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ON TWISTED HOMOGENEOUS RACKS OF TYPE D

N. ANDRUSKIEWITSCH, F. FANTINO, G. A. GARCIA AND L. VENDRAMIN

ABsTrRACT. We develop some techniques to check when a twisted homoge-
neous rack of class (L,t,0) is of type D. Then we apply the obtained results
to the cases L = A, n > 5, or L a sporadic group.

Dedicado a Hans-Jirgen Schneider en ocasion de sus 65 anos.

1. INTRODUCTION

A rack is a pair (X,>) where X is a non-empty set and > : X x X — X is
an operation such that the map ¢, = x> __ is bijective for any € X, and
x> (y>z) = (z>y)> (x> 2) for all x,y,z € X. For instance, a conjugacy class in
a group is a rack with > given by conjugation. We are interested in the following
class of racks.

Definition 1.1. A rack X is of type D if there exists a decomposable subrack
Y = R][S of X such that

re(se(res)) #s, forsomer e R,seS. (1)

Racks appear in the classification problem of finite-dimensional pointed Hopf
algebras over C. Let us explain very briefly this relation. A finite-dimensional
pointed Hopf algebra H has attached some basic invariants: a rack X, n € N and
a 2-cocycle q : X x X — GL(n,C); these satisfy that the Nichols algebra B(X, q)
has finite dimension. This has been explained at length in several papers, see
[AG, AFGV1, AFGV2]. We refer to [AS] for a detailed exposition of the notion of
Nichols algebra of a Yetter-Drinfeld module, of crucial importance in this project.
Therefore, a fundamental step for the classification problem is to solve the following
question.

Question 1. For any finite rack X, and for any cocycle q, determine if B(X,q)
18 finite-dimensional.

This question is related to racks of type D by the following result, a reinterpre-
tation of [HS, Thm. 8.6], in turn a consequence of [AHS].

Theorem 1.2. [AFGV1, Th. 3.6] If X is a finite rack of type D, then X collapses,
that is dim B (X, q) = oo for any q. O
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Consequently, it is natural to address the following question.
Question 2. Determine all simple racks of type D.

Indeed, any indecomposable rack Z admits a rack epimorphism 7 : Z — X with
X simple; and if X is of type D, then Z is of type D.

Now, finite simple racks have been classified in [AG, 3.9, 3.12], see also [J].
Succinctly, any simple rack belongs to one of the following classes:
(1) Simple affine racks.
(2) Non-trivial (twisted) conjugacy classes in simple groups.
(3) Simple twisted homogeneous racks of class (L,t,0); these are twisted con-
jugacy classes corresponding to (G, u), where
e G = L', with L a finite simple non-abelian group, ¢t > 1 and 6 € Aut(L),
o u € Aut(L') acts by

u((l, . ,Et) = (9(&5),61, . ;&5—1)7 61, - ,ét e L.
See Subsection 3.2 below.

The goal of the present paper is to study when a simple twisted homogeneous
rack, that is case (3), is of type D. We first show that twisted homogeneous racks
(THR, for short) of class (L,t,0) are parameterized by twisted conjugacy classes
in L with respect to 6, see Proposition 3.3. For example, assume that L = A,
n > 5, and 0 = (1 9y (conjugation in S,,). Then the THR of type (An,t,¢(1 2)) are
parameterized by the conjugacy classes in S,, not contained in A, ; this explains
the notation in Table 2. Then we develop some techniques to check that a twisted
homogeneous rack is of type D, see Section 3; neither of these results requires the
simplicity of L. Our main results are proved in Section 4:

Theorem 1.3. Let L be A,,, n > 5,0 € Aut(L), t > 2 and € L. If Cy is a twisted
homogeneous rack of class (L,t,0) not listed in Tables 1, 2, then Cy is of type D.

Theorem 1.4. Let L be a sporadic group, § = id, t > 2 and £ € L. If Cy is a
twisted homogeneous rack of class (L,t,0) not listed in Table 3, then C; is of type
D.

We have a computer program based on GAP to check that a conjugacy of some
group is of type D. Some of us are presently trying to deal with the inconclusive
results as to the racks in the theorems above are of type D or not. Although there
are infinitely many such inconclusive cases of THR unknown to be of type D, and
therefore the problem could not be solved merely by using this computer program,
we do expect that the treatment of some examples would illuminate and give us a
hint to more general cases. Alas, the program takes a lot of time and even some
simpler cases like L = A5, £ = e and t = 4 are very hard and we still do not have
an answer.

