ 1 ∧ |y|−1

)
= min(t, |y|−1)

thus ∫ s+δ(s∧1∧|y|−1)

s−δ(s∧1∧|y|−1)
t−(d+1)

(
t ∧ 1 ∧ |y|−1

)2k+d (
t−(d+1) ∨ |y|d+1 ∨ 1

)
dt

≤ |y|d+1
(
|y|−1

)2k+d
∫ s(1+δ)

s(1−δ)
t−(d+1)dt

= Cδ,k,d |y|d
(
|y|−1

)2k−1+d

s−d

if t ∈ (|y|−1
,∞). In the case that t ∈ (0, |y|−1), we have that (0, |y|−1) ⊂ (0, 1).

Proof of the Theorem 1.5:
Let f be a function such can be written as

f =
∑
n≥0

(
1

1 + n

)s/2
Jn(ψ),

where ψ is a polinomial.
We define

φ =
∑
n≥0

(
n

1 + n

)s/2
Jn(ψ),

then by using Meyer,s Multiplier Theorem twice (see [13]) and the definition of the
‖ ‖p,s norm, we have that there exist two positive constants Ap and Bp such that

Ap ‖f‖p,s ≤ ‖φ‖p ≤ Bp ‖f‖p,s , (2.8)

since ‖f‖p,s := ‖ψ‖p,γd
. Let α ∈ Nd be a multi-index and let us consider the functions,

f(y, t) = Pt(f)(y), φ(y, t) = Pt(φ)(y),

fα(y, t) = P
|α|
t (Rαf)(y) and φα(y, t) = P

|α|
t (Rαφ)(y).

Thus
f(y, t) =

∑
n≥0

1

(1 + n)s/2
e−t

√
nJn(ψ)(y), (2.9)

fα(y, t) =
∑
n≥1

1
(1+n)s/2

∑
|η|=n

cψη e
−t
√
n
(

2|α|

|η||α|

)1/2
(

d∏
i=1

ηi...(ηi − αi + 1)

)1/2

hη−α(y)

 ,

(2.10)
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and

φ(y, t) =
∑
n≥0

ns/2

(1 + n)s/2
e−t

√
nJn(ψ)(y), (2.11)

φα(y, t) =
∑
n≥1

ns/2

(1+n)s/2

∑
|η|=n

cψη e
−t
√
n
(

2|α|

|η||α|

)1/2
(

d∏
i=1

ηi...(ηi − αi + 1)

)1/2

hη−α(y)

 .

(2.12)
By using integration by parts (s− 1) times and using (2.9) and (2.11) we have∫ ∞

0

us−1 ∂
k

∂uk
φ(y, t+ u)du = (s− 1)!

∂k

∂tk
f(y, t),

and using (2.10) and (2.12) we obtain∫ ∞

0

us−1 ∂
k

∂uk
φα(y, t+ u)du = (s− 1)!

∂k

∂tk
fα(y, t).

Also using integration by parts (s− 1) times and the fact that

φ(y, t) → 0, and φα(y, t) → 0

as t→∞, we get∫ ∞

0

us−1 ∂
k

∂uk
φ(y, t+ u)du = (−1)s−2(s− 1)!

∂k−s

∂tk−s
φ(y, t)

and ∫ ∞

0

us−1 ∂
k

∂uk
φα(y, t+ u)du = (−1)s−2(s− 1)!

∂k−s

∂tk−s
φα(y, t),

for 0 < s < k. Consequently∣∣∣∣ ∂k∂tk f(y, t)
∣∣∣∣ = ∣∣∣∣ ∂k−s∂tk−s

φ(y, t)
∣∣∣∣

and ∣∣∣∣ ∂k∂tk fα(y, t)
∣∣∣∣ = ∣∣∣∣ ∂k−s∂tk−s

φα(y, t)
∣∣∣∣ ,

for any α ∈ Nd. Now let us consider α ∈ Nd such that |α| = k − s, then by using
(1.17) we have

∂k−s

∂tk−s
P k−st (Rαφ)(y) = ∂αPt(φ)(y),

which implies that∣∣∣∣ ∂k∂tk−→f (y, t)
∣∣∣∣2 =

∣∣∣∣ ∂k∂tk f(y, t)
∣∣∣∣2 +

∑
Jk−s

∑
Uα

∣∣∣∣ ∂k∂tk fα(y, t)
∣∣∣∣2

=
∣∣∣∣ ∂k−s∂tk−s

φ(y, t)
∣∣∣∣2 +

∑
Mk−s

|∂βφ(y, t)|2 ,

therefore
gk,sγ (

−→
f )(y) ≤ gk−st,γ (φ)(y) + gk−sS,γ (φ)(y).
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52 IRIS A. LÓPEZ AND WILFREDO O. URBINA

Using the fact that φ is a polynomial function, by the Theorem 1.3 and (2.8), we
have ∥∥∥gk,sγ (

−→
f )
∥∥∥
p,γd

≤
∥∥gk−st,γ (φ)

∥∥
p,γd

+
∥∥∥gk−sS,γ (φ)

∥∥∥
p,γd

≤ Ap,k−s ‖f‖p,s .

On the other hand, we have∣∣∣∣ ∂k∂tk−→f (y, t)
∣∣∣∣2 ≥ ∣∣∣∣ ∂k∂tk f(y, t)

∣∣∣∣2 =
∣∣∣∣ ∂k−s∂tk−s

φ(y, t)
∣∣∣∣2 ,

therefore
gk,sγ (

−→
f )(y) ≥ gk−st,γ (φ)(y)

and ∥∥∥gk,sγ (
−→
f )
∥∥∥
p,γd

≥
∥∥gk−st,γ (φ)

∥∥
p,γd

.

Using the Theorem 1.4 and (2.8) again, we get

‖f‖p,s ≤ Bp,k−s
∥∥gk−st,γ (φ)

∥∥
p,γd

≤ Bp,k−s

∥∥∥gk,sγ (
−→
f )
∥∥∥
p,γd

.

In the general case, we can use the density of the polynomial functions in Lp(γd).
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[5] I. López, Teoŕıa de Littlewood Paley para la medida Gaussiana. Tesis de Maestŕıa, Facultad de
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