REVISTA DE LA
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CLASSIFICATORY PROBLEMS IN AFFINE GEOMETRY
APPROACHED BY DIFFERENTIAL EQUATIONS METHODS
SALVADOR GIGENA

Abstract. We present in this survey article an account of some examples
on the use of nonlinear diﬀerential equations, both partial and ordinary, that
have been applied to the treatment of classiﬁcatory problems in aﬃne geometry of hypersurfaces. Locally strongly convex, complete aﬃne hyperspheres
is the ﬁrst topic explained, then hypersurfaces of decomposable type, and,
ﬁnally, those with parallel second fundamental (cubic) form.

INTRODUCTION
While the origins of Aﬃne Diﬀerential Geometry may be traced back to the
beginning of the 20th. Century, with the articles by Tzitzeica [31], the full development of the theory is due to W. Blaschke and his school (Berwald, Franck, Gross,
Liebmann, Pick, Radon, Reidemeister, etc.), since 1916. The progress was so fast
that Blaschke, with Reidemeister as coauthor, published the ﬁrst monography on
the topic in 1923, [1].
Later, and through the development of topics like the classiﬁcatory problem
of locally strongly convex aﬃne hyperspheres, initiated by Calabi [2, 3], there
appeared a renewed interest in the area, highlighted by the dedication, too, of
renowned geometers. Here there appear the methods of partial diﬀerential equations of Monge-Ampère type for the treatment of the problem, that received
the contributions of several authors before the complete and ﬁnal solution was
achieved: Schneider [29], Pogorelov [27], Cheng and Yau [5], Sasaki [28], Li [23],
and the present author [7, 8, 9, 13].
As for the use of ordinary diﬀerential equations in classiﬁcatory problems in the
area, the ﬁrst, historic treatment in the mathematical literature appears with the
article by Gläsner [22]. However, it was shown later that the results published in
that work were incomplete [11, 13, 14]. The further development of this particular
topic was constituted by the analysis of characterization and classiﬁcation of the socalled class of aﬃne hypersurfaces of decomposable type, also known as translation
hypersurfaces with plane translation curves or, even, Scherk’s type of hypersurfaces.
More recently, there appear again the methods of partial diﬀerential equations
of Monge-Ampère type for the treatment of problems. In fact, in [17] we developed
a new method for approaching the Classiﬁcatory Problem of Aﬃne Hypersurfaces
with parallel Second Fundamental (Cubic) Form. This problem had been considered by other authors, who obtained results only for dimensions n = 2, 3 [25, 26,
30]. The above mentioned method allowed to approach the problem for every case
95

96

SALVADOR GIGENA

of dimension n ≥ 2 and is based, primarily, in the reduction of the, eminently
geometric, problem in terms of the classiﬁcation of certain types of solutions to
equations of Monge-Ampère type and, from there, to the implementation of the
so-called algorithmic sequence of coordinate changes which facilitate integration of
the respective Hessian matrix.
This article is organized as follows: in Section 1 we present, in a condensed form,
the main necessary tools, that shall be used in the rest of the paper, concerning the
theory of aﬃne hypersurfaces, by using the method of moving frames. In Section
2 we explain the historical development on the classiﬁcation problem of locally
strongly convex, complete aﬃne hyperspheres, to its ﬁnal solution. The topic of
aﬃne hypersurfaces of decomposable type occupies section 3; while in Section 4,
aﬃne hypersurfaces with aﬃne normal parallel second fundamental (cubic) form
is also explained and developed to its ﬁnal solution.
1. AFFINE HYPERSURFACE GEOMETRY
Let X : M → E n+1 be a diﬀerentiable, codimension-one immersion of the
real, oriented, n-dimensional, abstract diﬀerentiable manifold M , into the (n +
1)-dimensional real vector space E ( we could take, for example E := Rn+1 ,
by considering only the real vector space structure of Rn+1 ). From this we can
construct several geometrical objects, as induced in suitable manifolds. Thus, the
tangent map of X, dX, can be thought of as a section in the bundle Hom(T M, E),
which is canonically isomorphic to E ⊗ T ∗ M , i.e., dX = DX ∈ Γ (Hom(T M, E) =
Γ (E ⊗ T ∗ M ), where T M represents the tangent bundle of M , T ∗ M its cotangent
bundle, and D is the ambient space covariant derivative.
We shall use local representations such as dX = Di X ⊗ dti = Xi ⊗ dti , where
we agree to use, now and in most parts of what follows, the summation convention
for
 1 repeated
 indices, in this case with reference to a system of local coordinates
t , t2 , ..., tn of M , Di X := Xi denoting partial derivatives. In a similar