The case: L a sporadic group, 6 # id, will be treated in another paper. See
however a preliminary discussion in Subsection 4.4.
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TWISTED HOMOGENEOUS RACKS OF TYPE D

TABLE 1. THR C; of type (A,,t,0), 0 =id, t > 2, n > 5, not

known of type D. Those not of type D are in bold.

n Type of ¢ t
any (™) odd, (t,n!) =1
5 (15) 2

5 (1°) 4

6 (1) 2

5 | involution (1,2?) 4, odd

6 (12,22%) odd

8 (24) odd
any | order 4 | (1™,272,4™) ry >0, 7o + r4 even 2

TABLE 2. THR C; of type (A,,1,0), 0 = 119), t > 2, n > 5, not
known of type D.

n Type of £(1 2) t
any | (151,252 ... n) 59 <land so=0| any
sp > 1, for some h, 3 < h<n
(151,252 454) g1 <2 o0r s9 > 1, 2
So+ 84 0dd, s4 > 1
5 (1°,2) 2,4
6 (1%,2) 2
(2%) >
7 1,29 2, odd
8 (12,23) odd
10 (2%) odd

TaBLE 3. THR Cy of type (L,t,6), with L a sporadic group, 6 =
id, not known of type D.

sporadic group Type of £ or t
class name of Oﬁ
any 1A (t,|L]) =1, t odd
ord(¢) =4 2
T, Jg, Figg, Figg, COQ 2A odd
B 2A, 2C odd
Suz 6B, 6C any
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2. PRELIMINARIES

2.1. Glossary. If t,n € N, then (¢,n) denotes their highest common divisor. If G
is a group and x € G, then (x) denotes the cyclic subgroup generated by z; ¢, the
inner automorphism associated to x; O, the conjugacy class of x, and Cg(z) its
centralizer. We say that = is an involution if it has order 2. If u € Aut(G), then
G" denotes the subgroup of points fixed by u. The trivial element of G is denoted
by e. The type of a permutation identifies the size and number of disjoint cycles
the permutation splits into. For example, e € S,, has type (1) and (1 2) € S,, has
type (1"72,2). A decomposition of a rack X is a presentation as a disjoint union of
two subracks X =Y ][ Z. A rack is indecomposable if it admits no decomposition.

2.2. Affine racks of type D. Let A be a finite abelian group and g € Aut(A). We
denote by (A, g) the rack with underlying set A and rack multiplication z >y :=
g(y) + (id —g)(x), =,y € A; this is a subrack of the group A x (g). Any rack
isomorphic to some (4, g) is called affine.

Remark 2.1. Notice that (A4, g) is indecomposable if and only if id —g is invertible.
For, assume that Im(id —g) # A; since 2>y = g(y)+(id —¢g)(z) = y+(id —g)(z—y),
the decomposition of A in cosets with respect to Im(id —g) is a decomposition in
the sense of racks. In fact, if Y is any coset, then A>Y = Y; thus, the union of
any two different cosets is a decomposable subrack of A. For the converse, note
that for any y,2 € A, x = (id —g) ' (2 — g(y)) satisfies 2 = 2 > y; hence (4,g) is
indecomposable.

For instance, consider the cyclic group A = Z/n and the automorphism g given
by the inversion; the rack (A, g) is denoted D,, and called a dihedral rack. Thus, a
family (ui)icz/n of distinct elements of a rack X is isomorphic to Dy, if p; > pj =
H2i—j for all Z,]

Lemma 2.2. If m > 2, then the dihedral rack Day, is of type D.

Proof. Since id —g = 2 is not invertible, X = Do, = {1,2,3,...,2m} is decom-
posable. Indeed, if Y = {1,3,5,....2m — 1}, then X >Y C Y and therefore
X = Y][(X\Y) is a decomposition. Let r =1 € Y and s = 2 € X\Y. Then
r> (s> (r>s)) # s, since r> (s> (res)) = —24 2m and m > 2. O

We now consider a generalization of this example. Let k,t € N, k> 1, ¢t > 2
and consider the affine rack (A, g) where A = (Z/k)!~! and

t—1
glar,...,ai—1) = (—Zai,al,...,at2> . (2)
i=1

Note that the case t = 2 corresponds to the dihedral rack.
Lemma 2.3. If (t,k) # 1, and k > 2 when t = 4, then (A, g) is of type D.
Proof. First we show that (A,g) contains at least two cosets with respect to

Im(id —g). Indeed, consider (1,0,...,0) € A. Then (1,0,...,0) ¢ Im(id —g),
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TWISTED HOMOGENEOUS RACKS OF TYPE D b)

since otherwise there exists (c1,...,¢;—1) such that

t—1
(1,0,...,0) = (id—g)(cl,...,ct_l) = (Cl —l—ZCi,CQ —Cly...,Ct—1 — Ct_g)
=1

which implies that ¢; = ¢; and 1 = teq in Z/k, a contradiction. Now, take s =
(0,...,0) and r = (1,0,...,0); then

