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ON SOME FUNCTIONS OF THE LITTLEWOOD PALEY THEORY
FOR v, AND A CHARACTERIZATION OF GAUSSIAN SOBOLEV
SPACES OF INTEGER ORDER.!

IRIS A. LOPEZ AND WILFREDO O. URBINA

ABSTRACT. We define an Area function of higher order with respect to the Gauss-
ian measure Slj and prove its LP(4)-continuity for 1 < p < co. Also we consider
an associated Littlewood Paley g type function §’§, of higher order with respect
to the Gaussian measure and show its LP(y4)-continuity for 1 < p < co. Finally,
we give a characterization of Gaussian Sobolev spaces L% (4) of integer order by
means of a related Littlewood Paley type function gg, of higher order with respect
to the Gaussian measure, defined by C. Gutierrez, C. Segovia and J. Torrea.

1. INTRODUCTION

Let us consider the Gaussian measure v4(dr) = — - e~ 121" dz in RY and the Ornstein-
Uhlenbeck differential operator

L= %Am —{(z, V).

Let a = (a1,....,aq) € N? be a multi-index, let a! = H?Zl a;l, o] = 2?21 a;,
0; = %, for each 1 <1i < d and 9% = 97"...05".
Let us consider the (normalized) Hermite polynomials of degree |« , in d variables

d

@22 0% g2
h(x(x) = WH(_l) ‘et aqu (6 l)'

Given a function f € L'(v4) we consider its Fourier-Hermite coefficients defined
by

i=1

o = / F(@)ha(@)ya(de).
Rd

Let us consider the Ornstein-Uhlenbeck semigroup {73}, defined as

T 1 7e*ﬂ<\x\2+w|2)2—2e*f<x,y> 4
e — 1—e—2t
t(f)(x) (1 _ 672t)d/2 /Rd e f(y)’)/d( y)
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42 IRIS A. LOPEZ AND WILFREDO O. URBINA

By Bochner subordination principle, we define the Poisson-Hermite semigroup
{P;},>, associated to L (see [6]) as

P(f)(x) = % /Oooef:Tﬁ/zm(f)(ﬂ?)du
ly—ral®

exp t2/4logr) €xXp (71_,.2 ) dr g
271-(d+1)/2 /]Rd/ IOgT 3/2 (1—T2)d/2 Tf(y) Y.

We will also consider the translated semigroups {T}} >0 and {PF} />0 defined by

TF(f)(x) = e MT,(f)(z) and

PF(f)(z) (f)(@)du for k > 1.

L[

In 1994 C. Gutierrez [3] introduced a Littlewood-Paley-Stein g.-function with re-
spect to the Gaussian measure as

s = ([Treree )", (1)

where V = (%, %Vz) is the (total) gradient and proved its LP(y4)-continuity for
1<p<oo.

The Area function and the Area function of higher order are important in the
classical case of the Lebesgue measure, since for a harmonic function on R‘fl the
existence of non-tangencial limits is equivalent to the finitess of S operator. Also
they are very important in the characterization of Hardy spaces and they are related
with atomic descomposition of Hardy spaces. Therefore the study of the analogous
notions in the Gaussian case are important and interesting.

In 1994 E. Fabes and L. Forzani [1] introduced an Area function for the Gaussian
measure yq as

1/2
81 (1(@,) = ( / oy [V (el 1) dydt> (12)

where I'y (z,0) = {(y7 t) e RE |y — x| < 5(tA ﬁ A 1)} is what is called a Gaussian

cone with opening with § > 0 and vertex z € R?, and they proved its LP(v4) continuity
for 1 < p < oo of S, (see [1]).

Theorem 1.1. Suppose f € LP(vy). Then
i) There exist a constant Cs > 0 such that for every x € R?