 ifashion
2
j
=
X
:=
D
(D
X)
⊗
dt
dt
we can represent
locally
the
Hessian
of
X
by
D
i
j

i j
Xij ⊗ dt dt
Next, we choose a non-zero exterior (n + 1)-form in E, or determinant function,
and denote its action, as usual, by square brackets ω n+1 := [ ,. . . . . , ] = det.
This is the essential object that is used in the construction of a geometrical theory
of invariants, for the hypersurface X(M ), under the action of the unimodular
aﬃne group ASL(n + 1, R). Thus, by considering the form [D2 X, (DX)n ] :=
[Xij , X1 , ..., Xn ](dti dtj ) ⊗ (dt1 ∧ ... ∧ dtn ), the ﬁrst and natural restriction, that
is customarily made in aﬃne geometry in order to develop a meaningful theory,
is that the latter form be nondegenerate. This condition allows to normalize the
scalar components of the given form and introduce the ﬁrst fundamental form of
the geometry.
In what follows we proceed to use the “method of moving frames” with the
following notation for indices: small Latin letters shall range from 1 to n =
dim(M ), i.e., 1 ≤ i, j, k, p, q.... ≤ n. Small Greek letters shall range from 1 to
n + 1 = dim(E): 1 ≤ α, β, γ, ... ≤ n + 1. Thus, if (f1 , f2 , ..., fn ) denotes a
positively oriented frame ﬁeld, locally deﬁned on an open subset U of M , and
n
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(σ 1 , σ 1 , ..., σn ) is the corresponding dual coframe, we can introduce a general
aﬃne frame ﬁeld (X, (e1 , e2 , ..., en+1 )) on the image hypersurface X(U ), by writing
ei = dX(fi ) and prescribing that en+1 be a non-zero diﬀerentiable vector ﬁeld,
transversal to X(U ) at each point. For this purpose it is enough to require that
[e1 , e2 , ..., en+1 ] = 0. Hence, if (ω 1 , ω 2 , ..., ω n+1 ) denotes the coframe of one forms,
dual to (e1 , e2 , ..., en+1 ) one obtains
n+1
= 0.
σ i = X ∗ (ω i ), ω|X(U)

(1.1)

Then, the tangent map dX can be expressed by
dX = σ i ⊗ ei .

(1.2)

Next, by writing the exterior diﬀerentials of the vector components of the frame
in terms of the frame itself, one may introduce the attitude matrix of one forms
(σαβ ) by means of equations
(1.3)
deα = σαβ eβ .
By exterior diﬀerentiating the last two numbered equations, and also considering
(1.1), one further obtains
dσ i = σ j ∧ σji , σ i ∧ σin+1 = 0

σαγ ∧ σγβ .
dσαβ =

.

(1.4)
(1.5)

γ

Moreover, since we are to work in unimodular aﬃne geometry, the frame could,
if necessary, be chosen to be equiaﬃne, i.e., [e1 , e2 , ..., en+1 ] = 1, and this relation
implies

n+1
σαα = σ11 + σ22 + · · · + σn+1
= 0.
(1.6)
α

Together, (1.4), (1.5) and (1.6) are the Maurer-Cartan structural equations of the
immersion X, under the action of the unimodular aﬃne group ASL(n + 1, R).
They represent the integrability conditions in the language of moving frames.
Cartan’s lemma, applied to the second equation in (1.4), implies the existence
of diﬀerentiable functions hij such that
σin+1 = hij σ j ; hij = hji ,