(2,-2,2,-1,0,...,0), t>5;

re(s>(res)) =1 (2,-2,2), t =4;
(1,-2), t=3.
This is different from s, by hypothesis *. Thus (4, g) is of type D. O

3. GENERAL TECHNIQUES

3.1. Twisted conjugacy classes. Let G be a finite group and u € Aut(G). G
acts on itself by y —, z = yzu(y~1), 7,y € G. Let OS"* be the orbit of » € G by
this action; we call it the twisted conjugacy class of z. Then 0" is a rack with
operation

yruz=yu(zy™'), y,z€ 05" (3)
The verification that this is a rack is straightforward, see [AG, Remark 3.8]. For
instance, if y = h —, = and z = v —, x, then y >, 2 = w —, x, where w =
hrxu(h~tv)z=!. We denote this rack by (G,u). Of course, if u = id, then this is
just the rack structure on a conjugacy class.

For fixed G, these racks only depend on the class of u € Out(G). For, if n € G
and v/ = wut,, where ¢, is the inner automorphism associated to n, then R :
(G,u) — (G,u'), R(z) = xu(n~'), is an isomorphism of racks. Indeed, if 7,y € G,
then

R(z>y) = zu(yr~'n™1) = zu(n Hulnyz~*n~1) = R(z) >’ R(y).

Lemma 3.1. Let x € G with ord(x) = 2m > 4 and u(x) = 2~*. If (z) € O,
then OS" is of type D.

The hypothesis “(z) € 0%"%” is equivalent to the existence of y € G such that

Y — =22

Proof. Since 2% >, 2/ = z'u(x?~?) = 2?77, () is a subrack of G isomorphic to
Do hence Lemma 2.2 applies. O

The following consequence of (3) helps the search of twisted homogeneous racks
of type D.

Remark 3.2. If x € G*, then O$" is a subrack of OG-,
Note that, if v is an involution, then
O NG 40 = € G:zaz=u(x)and Iy e G:z=uly Yy. (4)

*If k=2 and t = 4, then (A4, g) is not of type D.
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3.2. Twisted homogeneous racks. We fix a finite group L, t € N, ¢t > 1, and
0 € Aut(L). Furthermore, we fix the following notation for the rest of this section:
e G=11,
e U c Aut(G), U(fl, Ce ,Kt) = (9(6,5),61, Ce ,ét_l), 61, Ce ,Kt e L.

The twisted conjugacy class of (z1,...,7;) € L', equipped with the operation
defined in (3), will be called a twisted homogeneous rack of class (L,t,6) and de-
noted Cy, ... 4,)- It is also useful to denote C; := C(. . ), £ € L, as will be seen
below in Proposition 3.3. We first describe the twisted homogeneous racks of class

(L,1,0).

Proposition 3.3. () If (z1,...,2¢) € L' and £ = wywy_1 -+ - 2271, then
Clar,mr) = Ce
(i) Co=Cy iff k € OZL’G; hence
Co={(x1,...,2¢) EL": mmy_1---a0m1 € OZL’G}.

(iii) There exists a bijection ¢ between the set of twisted conjugacy classes of
L and the set of twisted homogeneous racks of class (L,t,6), given by

p(0,%) = ¢, i
(iv) [€e| = [LI*"1]O,7).

Proof. (i). Let uj = (zj...21)"'; then

(’U,l,U,Q, . ,ut_l,e) — (331, - ,J,‘t)
= (urz1, upwoui . .. U 1T Uy, xtuf_ll)
=(e,...,6,T4T4_1 " Tax1).
(ii). Suppose that there exists (a1, ...,a;) € L' such that (a1,...,a;) = (e,...,¢e, )
= (e,...,e,k). Then a1 = a;—o = ... = as = a1 = 6(ay), hence k = atw(a;l).
Conversely, assume that k = bl0(b=1); if a; = b, ay_1 = a9 = ... = az = a1 =

0(b), then (ay,...,ar) = (e,...,e,€) = (e,...,e, k). The second claim follows at
once from the first and (i). Now (iii) is immediate.
(iv). Define the map v : L'=! x OKL’O — Gy by

Vb, ... bi_1,¢) = (b1, ..., by_1,0  (by_1---b1) " e).