9+ (f)(x) < CsS(f)(x,0). (1.3)
ii) If 1 < p < o0, then exist a constant Cp, > 0 such that
155 (£ my < Collfllpy, - (1.4)
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ON SOME FUNCTIONS OF THE LITTLEWOOD PALEY THEORY FOR ~4 43

Inspired by C. Segovia and R.Whedeen article [9], we define an Area function of
order k with respect to v4 as

)Qk—1+d ’Vth(f)(y)F 4 (t*d vV |x|d v 1) dydt) - )

(1.5)

SE(f) (@, 8) = (/F( . (EATA 2]

for k> 1 and § > 0 where

d
IVEP(f)(@)]" =

7=0

A I%Pt ()

and zg = t.

We define an associated Littlewood Paley g-type function of order k as

i ) _(d+1) _\2ktd 9 1/2
7)) = (/ t (m 1A || ) IV*P,(f)(2)] dt) . (1.6)
0
We will prove the LP(v4)-continuity for 1 < p < oo, of the functions Sﬁ and ﬁ’j .

Formally

Theorem 1.2. Suppose f € LP(vq). Then
i) If 1 < p < oo, then ezist a constant Cp 5.4 > 0 such that

IS5 NCO, . < Cpsna 1], (L.7)
ii) There exist a constant Cy 54 > 0 such that for every y € R?
35N W) < Cr5.aS5(f)(y,0). (1.8)

If p =1 R. Scotto has proved (see [8])

30 ({r € B0, (N@) > A) < Sl -

Using a similar argument to Scotto’s proff it can be proved that

10 ({r € B S5 @0 > A < 217,

for all A > 0 and k£ > 1. In consecuence for all £ > 1 the function §§ can be weak-type
(1,1) continuos.

In 1996 C. Gutierrez, C. Segovia and J. Torrea (see [4]) introduced Littlewood-
Paley functions of higher order with respect to the v4 as

(D) = ([ 1evER th) (1.9
where 4
VR @) = 30 |VE @)
and "
. O A
gtﬂ(f)(x)—( |t gerne t) (1.10)
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44 IRIS A. LOPEZ AND WILFREDO O. URBINA

They proved (see [4]) the LP(v4)-continuity, 1 < p < oo of these functions, namely

Theorem 1.3. Given 1 < p < oo let k > 1. Then there exist positive constants Cp .
and Ap i, only depending on p and k such that for every polynomial f we have

195,y < Cok 1F 1 (1.11)
Hgfv'y(f)Hp)'yd S prk ||f||p7’yd . (]..].2)

On the other hand, they proved the opposite inequality from gf. (f)(:) (see [4]).
Formally

Theorem 1.4. Given 1 < p < oo, let k > 1. Then there exist a constant B, > 0
such that for every polynomial f we have

1 llp e < By llgz (]

As an application of these functions gg’  and g,ﬁ ~» we will provide a characterization
of Gaussian Sobolev spaces, L2(y4) for 1 < p < co and s a positive integer.

Following S. Watanabe (see [13]) Gaussian Sobolev spaces L2(v4) for 1 < p < o0
and s > 0 can be defined as follows:

Let f be a polynomial function and let

Jn(f) = Z caha

loe|=n

(1.13)

PyYd

be its orthogonal projection onto the closed subspace generated by {h, :|a| =n},
consider the Bessel potentials for the Gaussian measure (see [1]),

(I=L)2(f) =Y (1 +n) "2 I.(f), (1.14)
n=0
and define the norm
10, = =222 (1.15)

P.Yd

Then Gaussian Sobolev spaces, LF(v4), is define as the completion of the polyno-
mials functions with the norm |[-[|,, , .

In what follows the following notation will be needed. We will say that a multi-
index 8 has order k if 8 € N¥, 3 = (4, ..., 8;) with 1 < B; < d and we denote 93 =
0, ...0p, . Let My, be the set of all these multi-index of order k, then Card(My,) = d*.