(1.7)

where besides H := det(hij ) = 0, because X was assumed to be non-degenerate.
From the latter relation one obtains the ﬁrst fundamental form of unimodular
aﬃne geometry Iua , namely,

gij σ i σ j ; gij := |H|−1/(n+2) hij .
(1.8)
Iua :=
This is a real-valued, globally deﬁned symmetric two-tensor representing the socalled Blaschke-Berwald, unimodular aﬃne invariant, pseudo-Riemannian structure of the immersed manifold X(M ).
It is also a consequence of the nondegeneracy assumed for the immersion X that
there exists, at each point of the image hypersurface X(M ), a unique general aﬃne
invariant straight line, called the aﬃne normal line, which can be characterized
Rev. Un. Mat. Argentina, Vol 47-2

98

SALVADOR GIGENA

by the condition that, the last component of the frame en+1 lies in that direction
if, and only if,
2
1
n+1
d log |H| −
d log[e1 , e2 , ..., en+1 ] = 0.
+
(1.9)
σn+1
n+2
n+2
We shall denote by XN (M ) aﬃne normal bundle, i.e., the disjoint union of all
aﬃne normal lines. Then, the local expression of the unimodular aﬃne normal
Nua , which is a section in the bundle XN (M ), is given by Nua := |H|1/(n+2) en+1 .
Next, we introduce the aﬃne normal connection ∇ and the second fundamental (Fubini-Pick cubic) form IIua : the ﬁrst one being deﬁned by projecting the
ambient space covariant derivative D, along the aﬃne normal direction, onto the
corresponding image tangent space, and then pulling back to M . As for the second
one we may proceed as follows: compute the exterior diﬀerential in equation (1.7)
to obtain
(1.10)
dσin+1 = dhij ∧ σ j + hij dσ j .
By applying into the latter the structural identities (1.4) and (1.5) we ﬁnd that

n+1
(dhij − hiq σjq − hqj σiq + hij σn+1
) ∧ σ j = 0.
(1.11)
It follows, by Cartan’s Lemma, that
n+1
= hijk σ k ,
dhij − hiq σjq − hqj σiq + hij σn+1

(1.12)

with the diﬀerentiable functions hijk symmetric in all of their indices i, j, k.
By using the latter relationship one obtains the second fundamental form of
unimodular aﬃne geometry IIua , also known otherwise as the cubic form C, [10,
24, 25, 26], i.e.,

−1/(n+1)
gijk σ i σ j σ k , gijk := |H|
hijk .
(1.13)
C = IIua :=
This is a real-valued, globally deﬁned symmetric three-tensor. This geometrical
object, in conjunction with the ﬁrst fundamental form Iua , plays a roll quite similar
to the ﬁrst and second fundamental forms of euclidean geometry. See Integrability
Conditions ahead and also [10, 13]. It is also easy to verify, from the above
equations, the following relation involving both fundamental forms and the aﬃne
normal connection ∇:
(1.14)
IIua = ∇(Iua )
A second covariant derivative can be introduced in a natural fashion within the
geometry: the Levi-Civita connection associated to the ﬁrst fundamental form
 The two mentioned connections and the two ﬁrst fundamental
Iua , denoted by ∇.
forms are also related, among them, by means of the following equation

 ijk − Γijk = 1
Γ
(1.15)
g ip gpjk := Aijk
2
where Γijk denote the local components (Christoﬀel symbols) of the aﬃne normal
 i are the corresponding components of the Levi-Civita connection.
connection, Γ
jk
 i
The (1,2) tensor A :=
Ajk fi ⊗ (σ j σ k ) deﬁned by the latter equation is also
known in the theory as the diﬀerence tensor.
We introduce now the third fundamental form:
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Exterior diﬀerentiation, as applied to (1.9), and the consequent use of equation
(1.5), allow us to conclude that
 γ

n+1
k
dσn+1
=
σn+1 ∧ σγn+1 =
σn+1
∧ σkn+1 = 0.
(1.16)
It follows, by Cartan’s lemma, that there exist local diﬀerentiable functions Lij ,
such that

i
σn+1
=
Lij σjn+1 , Lij = Lji .
(1.17)
It also follows, by means of a straightforward veriﬁcation, that the fourth order
object represented locally by the expression

IIIga :=
Lij σ i σ j .
(1.18)
 pq
L gip gjq is invariant under the action of the full general aﬃne
with Lij :=
group. Similarly, the (1,1)-tensor whose scalar components are deﬁned by Lji :=
Ljk gik is obviously a unimodular aﬃne invariant, known as the aﬃne shape operator.
We show, next, that the third fundamental form and, in particular, the scalar
components related with it can be computed in terms of the other objects already
introduced in the geometry. In fact, if we denote by (Ωji ) the curvature matrix of
the normal connection, then, by the structural equation (1.5), we can write

j
σik ∧ σkj =σin+1 ∧ σn+1
.
(1.19)
Ωji = dσij −
Then,
Ωji =



Ljq gik σ k ∧ σ q .