It is a well-defined map by (ii) and it is clearly injective. Moreover, by the proof
of (ii) we know that if (by,...,b;) € Gy, then by = 07 (by_q---by) " Lc for some
c e OZL’G. Thus (by,...,b:) = 9¥(b1,...,bi—1,¢) by definition and ¢ is surjective,

implying that |€,| = |L|*~1|0}7). 0
3.3. Twisted homogeneous racks intersecting the diagonal. Clearly,
G"={(a,...,a):a€ L%, (5)
hence, by Proposition 3.3
CNG#0) < JaclLl:a' =1 (6)
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TWISTED HOMOGENEOUS RACKS OF TYPE D 7

If this happens, then we have an inclusion of racks og" — @y, see Remark 3.2.
In the particular case 6 = id, if there exists a € L such that a' = ¢, we have an
inclusion of racks O — €.

3.4. Affine subracks of twisted homogeneous racks.

Lemma 3.4. Let ¢/ € L. Assume that there exists x € L such that

Ot~ = m; (7)
moreover if k = ord(x), then we also require
(k,t) # 1, and additionally (8)
k# 24, when t =2 and 9)
k> 2, when t = 4. (10)

Then Cy is of type D.
When 60 = id, (7) just means that z € Cp(¢).

Proof. Let X = {(a®,x%, .. . %1 (z%) : 22:1 a; =0 mod k}. Then X is a
subrack of €y since X C €y, by Proposition 3.3 (ii), and

(... lx%) > (2P, ... fxb) =
= (z%, ... Lz )u((xb, ... ) (a0, L a0 h)
= (z™, ... Lx®) (O ™Yy, L ab T
_ (gtheen | ppoetbei—aiay

Moreover, let (A4, g) be the affine rack considered in Lemma 2.2 or Lemma 2.3.
Then by the calculation above, there exists a rack isomorphism

t—1

(A, 9) X, (aty...,ai—1) — (mal,...,xa‘*l,émfzizl ),

which implies that X is of type D, by Lemma 2.2 or Lemma 2.3. (]

Corollary 3.5. Assume that t > 6 is even. If £ € L?, with ord(f) even, then Cy is
of type D.

Proof. Take z = ¢ and apply Lemma 3.4. (]

Lemma 3.6. Assumet = 2 and 0 = id. Let ¢ € L. Suppose that there exists
x,y,a € L such that

l =y =y, c#ety, a’=e,
a€ Cr(z)NCr(y), at e, x ¢ (a).

Then Cy is of type D.

(11)
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Proof. Let X = {(za’,a%y) : 0 < i < ord(a)} and Y = {(a’,a”¥) : 0 <
i < ord(a)}. Both are subracks of C; by Proposition 3.3 (ii) and the fact that
a € Cp(z)NCL(y). Since = ¢ (a), we have that X NY = (). Moreover, X [[Y is a
subrack of G, since

(za’,a " y) > (a?,a0) = (a* 7, a=2"1¢) and

(a’,a” ) > (za?, ay) = (xza® 7, a2 Hy).

Taking r = (x,y) and s = (a,a"'¢) we get that r> (s> (r>s)) = (a3, a3/).

Since a* # e by assumption, it follows that Gy is of type D. O

Corollary 3.7. Assumet =2 and @ =id. Let ¢ € L. If ord(¢) = 2m with m odd,
then Cy is of type D.

Proof. The elements # = (™, y = a = (1= satisfy ord(y) = m and (11). O

Denote by D,, = (z,y | 22 = 1 = y", zyr = y~ ') the dihedral group of 2n
elements.

Lemma 3.8. Assumet = 2 and 0 = id. If there exists ¥ : D, — L a group
monomorphism, with n > 3 odd, then Cy ) is of type D.

Proof. Let z = (y), by = ¢(z) and bj; = byz9~*, 2 < j <n. Then 2°b; = b;_; and
bizl = by, forall 1 <i,j <n.

Let R={(2%,27%;) | 1 <i,j5 <n}and S = {(z7 b, 2) | 1 <k, <n}. They
are disjoint since otherwise there exist i, k, [ € {1,...,n} such that 2* = 2=*b;;
this implies that z*** = b;, which is a contradiction because b; is an involution
and 2 has odd order. Note that (2%, 27%;) = (2%, b;4:) and (27 *b;, 2%) = (bj4p, 2F).
Hence R and S are subracks of Cy,) since

(2% bj4i) & (2%, bugr) = (22757 by ),
(bjigis 2°) > (brins 27) = (brg, 227750,
Moreover, T'= R][ S is a decomposable subrack of €y, because
(2%, bj40) & (big, 2%) = (b, 2~ FHH0),
(biak, 2°) > (27, bj) = (27 FH70 by,
If we take r = (1,b1) and s=(ba, 1), then r> (s> (r>s)) = (b1baby, b1babibs) # s.
Therefore, €y, is of type D. O

3.5. Twisted homogeneous racks with quasi-real ¢. Let ¢ € L and j € N.
Recall that £, or OF, is quasi-real of type j if £/ # £ and ¢/ € OF. We observe that
¢ might be quasi-real of different types. For example, if ¢ is real, that is £=! € OF,
but not an involution, then it is quasi-real of type ord(¢) — 1.