Observe that given a 3 € My, , we can get a multi-index a € N¢ such that |a| = k,
taking

a; = C’ard{ﬁj : ﬂj = Z} .
Now given a € N with |a| = k, we denote
Uy ={BEM):05 =0, Ti={aeN:|a|=k}
and thus My, = 7, Ua.
We will need to define another Littlewood Paley g-type function of order k. Let

a € N? a multi-index and let R, (f)(z) be the Riesz transform of order |a| (see [12]),
with respect to the Gaussian measure. Given f a polynomial function, let us consider

fay,t) = PN RLW), flyst) = P()(y)
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ON SOME FUNCTIONS OF THE LITTLEWOOD PALEY THEORY FOR ~4 45

and -
f.t) = (f(y, 1), faly,t)) with a € Jp—s.
Define
oF — 2 ok 2 ok 2
T 0] = [gsn + 3 S|y

and the following Litllewood Paley type g-function

. 9 1/2
o5 (i) = ( e dt> . (1.16)

—
There is an important relation between the function g%<( f)(-) and the function

ok —
wf(yat)

gg’jf (f)(+) previously defined, which is consequence of the following identity
akfs . e
S PE (Ral) (@) = (-1 0 P(f)(), (117

where a € N? is a multi-index such that |a| = k — s (see [4]), and this will be one of
key ingredients of the next result.

Theorem 1.5. Let k, s be positive integers such that 0 < s < k and 1 < p < co. Then

there exist posistive constants Ay s and By j,_s, only depending on p and k—s, such
that if f € LP(vyq), we have

~
Byisllfllps < [ (D] < Apsesllfl,- (1.18)

Therefore we have obtained a characterization of the Sobolev spaces of order s € N,
LP(v4), by using esentially the LP(~y4)-continuity of the functions gg’f and gf’;s.
We thank Liliana Forzani for some helpful remarks.

2. PROOFS

Proof of the Theorem 1.2:
i) In order to prove the LP(~y,;) continuity of S;“ we will need the following technical
lemmas.

Lemma 2.1. Let 0 < § < e,and * € R Let ' (z,¢e), T'y(2,6) and (y,7) €
Int(I'y(z,0)). We consider ¢ > 0 and r < c(T/\l/\ |x|_1)such that B.(y,7) C
T, (z,¢). Let F € C(RUM) and G € C(REM) two positive functions such that
F(y,7) < Cr’2(k’1)’(d+1)/ G(v,t)dvdt.
Br(y,7)

Then there exist ¢ = ¢(e,d) such that

)\ 2k+d—1 al p
/ (T A1 A |z ) F(y,7)7 (T Vz|* v 1) dydr
T, (,6)

< Cm,d/ Gy, 7)T (T_d V |x|d Vv 1) dydr.
F’Y(Ivs)
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46 IRIS A. LOPEZ AND WILFREDO O. URBINA

Proof. Let k > 1 and 0 < § < ¢ then I'y(z,0) C I'y(z,¢). Fix k € N and let
(y,7) € Int(T'y(x,6)). If we choose ¢ = (¢ — & Asin (51%51) A1), where § = tan(d;)

and € = tan(e1), we can consider B, (y,7) C I'y(z,e) with r = ¢(7A1A \x|_1).
Then we define

AT:{(U,t):|x—v\<€(t/\1/\\$|_1); \t_7'|§7"}7

A5 = {(v,t) dr—vl<e (t/\ 1A |x|_1) 1+ V20 —er<t< (1 —I—c)T}
and
H, s :/ G(v,t)dvdt.
Ars
Since B,.(y,7) C A, we have

F(y,7) < CT_Q(k_l)_(d'H)/ G (v, t)dvdt. (2.1)
A,

Now consider the following change of coordinates,
T = pcos(d)
x—y = |zr—ylo=psin().c
dydr = pldpdo

where o € R? such that |o| =1 and p > 0.
Let us denote 2 = By(z,0) N T'y(x,0d). Since I'y(x,d) C {(y,7) : |z —y| < 67} and
APCOSQ C Apﬁ(;, then

2k—1+d
// (T A1A |x|_1) F(y,7)r ¢ (T_d Vx|V 1) dydr
r,(x,0)

< C’/ (cos §) [/ H,s (p*d Vz|* v 1) dp} do.
Q 0
Therefore in order to prove the lemma, it is enough to prove that

o0
/ H,s (P_d N |$|d \ 1) dp < Ck,a/
0 r

since (1 +02)"%/2 < cosf < 1.
Let us consider two cases: |z| <1 and |z| > 1.