(1.20)

This shows that the local components representing the curvature tensor of the
normal connection can be written
j
Rikq
= Ljq gik − Ljk giq ,

(1.21)

equation which expresses the mentioned curvature tensor in terms of the third
fundamental form IIIga , the ﬁrst fundamental form Iua , and which is also known
as the equation of Gauss. From (1.21) we obtain immediately
1  ik j
(1.22)
Ljq =
g Rqik ,
n−1
proving our former assertion.
We enumerate next a complete set of integrability conditions representing the
essential requirement that is needed in the formulation, and proof, of the so-called
Fundamental Existence Theorem for the unimodular aﬃne theory of hypersurfaces,
in general dimensions greater or equal than two. The corresponding exposition can
be made in a similar fashion to that in [10].
Integrability conditions.
(1) The scalar components gij and gijk are symmetric in all of their indices.
(2) The matrix (gij ) is nonsingular, i.e., det(g
 ijij) = 0.
(3) IIua is apolar with respect to Iua , i.e.,
g gijk ≡ 0, k = 1, ..., n.
(4) A Mainardi-Codazzi type condition holds. Namely,
gijk,q − gijq,k = Liq gjk + Ljq gik − Lik gjq − Ljk giq ,

(1.23)
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the comma , indicating covariant derivation with respect to the Levi-Civita connection.
(5) A Gauss type condition holds:


jikq = Ljq gik − Ljk giq + Lik gjq − Liq gjk −
Asiq gsjk +
Asik gsjq , (1.24)
2R
jikq denoting the components of the curvature tensor corresponding to the
with R
Blaschke-Berwald pseudo-Riemannian metric Iua .
(6) The aﬃne normal derivative of the shape operator satisﬁes
Lki;j = Lkj;i .

(1.25)

This last condition is only needed for the case of dimension n = 2. In fact, for
n ≥ 3 the latter equation is a direct consequence of the Bianchi identity, as applied
to the curvature tensor of the aﬃne normal connection.
Other, related geometrical objects may be introduced in the theory. For example, the unimodular aﬃne principal curvatures λ1 , λ2 , ..., λn are the eigenvalues of
the third fundamental form IIIga respect to the ﬁrst one Iua , i.e., determined as
the roots of the equation det(Lij + λgij ) = 0, and their normalized elementary
symmetric functions L1 , L2 , ..., Ln are the unimodular aﬃne curvature symmetric
functions. Thus, the unimodular aﬃne mean curvature is obtained by averaging
the contraction of the third fundamental form with respect to the ﬁrst (unimodular
aﬃne) fundamental form, i.e.,
1  ij
1 k
(1.26)
g Lij = −
Lk .
L := L1 = −
n
n
 :=
To end this section, we calculate the local components of the Ricci tensor, Ric
 i j
  ij

Rij σ σ , and the scalar curvature, R := Rij g , by using previous equations
(1.24) and (1.26), as being:

ij = 1 (−nLgij + (n − 2)Lij ) −
R
Asiq Aqjs ,
(1.27)
2



jikq = (1 − n)
g iq Liq +
g iq Asij Ajqs .
(1.28)
g jk g iq R
Then, the latter can be written, for brevity,
 = L + J,
R