We partially extend this notion to twisted conjugacy classes. We shall say
that £ € LY is -quasi-real of type 7 € N if #7 # ¢ and ¢ € Of’e. Note that
if ¢ € LY is quasi-real of type j in LY, then it is §-quasi-real, but the converse
is not true. Indeed, if we take L = A1, 0 = 1(3 ) the conjugation by (12),

Rev. Un. Mat. Argentina, Vol 51-2



TWISTED HOMOGENEOUS RACKS OF TYPE D 9

(= (12)(34)(567891011)and y = (14)(23)(568)(7109), then y —p £ = ¢,
6
but (2 ¢ O,
Lemma 3.9. Assume that ¢ € LY is 0-quasi-real of type j. If t >3 ort =2 and
ord(¢) 1 2(1 — j), then Cy is of type D.
Proof. Let
X = {0 Y a4 = g}
Y = {4, 00 22:1 a; = 1}.
By definition, X NY = (). We have
(fal, o ,ga,,) > (ebl7 o ,gbt) — (e(ll+bt—(lt,€a2+b1—(ll7 . 7€(lt+bt—1—(lt—1). (12)

Hence X and Y are subracks of Gy, XY C Y, Y>> X C X, and X [[Y is a subrack
of G[.

Take r = (1,...,1,#/) € X and s = (1,...,1,/) € Y. We show that r> (s> (r>

s)) # s. Assume first that ¢ > 4. Then by (12) we have that

ro(sp(ros) =r> (s> (1, L, 0)) =ro (01,000 1,0)

= (I T L L0 £ (1, 1,0).
If t =3, then r = (1,1,¢7), s = (1,1,¢) and the computation yields
(s> (ros)) =7 (s (007, 1,09) = ro (971 07911 p)
= (07,0700 # (1,1, 0).

Finally if ¢t = 2, then r = (1,#7), s = (1,£) and we have

(s> (ros)) =ro (s> (07, 00) =ro (71 07I12) = (072012 g2,
Thus, Gy is of type D if (£=2+2 ¢21=1) £ (1,¢) which amounts to ord(f) { 2(1 —
). O

3.6. Summary. The following proposition registers the results proved in the pre-
ceding subsections which will be useful in the sequel.

Proposition 3.10. Let ¢ € LY.

(i) If ¢ is quasi-real of type j, t > 3 ort =2 and ord(¢) 1 2(1 — j), then C; is
of type D.

(i) If ord({) is even and t > 6 is even, then Cy is of type D.

(iil) If ¢ is an involution, t is odd and OKLB is of type D, then so is Cy.

(iv) If t = 4 and there exists x € Cro() with ord(x) = 2m > 2, m € N, then
Cy is of type D.

(v) If t = 2 and there exists x € Cro() with ord(x) = 2m > 4, m € N, then
Cy is of type D.

(vi) If ¢ is an involution, t = 2, and there exists v : D, — LY a group monomor-
phism, with n > 3 and £ = (x) for some x € D,, involution, then C; is of
type D.
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(vii) If (t,|L?|) is divisible by an odd prime p, then C. is of type D.
(viii) If (t,|LP)) is divisible by p =2 and t > 6, then C. is of type D.
(ix) Ift = 4 and there exists v € LY with ord(z) = 2m > 2, m € N, then €. is
of type D.
(x) Ift =2, and there exists x € L? with ord(x) = 2m > 4, m € N, then €, is
of type D.

Proof. (i) is Lemma 3.9; (ii) is Corollary 3.5; (iii) follows from the discussion in
Subsection 3.3, since (£,...,¢) € €. Case (vi) follows by Lemma 3.8. Finally, the
remaining cases follow from Lemma 3.4: in cases (vii) and (viii), take x of order p,
and in cases (iv), (v), (ix) and (x) the given x. O

4. SIMPLE TWISTED HOMOGENEOUS RACKS

We now explore when Proposition 3.10 applies to a simple twisted homogeneous
rack with L an alternating group A,, n > 5, or a sporadic group.

Remark 4.1. If L is simple and 6 = id, t # 4,2 and (¢,|L|) # 1, then €, is of type
D. This follows from Proposition 3.10 (vii) and (viii).