Gly, )7 (T—d vzt v 1) dydr  (2.2)

7(1'75)

In first case, we have (p‘d \Y% |$|d Y 1) = max (1, p~%) and therefore

oo 1 oo
/ H, s;max(1,p~%)dp = / H,sp %dp + / H, sdp. (2.3)
0 0 1

In the second case, we have (p‘d Y, |x|d Y 1) = max (p‘d, |a:|d> thus
0o J 4 |zt J 4 S
| Hosmaxto el Yap= [ Hysp tdp v lol' [ Hysdp (20
0 0 |z|~
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ON SOME FUNCTIONS OF THE LITTLEWOOD PALEY THEORY FOR ~4 47

Let us bound in (2.3) and (2.4) each of the integral in the right hand side. It is
clear that

1 o)
/ Hp5p™dp < / Hys5pdp
0 0

/ Hp,adpé/ H, sdp.
1 0

Then by Tonelli’'s Theorem,

/ H,sp %dp = / T

0 0
(1+6%)Y2t/(1—c)

/ G(v,t) / r4dr | dvdt

T, (z.e) t/(1+¢)

< Cg7d/ G(v,t)t max (tid, 1, |:17|d> dudt.
NN

and

/ G(U,t)XATYS(U,t)d’Udt‘| dr
F’Y(I#E)

IN

Wich allows us to bound (2.3).
For the second integral of the right hand side of (2.4) we have

Y a [
|| 1Hp,gdp < |z / H, sdp
0

|~
= \x|d/ / G(v,t)xa. ;(v,t)dr | dvdt
0 T, (z,€) '

(14-62)1/2t/(1—c)
/ Glo,1) md/ dr | dvdt
Iy (z,€) t/(1+c)

< C’(;/ G(v,t)t max (t_d, 1, |x|d) dvdt.
F’Y(x75)

IN

Then we conclude the proof of the lemma. il
Following the same type of argument of the proof of Lemma 4.1 of [1], we have,

Lemma 2.2. Let us consider (y,7) € Rf‘l, a ball B,(y,T) with center at (y,7) and
radius r < (T/\l/\ \yrl) and let € = (€1,....&) with0 < & < d, j = 1,...k. If

u(y, ) is a solution of % +2Lu =0 then,

_ g ldtD)

1/2
|0¢u(y, 7)| < Car z (/ lu(z, s)|° dmds) . (2.5)
B (y,7)

Proof. For each (yo,70) € R, |yo| > 1, set B = B‘ L (y0,70). Let us define on B
Yo
the transformation

1
y:y0+7y7

%0l

1 7
T=T0+ 7T .

Y0

Rev. Un. Mat. Argentina, Vol 45-2



48 IRIS A. LOPEZ AND WILFREDO O. URBINA

Then (y,7) € B if and only if (y',7') € B1(0,0). Now, let us define the function

’ ’ 1 , 1 ,
Uy, 7)=u (y0+ —Y ,To + 7'> on B1(0,0).
Yol Yol

The function U satisfies the equation

1 1
Ay/ T/U— 2— (yo + —y > Vy/U =0.
' %ol |vol

Since (y,7 ) € B1(0,0) then ﬁ (yo + ﬁyl) is bounded by a constant. Thus, U is
a solution of a elliptic differential operator with bounded first order coefficients and
then from it follows, from Theorem 8.13 of [2] and Sobolev immersion Theorem, that

U satisfies the inequality,
. 1/2
dy dr ,
for all s <1.
Now, by the definition of U, the last inequality can be rewritten as

(d+1) 1 1
[Ocu(yo, T0)| < Ck,dsiki 2 / u (ICO +—y,T0+ —T >
B Yol |yol

u(y, 7)|*dydr
B_s _(yo,70)
lvol

0:U 0,0 <Okd8 k (dzl) U y’77'/
3 = )
B,(0,0)

9 1/2
dy/d7/>

1/2

(0,0

(d+1)
yo| 2 s

(d+1)
——{dtn)