(1.29)

this equality being known as the Higher Dimensional Aﬃne Theorema Egregium,
 jk iq 
1
 :=
where the “normalized” scalar curvature is deﬁned by R
g g Rjikq ,
n(n−1)
and the Pick invariant J can be expressed,
in
terms
of
the
components
of the ﬁrst
 iq s j
1
g Aij Aqs .
two fundamental forms by J := n(n−1)
2. COMPLETE AFFINE HYPERSPHERES
An immersed, oriented hypersurface X(M ) is called an aﬃne hypersphere, if the
aﬃne normal lines through each point of the image either all intersect at one point,
called the center of X(M ), or else are all mutually parallel (center at inﬁnity). In
the ﬁrst case it is also called proper, while in the second case it is called improper
(or parabolic).
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One of the outstanding problems in the unimodular aﬃne geometry of hypersurfaces, which called the attention of quite a few distinguished geometers, was that
of classifying all “complete” aﬃne hyperspheres, under the additional hypothesis
of local strong convexity for the immersed hypersurface X(M ). It is easy see that,
in this case, X(M ) can be oriented in such a way that the ﬁrst fundamental form
of unimodular aﬃne geometry Iua becomes a (proper) Riemannian metric.
With the geometrical objects introduced so far, one may consider two (seemingly) diﬀerent notions of completeness for the hypersurface X(M ):
(1) Unimodular aﬃne metric completeness, i.e., completeness with regards to
the Levi-Civita connection determined by the ﬁrst fundamental form Iua .
(2) Geometrical completeness, meaning that X(M ) is complete if, and only
if, it is a closed set with respect to the ambient space topology, induced by the
vector space structure of E. Some authors prefer to refer to this as Euclidian
completeness, i.e., with respect to the (also) Riemannian metric induced on X(M )
from a Euclidian metric assumed to be further deﬁned on the ambient vector space.
That the ﬁrst two notions of completeness are diﬀerent was shown by Schneider
[29], who gave an example of a surface in aﬃne 3-space which is geometrically
complete but not unimodular aﬃne metric complete. So far, locally strongly convex aﬃne hyperspheres have been classiﬁed with respect to those two notions of
completeness. In fact, the classiﬁcation was ﬁrst achieved for the improper (parabolic) case: Calabi proved, in [2], that every unimodular aﬃne metric complete,
locally strongly convex aﬃne hypersphere of parabolic type and dimension n ≥ 2
is indeed a paraboloid. As for geometrical completeness, the ﬁrst result is due to
Jörgens, who under this hypothesis reached the same conclusion as before, for the
case of dimension n = 2, by using complex variable theory techniques. Calabi,
also in [2], then extended the result for dimensions n ≤ 5, by providing a priori
third-order estimates for a convex solution of the nonlinear, partial diﬀerential
equation det(∂ij u) = 1. Finally, Pogorelov [27] proved the classiﬁcation theorem
for improper, geometrically complete, locally strongly convex aﬃne hyperspheres
in any dimension, by using convex theory and the previously mentioned result of
Calabi. Pogorelov’s method provided estimates for the second-order terms of the
above diﬀerential equation.
As for the proper aﬃne hyperspheres, Schneider proved, in the mentioned article
[29], that every unimodular aﬃne metric complete, or geometrically complete,
hypersphere of elliptic type is an ellipsoid. The ﬁrst case of completeness was also
treated, and proved, by Calabi in [3].
In the last cited article, Calabi also gave examples of complete aﬃne hyperspheres of hyperbolic type which were not hyperboloids (see also [1]), and made a
conjecture as to the classiﬁcation of these hyperspheres. Calabi’s conjecture can
be divided in two parts:
(1) “Every complete, n-dimensional aﬃne hypersphere with mean curvature
L < 0 is asymptotic to the boundary of a convex cone with vertex at the center;
....” .
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(2) “....; every pointed, nondegenerate convex cone K determines an aﬃne
hypersphere of hyperbolic type, asymptotic to the boundary of K, and uniquely
determined by the constant value L < 0 of its mean curvature.
Let E be a ﬁnite dimensional real vector space, and denote by E ∗ its dual.
A subset K ⊂ E is called a convex cone if
(1) X ∈ K, r > 0 imply rX ∈ K.
(2) X, Y ∈ K imply X + Y ∈ K
The set deﬁned by K ∗ := {X ∗ : X ∗ ∈ E ∗ , X ∗ · X ≥ 0, ∀X ∈ K} is a closed convex cone in E ∗ called the dual cone of K. Then, the latter is said to be pointed
if
(3) Int (K ∗ ) is nonempty (equivalently, K contains no aﬃne line), and to be
nondegenerate if
(4) Int (K) is nonempty.
Around the years 1975-76 there were quite a few people working on the conjecture: E. Calabi himself, L. Nirenberg, S.Y. Cheng, S. T. Yau, T. Sasaki and myself,
among others. Most of people approached the solution to the problem by using
the Legendre transformation method, suggested by Calabi in [3]. At the beginning
of 1976 Cheng and Yau announced to have solved both parts of the conjecture and
circulated a preprint among the interested people. However everyone could see,
ﬁrst hand from reading the preprint, that only the ﬁrst part was treated. Thus,
I decided to treat the remaining, second part of the conjecture in a paper which