4.1. L=A,, n>5, 0 =id. In this subsection we prove Theorem 1.3 in this case
by applying the results obtained above.

4.1.1. £ =e. We now treat the Table 1.

e If ¢t > 6 even or t odd with (¢,n!) # 1, then €. is of type D, by Remark 4.1.

e Assume that t = 4. If n > 6, then C. is of type D, by Proposition 3.10 (ix)
with z = (12)(3456). If n =5, we do not know if C. is of type D.

e Assume that ¢ = 2. If n > 7, then C. is of type D, by Proposition 3.10 (x)
with © = (1 2)(3 4)(5 6 7). If n = 5 or 6, then Proposition 3.10 (x) does
not apply because the only possible even orders of elements are 2 and 4.
Nonetheless, we have checked that C. is not of type D, using GAP.

4.1.2. £ an involution. The type of £ is (1™,27?), with n = 1 + 2r2 and ry even.
Assume that ¢ = (i1 i2) (i3 24) - - - (4275—1 @2r,). Then

e By [AFGVI, Thm. 4.1], OF is of type D, except for the following cases:
(1,2%), n=5  (1%,2%), n=6;  (2), n=8.

In particular, Gy is of type D for all ¢ odd, except for the cases above.

e If ¢t > 6 is even, then C; is of type D, by Proposition 3.10 (ii).

e Assume that t = 4. If 7o > 4, then € is of type D by Proposition 3.10 (iv)
with

xTr = (il ZQ)(Z3 i5 i7 i4 iﬁ ig). (13)

Suppose that 7o = 2. If 71 > 2, then C; is of type D by Proposition 3.10
(iv) with @ = (i1 i3 42 i4)(j1 J2), where j1, jo are fixed by ¢. In the case

r1 = 1, Proposition 3.10 (iv) does not apply because the only possible even
order of elements is 2.
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e Assume that ¢t = 2. If ro > 4, then Cy is of type D by Proposition 3.10 (v)
with 2 as in (13). Suppose that ro = 2. If r; > 3, then C; is of type D
by Proposition 3.10 (v) with @ = (i1 i2)(i3 i4)(j1 J2 j3), where j1, j2, j3
are fixed by £. In the case r; = 1 or 2, C; yields of type D, by Lemma 3.8
taking ¢ : Dy ~ (x := (12)(34),(12)(35)) — L.

4.1.3. ord(¢) > 2. It is known that:

OF is quasi-real of type 4, if ord(¢) > 3 is odd, (14)

OF is quasi-real of type ord(¢) — 1, if ord(¢) is even or 3.
Indeed, if ord(¢) > 3 is odd, then ¢ € O?”, hence ¢4 € OF; whereas if ord(¢) is
even or 3, then O} = O?”, see [JL, Prop. 12.17] or [F'H, Exerc. 3.4], hence ¢ is real.
Now, if t > 2 or t = 2 and ord(¢) # 4, then C; is of type D, by Proposition 3.10
(i). On the other hand, if t = 2 and ord(¢) = 4, then Proposition 3.10 (i) does not
apply and we do not know if C; is of type D.

4.2. L =A,, n > 5, 0 # id. We may suppose that  is the inner automorphism
associated with an element o in S, — A,. We choose o = (1 2); thus, 6(¢) =
(12)£(12), for all £ € A,,. Hence,

A% = ({(12)} % Sps,my = Agsny) [T A4y (15)

and the order of LY is (n — 2)!.

Let ¢ € A,,. Recall that €, = €y if and only if k € OA’“O by Proposition 3.3 (ii),
and notice that x € OA’“ amounts to (1 2) € OZ( 5, the conjugacy class of 6(1 2)
)

in S,,. Thus, we will proceed with our study according to the type (1,252 ... n’»
of £(12).

Notice that ord(¢(1 2)) is even, since £(1 2) € S,, — A, and ord(¢(1 2)) > 4 if
and only if s, > 1, for some h > 4, or s5 > 1 and s3 > 1.

Now, we want to give a description analogous to (14) for the case 6 # id. First,
we note that O?’“GOAfL # () if and only if 51 > 2 or so > 1. Indeed, this follows from
the form of AY described in (15) for the only if part and checking the possibilities
for the if part.

Assume that s; > 2or sy > 1 andlet k € OA’“GQAG Since OA’“G = Oi(l 2) -(12),
it is clear that

% is B-quasi-real of type j if and only if &7 (1 2) € Oe& 5) and K # k. (16)

If ord(¢(1 2)) > 4, then (1 2) is quasi-real of type j in S,, with 7 = ord(¢(1 2)) —1,
by (14). Thus, /(1 2) = (k(1 2))? and x/(1 2) € O?& 5)- Hence, £ is 0-quasi-real
of type j, by (16); moreover, s yields quasi-real of type j in A%. On the other
hand, if ord(¢(1 2)) = 2, then x € Oe& 5 18 B-quasi-real (of type j = 0) if and only

if O?”“e contains e, i. e. Oé(i 2) is the conjugacy class of the transpositions in S,,.
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We study now the twisted homogeneous racks (A, ¢,0), n > 5 and 6 # id, for
different ¢'s according to the type (151,252 ... n®) of £(1 2). If s; < 1 and so =0,
then O?"’a NA% =0, and we do not know if €y is of type D for any t.