=Ch,a

Hence, in order to obtain inequality (2.5), if 79 < ﬁ, take s = |yo|7o and if 9 > ﬁ,
s=1.
If |yo| <1 we can apply to u the classical inequality, on the ball By (yo, 7). I

Lemma 2.3. Let k > 1 and 0 < 6 < €. Then exist Cs5q > 0 such that for each
z € R

S5(f)(,8) < Co1,aSy (), ). (2.6)
Proof. Let f be a bounded, smooth and with bounded first and second order derivates.
We know that if u(y,7) = P-(f)(y), then

2

0
wu(y, T) + 2Lu(y,7) = 0.

Now if & = (&,...,&) with 0 < & < d, then Ocu(y,7) = 0,0u(y,7) if p =
(10, -, ik—1) and ¢ = 0, ...,d. Also, u is a bounded function, with bounded first and
second derivates on B, (y,7) (see [3]). Then using (2.5) of lemma 2.2 we get

2

106 Py (F)(®)|% < Chog qr— 2= D=(@+D) / 9 )| dvat,
B, (y,r) | OVi
and
IVEPL () ()| < Chy qr 2k D= (dHD) / IVP,(f)(v)|? dvdt.
BT’(va)
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ON SOME FUNCTIONS OF THE LITTLEWOOD PALEY THEORY FOR ~4 49

Applying the lemma 2.1 with F(y,7) = |VkPT(f)(y)|2and G(v,t) = |VP,(f)(v)]?
we obtain the result of this lemma. il

The proof of i) the Theorem 1.2 is now inmediate using (2.6), and the LP(yq)-
continuity of the Area function S, (see [1]) when f is a smooth function. For general
f € LP(~4), we need only approximate in norm by a sequence of indefinitely differen-
tiable functions with compact support.

it) Fix 6 > 0, (y,t) € I'y(y,0) and r = c(t/\ ly =" A 1) such that B,.(y,t) C
I'y(y,9). The Mean Valued inequality (see [1]) implies

VRN < Coa (0 v g v 1) [

V5P (f) ()| dads.
Br(yvt)

Then by Schwarz's inequality and Tonelli’'s Theorem we obtain

@) = /Oot—(d+1) (tn1a |y|*1)2k+d VR W) at
0

0 2k+d
< C(;,d/ D (AT AT (@ v vyt
0

k 2
[ /B o |VEP(f)(x)|” dads]dt

’ 2

< Csa / VP, () ()
F.Y(y,é)

s+8(sA1Aly| ) 2k+d
/ ¢~ (d+D) (t ATA |y|_1) (tf(‘”l) vy T 1) dt | dzds
575(5/\1/\\y|_1)

Therefore, in order to proof the lemma, it is enough to proof

s+8(sA1A[y| ) 2k+d
/ ¢ (d+D) (t AL A \y|—1) (ﬂd“) vyttt v 1) dt (2.7)
576(5/\1/\|y|_1)

2k—1+d
< Cspas™ (8 ALA Iyl_l) (S_d vyt v 1) :

We will prove (2.7) considering two cases as in the proof of the Lemma 2.1: |y| < 1
and |y| > 1.
In the first case we have

(t*(dJrl) V |y‘d V. 1) = max (Hd“), 1) and (t ATA \y|‘1> = min (¢, 1)

then

s+5(s/\1/\|y\71) 2k+d
/ ¢ (D) (t ATA |y\‘1) (t’(dﬂ) vV y|*tt v 1) dt
575(5/\1/\|y\71)

s(14+9)
< / t2k7d72dt < C&k’dSZk:fled
s(1—46)
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50 IRIS A. LOPEZ AND WILFREDO O. URBINA

if t € (0,1). On the other hand

s+5(s/\1/\|y\71) 2k+d
/ ¢ (D) (t ATA |y\‘1) (t’(dﬂ) Vy|*tt v 1) dt
575(5/\1/\|y\71)

s(149)
< / t= g < C5 57
s(1-9)

if t € (1, 00).
In the second case,

(t_(d+1) v ‘y|d V. 1) = max (ﬁ—(d"‘l)7 \y|d> and (t ATA Iyl_l) = min(t, |f’/|_1)

thus

s+8(sA1Aly|7Y) 2k+d
/ t—(d+1) (t ATA |y\‘1) (t*d*l) Vy T 1) dt
576(5/\1/\|y\_1)