was published in 1981, [9]. Our own method of approaching the solution was different from the previously mentioned one, and is based on the Theory of Convex
Cones, exposed in [7], together with properties of solutions to partial diﬀerential
equations of Monge-Ampère type. The preprint by Cheng-Yau was only published
in 1986, and they acknowledged that some of their results had also been obtained
by E. Calabi and L. Nirenberg, by somehow diﬀerent methods (unpublished). The
problem was treated too, in [28], by T. Sasaki. Later, in [23], A. M. Li showed to
have found, and ﬁlled, a gap in the proof by Cheng-Yau. Finally, in the research
monograph [13], we treated the ﬁrst part of the conjecture, too, as before by using
the Theory of Convex Cones.
3. AFFINE HYPERSURFACES OF DECOMPOSABLE TYPE
In this section we present the so-called class of hypersurfaces of decomposable
type in aﬃne geometry. A hypersurface is in this class if it satisﬁes, basically, two
conditions. First of all, it is projectable onto (part of) a hyperplane and can be
expressed in the form of Monge, i.e. as an enough diﬀerentiable graph function,
with respect to a suitable aﬃne system of coordinates. Second, the graph function
can be decomposed into a sum of terms, each of them depending on only one
of the ambient space independent variables. We have preferred to use the term
“decomposable” for such hypersurfaces, as opposed to “translation hypersurfaces”
(“schiebﬂächen” in German), because the latter represents a much wider class of
hypersurfaces. Some people prefer to refer to what we call “decomposable” class as
“translation hypersurfaces with plane translation curves”, or even “Scherk’s type
of hypersurfaces”, because of the famous analogue surface in Euclidian Geometry.
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Precisely, the only known previous result in Aﬃne Geometry was the article by
E. Gläsner [22] (see also the commentary in [6]). However, it should be noted that
the results announced in that article were proven to be incomplete [11, 13].
In our ﬁrst article dedicated to this topic, [11], we used the method of qualitative
analysis in order to investigate the solutions of a fourth order, non linear, ordinary
diﬀerential equation. This equation arose because of the splitting that occurs, in
the diagonal terms of the third fundamental form (see equation (1.18) above),
for a hypersurface of decomposable type. In this way we were able to classify,
both locally and globally, the subclass, of the above class, consisting of those
hypersurfaces with constant general aﬃne mean curvature for all cases of dimension
n ≥ 2. Also, we stated there that the same methods could be used to deal with
the case of aﬃne minimal, alternatively called maximal, hypersurfaces [1, 4, 6],
i.e., when the unimodular aﬃne mean curvature vanishes identically. Moreover,
due to the so-called “Higher dimensional aﬃne theorema Egregium” (see equation
(1.29) above), the latter scalar invariant is always related to two more invariants:
the Pick invariant and the scalar curvature. Thus, continuing with that scheme of
work we obtained afterwards the classiﬁcation of:
• Aﬃne hypersurfaces of decomposable type with constant Pick invariant.
• Aﬃne hypersurfaces of decomposable type with constant unimodular aﬃne
mean curvature.
• Aﬃne hypersurfaces of decomposable type with constant scalar curvature.
These results were published in the series of papers referenced by [12, 13, 14, 15,
16]. The method of work consisted, basically, in reducing the problem of classifying
all nondegenerate hypersurfaces of each of the mentioned classes, to the analysis
of solutions of some nonlinear, fourth order (third order in the case of the Pick
invariant), ordinary diﬀerential equation. Then, we showed that such a kind of
equations can be further reduced to a second-order, and ﬁnally to a ﬁrst order
ordinary diﬀerential equation. This last is the classifying diﬀerential equation for
the class of hypersurfaces considered, and it generally depends on two constants:
one coming from the hypothesis of belonging to the corresponding class, the other
from the ﬁrst integration that reduces the problem from second to ﬁrst order. Some
of the original types of solutions obtained for the latter are expressible as explicit
solutions and can be further integrated in a simple fashion. For the remaining of
cases it is more feasible to integrate ﬁrst the corresponding inverse functions, and
then proceed to implement the method of qualitative analysis of these solutions,
in order to characterize the corresponding analytical and geometrical properties
of the corresponding class.
In particular, for the case of unimodular aﬃne mean curvature we compared
that class with the class of aﬃne hyperspheres, showing that actually there are
very few belonging to both classes simultaneously. Finally, we were also able to
show that, even in dimension n = 2, it is possible to construct more aﬃne minimal
(maximal) surfaces of translation, with plane translation curves, than there were
previously reported (in [22]). In fact, the graphs of f (x, y) = x2 − (y)2/3 and
g (x, y) = −x2/3 − y 2/3 are both surfaces of Scherk’s type in aﬃne geometry.
Rev. Un. Mat. Argentina, Vol 47-2