From now on we will assume that s1 > 2 or so > 1 and let K € O?”’e N AZ.
Notice that €, = €, and that £(1 2) and (1 2) have the same type, hence the same
order. Moreover, if we denote the type of k by (17,272 ... n"™), then r; = sy, for
all h, 3 < h < n; thus, ord(x) divides ord(¢(1 2)).

We will consider different cases. If s, > 1 for h = 3 or 5 < h < n, then
ord(¢(12)) > 4 and C; is of type D for all ¢, by Proposition 3.10 (i). Assume that
sp, =0 for h =3 and 5 < h < n. Suppose that s4 > 1; thus ord(¢(1 2)) = 4. If
t > 3, then Gy is of type D for all ¢, by Proposition 3.10 (i); whereas if ¢t = 2, we
do not know if €, is of type D. Assume that s4 = 0. Thus, the type of ¢(1 2) is
(1°1,2%2), with s3 > 1 odd.

Suppose that so = 1; thus, e € O?”’e. If t > 3, then C; = C, is of type D for all
t, by Proposition 3.10 (i); whereas if t = 2, n > 7 and take k = e, then €, = C, is
of type D, by Proposition 3.10 (x) choosing z = (1 2)(34)(56 7).

Suppose that so > 1 odd. Then the type of k € O?”’e NA? is (17,272), with
n=ry+2ry and ro > 2 even, i. e. kK = (i1 42)(i3 94) -+ ({2ry—1 G2r,). We determine

now when Oﬁz is of type D. We have two possibilities.
(i) Assume that x fixes 1 and 2. If the type (17 72,2"2) is distinct from (1, 2?),
(12,22) and (2%), then Ofiz’ is of type D, by [AFGV1, Thm. 4.1]; otherwise,
Ofiz’ is not of type D.
(ii) Assume that x does not fix 1 nor 2; thus kK = (12)(igia) - - - (i2ry—102r,). If
the type (171,272~ 1) is distinct from (23) and (17,2), then Oﬁz is of type
D, by [AFGV1, Thm. 4.1]; otherwise, Ofiz’ is not of type D.
We consider now different values of ¢.

e Assume that ¢t is odd. If x fixes 1 and 2 and the type of x is distinct
from (13,22), (14,22) and (1%,2%), then C; is of type D, by (i) above and
Proposition 3.10 (iii). On the other hand, if x does not fix 1 nor 2 and the
type of k is distinct from (2%) and (17,22), for any 71, then Gy is of type
D, by (ii) above and Proposition 3.10 (iii).

e If t > 6 even, then C; is of type D, by Proposition 3.10 (ii).

e Assume that t = 4. We will determine when there exists € A? such
that ord(z) > 4 even and O(kzk) = x, i. e. (1 2)rkzk(l 2) = x. If &
fixes 1 and 2, take x = (1 2)(i1 i3 i i4). If k(1) = 2 and k(2) = 1, take
x = (1 2)(ig i5 i4 i6) when 7o > 4 and © = (1 j1 2 j2)(i3 i4) when ro = 2
and 71 > 2, ji, jo are fixed by . In all these cases, €, is of type D, by
Lemma 3.4. For the remaining cases we do not know if C; is of type D.

e Assume that t = 2. We will determine when there exists z € AY such that
ord(z) > 6 even and 0(kzk) = x, 1. e. (1 2)kzk(1l2) = 2. If & fixes 1 and 2,
take x = (1 2)(23 i5 i7 i4 iﬁ ig) when T2 Z 4 and z = (]. il i3 2 i2 i4)(j1 jg)
when ro = 2 and r1 > 4, j1, jo are fixed by . If k(1) = 2 and &(2) = 1,
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take x = (1 2)(@3 i5 i7 i4 iﬁ ig) when T2 Z 4 and x = (1 2)(@3 i4)(j1 jg jg)
when ro = 2 and r1 > 3, j1, jo, j3 are fixed by k.

Therefore the cases where Cy is not known to be of type D are the following
(a) £(12) of type (1°1,2%2,...,n°"), s <1 and sy = 0 for any t;
(b) (1 2) of type (1%1,2%2,4%4) 51 < 2 or s9 > 1, s + s4 odd, s4 > 1 and
t=2;
and those in Table 4. Finally, from (a), (b) and Table 4 we obtain Table 2.