2k+d [5(1+5)
< |y‘d+1 (|y\_1) /(1 i 4= (d+1) gy
2k—1+d
d ~1 _
= Cskalyl (|y| ) s~

if t € (ly|~",00). In the case that ¢ € (0,|y|™"), we have that (0,]y|™") c (0,1). I
Proof of the Theorem 1.5:
Let f be a function such can be written as

r=2 (1in)5/2 In(®).

n>0

where 1 is a polinomial.
We define

= (lﬁn)sﬂ Ju(),

n>0
then by using Meyer’s Multiplier Theorem twice (see [13]) and the definition of the
norm, we have that there exist two positive constants A, and B, such that

Ap [ £llp.s < N2, < Bpllfll,.s 5 (2.8)

since || f[l, ;== [I¥ll,., - Let a € N9 be a multi-index and let us consider the functions,
foly 1) = P (Raf)(y) - and ¢a(y,t) = P (Rad) (0)-

I llps

Thus )
=Y ———e WV, , 2.9
fy.t) n%; Tl (¥)(y) (2.9)

d 1/2
_ 1 o —tym [ 2l 1/2
fa(yat)—ZW Z cpe (\n\'“‘) Hm-n(m—ai—kl) hy—a(y)
n>1 In|=n i=1

! (2.10)
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ON SOME FUNCTIONS OF THE LITTLEWOOD PALEY THEORY FOR ~4 51

and P
N vy .
3y, 1) % el n(0)(), (211)
12 d 1/2
baly:t) = Y g7 {Zc () (Hm--~(m—ai+1)> hn_a@)}.
n>1 ‘n‘—n =1

(2.12)
By using integration by parts (s — 1) times and using (2 9) and (2.11) we have

0o 8k
/0 u Tl o byt udu = (s — 1)) atkf(y’ £

and using (2.10) and (2.12) we obtain

0 1 3k 3k
sS—i _— = — 1) =—
/ uT Doy, t +u)du = (s 1)'8#9 faly, t).

0
Also using integration by parts (s — 1) times and the fact that

¢(y;t) =0, and @a(y,t) =0

as t — 0o, we get
k—s

[eS) 1 31@ s—9 1o}
[t = o= 00

and
/ Y : O‘( ? U) ( ) ( 1)' kk- g¢a( 7t)’

for 0 < s < k. Consequently

8k 6]675
e 00| = | ot
and
ak k—s
wfa(yﬂf) = ’atks¢a(yat) ;

for any o € N%. Now let us consider a € N? such that |a| = k — s, then by using
(1.17) we have

8]@—5 .
a=te (Ba9)(y) = 0°F(9)(y),
which implies that

2

\m w.1) O )
f Y, = ‘ f y, 7]004 y>t
k
ot otk = otk
ak—s 2 5
- \atkﬂ(yvt) £ soln )l
M —s

therefore

a5 (F)) < d5°@0) ) + 952 () (w).
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52 IRIS A. LOPEZ AND WILFREDO O. URBINA

Using the fact that ¢ is a polynomial function, by the Theorem 1.3 and (2.8), we

have

ks F k—s k—s
oD, < Motz @, o, +[|o55° @) < Anms U5

On the other hand, we have

ak N 2 ak: 2 akfs 2
e T 00| = |Fern| = |Sewnl |
therefore
k,s e > k—s
9y (F)(y) = 9:5°(9)(y)
and
k,s - k—:
lot= (P = lakz @, o, -
Using the Theorem 1.4 and (2.8) again, we get
k—s ks F
17lps < By s llok* @), < Bra—s oD .

In

1

2

the general case, we can use the density of the polynomial functions in LP(v,). il
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