104

SALVADOR GIGENA

4. AFFINE HYPERSURFACES WITH PARALLEL CUBIC FORM
The problem of classifying all those aﬃne hypersurfaces with parallel Second
Fundamental (Cubic) form C = IIua (see (1.13)), with respect to the normal
connection ∇, which are not hyperquadrics, i.e., C = IIua = 0, was ﬁrst treated
and solved by Nomizu and Pinkall, in [25], proving the following
Theorem 4.1. Let X : M 2 → E 3 be a nondegenerate surface with parallel
cubic form, ∇ (C) = ∇ (IIua ) = 0, which is not a quadric, i.e., C = IIua does not
vanish identically on M . Then X (M ) is aﬃnely congruent to the Cayley Surface,
i.e., expressible as the graph function t3 = t1 t2 + t31 .
See also the book by Nomizu and Sasaki where a diﬀerent method of proof is
presented [26].
L. Vrancken treated next, in [30], the case of dimension n = 3 stated here as:
Theorem 4.2. Let X : M 3 → E 4 be a nondegenerate hypersurface with parallel
cubic form, ∇ (C) = ∇ (IIua ) = 0, which is not a hyperquadric, i.e., C = IIua
does not vanish identically on M . Then X (M ) is aﬃnely congruent to one of the
following graph immersions:
a) t4 = t1 t2 + t31 + t23 .
b) t4 = t1 t2 + t21 t3 + t23
In our ﬁrst article dedicated to the problem [17] we introduced a new method
of approaching the solution, diﬀerent to the ones previously used by the other
mentioned authors. We called it algorithmic sequence of coordinate changes and
consists, basically, in referring the hypersurface to a suitable linear coordinate
system of the ambient space, and then making algorithmic adjustments into the
Hessian matrix so that this can be integrated, fairly easily, to obtain the graph
function representing the hypersurface. With this approach the classiﬁcation depends strongly on two integer constants, that we labeled k and r, with 1 ≤ k ≤ n/2,
1 ≤ r ≤ n − 1, where n equals the dimension of the immersed manifold (n ≥ 2).
These questions are made clear in the next, procedural result:
Lemma 4.3. Let X : M n → E n+1 be a nondegenerate hypersurface with parallel
cubic form, ∇ (C) = ∇ (IIua ) = 0, which is not a hyperquadric, i.e., C = IIua
does not vanish identically on M . Then there exists an aﬃne coordinate system
in the ambient space such that X (M ) is expressible in the form of Monge, i.e.,
by means of a graph function f and such that the corresponding Hessian matrix is
given by H (f )= (fij ) = Jk + (xij ) where Jk is a matrix with k ( ≥ 1) blocks of the
0 1
form
in diagonal position, occupying the ﬁrst 2k diagonal entries, the
1 0
(possible) remaining diagonal elements are equal to 1, and with all of the rest of
entries equal to 0; while all of the entries of the matrix
 (xij ) are linear functions of
the (domain) coordinates t1 , t2 , ..., tn , i.e., xij =
aijk tk . Moreover, the matrix
k