TABLE 4.

n | Type of ¢ 12 t

6 | (1%,2%) involution 2

7 (13,22) fixing 1 and 2 2, odd
8 | (14,22 odd
10| (12,2%) odd
5 (1,2?) involution 2,4
6 | (12,2%) | permuting 1 and 2 2

8 (24) odd

4.3. L = sporadic group, 6 = id. In this subsection we prove Theorem 1.4.

4.3.1. L =e.

o If (¢,|L|) # 1, with ¢ odd or ¢ > 6 even, then €, is of type D; see Table 5 for
the prime numbers dividing the order of a sporadic group. In particular, if
t > 6 even, then C. is of type D since |L| is even.

e If t = 2 or t = 4, then G, is of type D, by Proposition 3.10 (ix) and (x),
since there always exists an element = € L of order 6.

4.3.2. ¢ an involution.

e By [AFGV3, Thm. II], if £ is an involution then, OF is of type D, except
for the cases listed in Table 6; in particular, C; is of type D for all ¢ odd,
except for these cases.

e If t > 6 is even, then C; is of type D, by Proposition 3.10 (ii).

o If t = 2 or 4, then Cy is of type D by Proposition 3.10 (iv) and (v), since
there always exists x € Cp(f) with ord(xz) > 4 even. To see this we use
[BR, Bo, Br, GAP, Iv, W, W].

4.3.3. ord(¢) > 2. The class OF is real or quasi-real, except the classes 6B, 6C of
the Suzuki group Suz.

e Assume that £ does not belong to the class 6B or 6C of the Suzuki group
Suz. If t >3 or t =2 and ord(¢) # 4, then €, is of type D, by Proposition
3.10 (i).
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TABLE 5. Prime divisors of orders of sporadic groups.

L Prime divisors L Prime divisors

My, Mo | 2,3,5,11 Coq 2,3,5,7,11, 13, 23

Moo, HS, |2,3,5,7, 11 Jq, 2,3,5,7,11, 19

MecL HN

Mgz, Moy, |2,3,5,7,11, 23 O'N 2,3,5,7,11, 19, 31

COQ, 003

Jo 2,3,5, 7 Js 2,3,5,17, 19

Suz, Fisg |2,3,5,7,11, 13 Ru 2,3,5,7,13,29

T 2,3,5,13 Fliog 2,3,5,7,11, 13, 17, 23

He 2,3,5,7, 17 Fi}, 2,3,5, 7,11, 13, 17, 23, 29

Th 2,3,5,7,13, 19, 31 B 2,3,5,7, 11, 13, 17, 19, 23,

31, 47

Jy 2,3,5,7,11, 23, 29, 31, || M 2,3,5,7, 11, 13, 17, 19, 23,
37, 43 29, 31, 41, 47, 59, 71

Ly 2,3,5,7,11, 31, 37, 67

TABLE 6. Classes of involutions not known of type D;
those which are NOT of type D appear in bold.

G Classes || GG Classes || G Classes
JQ 2A F’L'QQ 2A COQ 2A
B 2A, 2C || Fliss 2A T 2A

e Suppose that ¢ belongs to the class 6B or 6C of the Suzuki group Suz. If
t > 6 even, then Gy is of type D by Proposition 3.10 (ii); whereas if ¢ = 2,
then Gy is of type D by Corollary 3.7.

4.4. L = sporadic, 0 # id. The sporadic groups with non-trivial outer automor-
phism group are Mio, Moo, Jo, Suz, HS, McL, He, Fisy, Fib,, O'N, Js, T and
HN. For these groups the outer automorphism group is Z/2 in all cases. In Table
7 we give the orders of LY when L # HN; we cannot determine the order of HN?
with our computational resources. We will assume L # HN.

TABLE 7. Orders of L?.

L | % L | |27 L 7]

My | 120 || My | 1344 | ) 336

Suz | 1209600 | HS | 40320 || McL 7920

He | 7560 | Fizs | 54 | Fif, | 4089470473293004800
T 96 || O'N [ 175560 | Js 2448
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We describe the case ¢ = e. The remaining cases will be treated in a separate

paper.

[AFGV1]

[AFGV2]

[AFGV3)

[AG]

[AHS]

[AS]

[BR]

[Bol

[Br]

[FH]

[GAP|

[HS]

(1v]

[JL]

]

If t > 6 even or t > 3 odd and (t,|Lf|) # 1, then C. is of type D, by
Proposition 3.10 (vii) and (viii). In particular, if ¢ > 6 even, then C. is of
type D since |Lf| is even.

Assume that t = 2 or t = 4. We have checked with GAP that there exists
x € LY such that ord(xz) > 4 even. Then C, is of type D, by Proposition
3.10 (ix) and (x).
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