of linear functions (xij ) is everywhere singular, whose maximal rank r is attained
on an open, dense subset of the domain, and we have 1 ≤ r ≤ n − 1.
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Moreover, in that article we presented new proofs of the previously stated results
and, then, extended the classiﬁcation to dimension n = 4.
The latter, main result reads as follows:
Theorem 4.4. Let X : M 4 → E 5 be a nondegenerate hypersurface with parallel
cubic form, ∇ (C) = ∇ (IIua ) = 0, which is not a hyperquadric, i.e., C = IIua
does not vanish identically on M . Then X (M ) is aﬃnely congruent to one of the
following graph immersions:
a) For k = r = 1: t5 = t1 t2 + t31 + t23 + t24 .
b) For k = 1, r = 2: t5 = t1 t2 + t21 t3 + t23 + t24 .
c) The case where k = 1, r = 3 is not possible, i.e., it does not exist any non
degenerate hypersurface immersion with the required geometrical properties in
the case where k = 1, r = 3.
d) For k = 2, r = 1: t5 = t1 t2 + t31 + t3 t4 .
e) For k = r = 2 we have the following subcases:
e11 ) t5 = t1 t2 + a6 t31 + 2b t21 t3 + 2c t1 t23 + t3 t4 + d6 t33 ,
e12 ) t5 = t1 t2 + 2c t1 t23 + β 2c t2 t23 + t3 t4 + d6 t33 .
f) For k = 2, r = 3: t5 = t1 t2 + a2 t2 t23 + t3 t4 + 2b t21 t3 + 2c t1 t23 + d6 t31 + e6 t33 .
In each of cases e) and f) the constants must be related among them in order
to fulﬁll the condition that the maximal rank of the complementary matrix equals
respectively 2 and 3, i.e., r = 2, 3.
More recently [18] we extended the classiﬁcation to the case of dimension n = 5.
Furthermore, from the results obtained in the last two articles we were led
to formulate the possibility of fully classifying the class of hypersurfaces under
consideration, coming to the conclusion that two questions had to be treated and
developed:
1) Veriﬁcation, by means of an inductive process, of the Conjecture: There exist
no solutions to the problem for those classiﬁcatory values where r > 2k.
2) Implementation of an inductive scheme on the classiﬁcatory values n, k and
r which would allow, from the classiﬁcation process developed so far, to obtain all
remaining possible cases of solution.
These considerations were elaborated in full detail in our yet unpublished article
[19]. The main results here may be summarized as follows:
Theorem 4.5. Let X : M n → E n+1 be a nondegenerate hypersurface with
parallel second fundamental (cubic) form, ∇ (C) = ∇ (IIua ) = 0, which is not a
hyperquadric, i.e., C = IIua does not vanish identically on M , and suppose that
it has already been expressed in the form indicated in Lemma 4.3, i.e., by means
of graph function f with corresponding
 n × n Hessian matrix H(f ) and values k
0 1
for the number of blocks of the form
, where 1 ≤ k ≤ n/2, and r for the
1 0
maximal rank of the complementary matrix (xij ), with 1 ≤ r ≤ n − 1. Then, the
classiﬁcatory values k and r must satisfy, besides, the condition that r be less or
equal than 2k, i.e., there exist no solution to the classiﬁcatory problem in those
cases where r > 2k.
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Theorem 4.6. Let us consider the class of all nondegenerate aﬃne hypersurfaces X : M n → E n+1 : n ≥ 2 and the problem of ﬁnding and classifying
those objects in the class with parallel second fundamental (cubic) form, ∇ (C) =
∇ (IIua ) = 0, which are not hyperquadrics, i.e., with C = IIua not vanishing identically on M . Then, there always exists a solution to the problem for every one of
those classiﬁcatory values expressed by using Lemma 4.3, with the further restriction imposed by Theorem 4.5, i.e., for 1 ≤ k ≤ n/2 and 1 ≤ r ≤ min {2k, n − 1}.
Moreover, all of those solutions can be obtained and classiﬁed, inductively, from
the knowledge of the previously classiﬁed ones, exposed in Theorems 4.1, 4.2, 4.4
and, for dimension n = 5, the one in [18].
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Universidad Nacional de Córdoba – Avda. Velez Sarﬁeld 1699
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